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the kernel G,.(In a). Since the scale L is arbitrary

r can be reached from any other scale '), the kemel must

obey a composition law. This stochastic variable

r can then be obtained through a cascade of infin

processes G; = Grrede- .
Specific choices of G define different models of ESS.

The She-Leveque (SL) [6] model corresponds to a simple

process such that & is 1 with some proba i1~

and is a constant 8 with probability s» One can see that

s = 1=z In(4/#?) and that this stochastic process

a log-Poisson distribution for & [30]. It also gives ESS

with exponents p(p, ¢) that can be expressed in terms

a single parameter (8) as follows 6 e

_1-p7-(-B)p

We have tested the model with the ESS

the SL model is shown in Fig. 3. Both the vertical

horizontal ESS exponents can be fitted with 8 = 0.5(

0.03. More complex processes other than log-Poisson

heoe o >

M‘i}),w?“&
fomr=810r =64

 Egs. (5) and (6) can also be
ative ) H”gng,kb

¥

o  EiEssschmaet
FIG.3. ESS s p(p.2), for the vertical and horizontal  10C3I Sdge varimnec, largest scale is L = 64. Stasung it
varisbles. mmoﬁfg{;ﬁg}mmaﬂm the histogram. P, ( £} (crosses), and using a log- s
regression ﬁ“k&i@ff}wm{é}fm s 7 between 8 and m%.?mmﬁ,”ﬁﬁﬁ?f“%ﬁgﬁ%g{}
irecti line represents the fit with the ;

divided in nine groups, as explained

the histograms at the scales L and r were computed

group. Then for each group the histogram \

1o obtain a prediction for the histogram at h

and averaged over the groups. Its square root gives a measure
of the error committed in the prediction, by the er-
that & Gaussian ror bars. The test for the vertical case is as good as for the

cannot be explained by the SL model. horizontal variable.
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gonal. {51} the theoretical
. There exist in general several
it ¢y (from which all the f}thsem

' : arities of simple cells are indeed well-known
' Wag [’2‘&% }W@MWW&M linear stage where the orientation

: &s we have seen, this linear response is not an efficient code. It
corresponds to the wavelet coefficients and these are very correlated through
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Information-Theoretic Asmptotics
of Bayes Methods

BERTRAND S. CLARKE axp ANDREW R. BARRON, MEMBER, IEEE

Sotraet -3y the shsence of knowledge of the true density function,
esian models take the joint density function for 2 sequence of n -
dom variubles to be an dverage of densitics with respect to a1 prior.
examine the. relative entropy distance D, between the true density
| the Buyesiun density and show that the asymptotic distance is
Mlog n)+ ¢, where d is the dimension of the parameter vector.
refore, the relative entropy rate D, /n converges to zero at rate
1)/ n. The constant ¢, which we explicidy identify, depends only oa
prioe density function and the Fisher information matrix evaluated
he true parameter value. Consequences are given for density estima-
. universal data compression, composite hypothesis testing, and
4omacket pactfolio selection,

we identify. We note that if the mixture excludes a
neighborhood of the true density, then the behavior of
the relative entropy is, asymptotically, of the order of the
sample size; in addition, if the prior is discrete and assigns
positive mass at 8, the relative entropy then asymptoti-
cally tends to a constant.

The relative-entropy rate between the true distribution

and the mixture of distributions has been examined by |

Barron [4]. It is shown that if the prior assigns pgsitive
mass to the relative entropy neighborhoods {8: D(P, | ﬁP,
<e¢}, € >0, then

)

Fisher Information and Stochastic Complexity

Jorma J. Rissanen,

Abstroci~-By taking into account the Fisher information and
emoving an inherent redundancy in earlier two-part codes,
sharper. code ‘length as the stochastic complexity and the
ssnciated universal process are derived for a class of parametric
rocesses. The main condition required is that the maximum.
kelihood estimates satisly the Ceatral Limit Theorem. The
ame ¢ode length is also obtained from the so-called maximum-
kelibood code,

Index Terms— Knmmﬂ coding, universal modeling, MDL
rinciple.

1. INTRODUCTION

HE idea of universal coding, suggested by Kolmogorov,

s 1o construct a code for data sequences such that
symptotically, as the length of the sequence increases, the
1ean. per svmbol code length would approach the eatropy
{ whatever process in a family has generated the data
v the seminal works by Davisson [5], {6], as well as by
richevsky and Trofimov {9], Rissanen [13], Shtarkov {19},
nd others, this has been shown to be possible for many
f the usual types of finite alphabet processes. Different
niversal codes can be compared in terms of the mean code
dundancy of the worst case process, ie., the mean code
ngth excess over the entropy. maximized over the processes
1 the considered family. An interesting result due to Gallager
1 1974 (unpublished lecture notes) states that the worst case
wean redundancy for the best code equals the channel capaciry,
hen the family of processes { f(z" | 8)}, together with a prior
(#). is viewed as an information channel. The capacity, then,
 defined as the maximized mutual information /,,(8; X) =

[EEE TRANSACTIONS ON [INFORMATION THEORY, VOL. 42, NO. 1, JANUARY 1998

Senior Member, IEEE

We indicate logarithm to the base two by “log™ and the natural
logarithm by “in.” Originally this prior was constructed by
invariance arguments for the purpose of capturing the elusive
idea of no pror knowledge.

Recently, these studies were carried further by Clarke and
Barron- (3], [4], who were able to provide a very accurate
asymptotic formula for the redundancy of the code, defined
by the mixture density

fulz™) = / F(z™ | 6) du(6)
namely

172
EniE 19 km_vf_ﬂnif{?)l .

Fulz™) Sre w(8) To(l) @

when the modeled processes are independent and identically
distributed (i.i.d.), satisfying suitable smoothness conditions.
From this, an asymptotic formula for the channel capacity
follows if we take the prior as Jeffreys’ prior (1)

Gradually over the years, universal coding has evolved
into something that could be called universal modeling. The
purpose is no longer restricted to just encoding of data
but rather to finding optimal models, above all an optimal
universal model, to be used whenever models of the dati-
generating machinery are needed. Universal modeling with
the associated Minimum Description Length (MDL) principle
for statistical inference, then, generalizes the older idea of
parameter estimator in statistics [12}, [15], and it incorporates
the model complexity which affects all aspects of model
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Note that because of the isotropic distribution of the pre-
ferred directions 6;, J[r] is the same for any stimulus 6in the
continuum limit.
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Difference of directions, 8 ~ §;

F16. 1. (A) Two tuning curves of the form given in Eq. 1. Both
smooth (m = 2, solid line) and sharp (m = 1, dotted ime) thresholds
are shown. The ratio of background to peak responseis p = fmwffmg
= 0.01, and the width is a = 1. (B) Information J[r;}(8) in neuron i
as a function of 8; = @fortuning curves witha = 1and p= 0.01. There
is no information in the neurons with 6; = 8, at their maximal firing
rates, For the sharp threshold population, the peak of J is at |8 — 8
= g and extends well beyond the top of the figure.
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Jearning o an improved neuronal performance of . The psychopl
studied; however,

compared to naive neurons. Improved long-texm neuro-

m&mmmﬁmmwof
atation tuning of individual neurons. More larly, the
Waf&@mmmmtmmmdntm
trained otientation increased only for the subgroup of trained
neurons most likely to code the orientation identified by the
monkey. No modifications of the tuning curve were observed for
orientations for which the monkey had not been trained. Thus
training induces a specific and efficient increase in neuronal

4

sensitivity in V1,
Monkey 1 (FVF) Monkey 1 LVF)
a |
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i N, /
e ; L
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were similar for the two oblique orientations {green stars and trisngles; red plus signs and
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FP, fheation point.

however, researchers are only beginning o understand
the neurophysiological correlates’of perceptual learning, Primary
somatosensory, motor and cortex  show -

Organ

2 33 Improvement in motion dis-
crimination, which transfers to other retinal stimulus positions, is
accompanied by short-term improvements in neuronal sensitivity
in the higher-order middie temporal and medial superior temporal
awnmtﬁwmm&umtmmdmﬁmm’.

We trained two monkeys to identify the orientation of 3 small
grating (Fig. 1). The p nance of monkeys, like that of buman
subjects’, improved markedly with training,
low as 0.6~ 1.2° after several months, The improvement was specific
for both stimulus position and orientation. This specificity pro-
vided us with an internal control: instead of comparing data
between monkeys, we could compare different populations of

prors
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