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Abstract: Hell-founded partial orderings can be used to prove the termina-
tion of programs, and can also be used for algebraic simplifica-
tion. A new class of well-founded orderings is presented which
can be used to prove the termination of programs expressed as
sets of rewrite rules., The orderings are syntactically defined
in terms of a lexicographic ordering and an erdecing on multisets
and require an prdering on the function and constant symbols to
be specified. This technique of proving termination appears to
be of practical importance, beceuse it 75 able to harndle rewrile
rules that arise from typical recursive programs. Several effi-
cient algorithms are presented which allow the terminavion of a
set of rewrite rules to be verified In Tinoar time, fn cases to
which this mothod applfes. These pesults can be viewed 1n terms
of an incomplete system of logic Ip which shart termination
proofs exist. The well-Tounded orderings may also be useful
for proofs by mathematical induction in various areas of
mathematics. A geperal characterization of a clazs of rewrite
rules 15 presented, for which termination can be proved
using these ovderings,
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T. Intraduction

Many programs can conveniently be expressed as sets of Cerm
rewriting rules. For example, a program to compute the factorial function
can be expressed as follows:

fact{s{x)) -+ s{x) * fact(x)
fact (0) + 1
The append function in LISP can be expressed this way:

append (cons(x,y),z) + cons(x,append{y.z))

append (NIL,z) + 2
We are interesied in efficient, general methods for proving that such sets
of rewrite rules always terminate. Although this is in gengral an un-
decidable problem [6], we have found & method that works well in many
cases of practical interest. For relsted work, see [4], [5], [7]1s [10], [11].

Suppose that

is a sel of rewrite rules. We have found a class of partial orderings
on terms with the following properties:
1. If t, < s; in the ordering for 1 <1 = n, then the set
of rewrite rules is guaranteed to always terminate.
2. Given s; and t,, there is an efficient procedure for
deciding if by < 85 in the ordering.
This paper presents an efficient, simple method for proving termination of
sets of rewrite rules in many cases of practical interest. Common cases

that our method cannct deal with are also presented.
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Partial orderings of the kind we investigate are useful in
devising general methods Tor algebraic $+mp11f1catinn. Same of the most
powerful theorem provers currently in use rely heavily on general sim-
plification procedures ([1]. [2]. [3]. [12]. [13]). Also Lankford [9]
has described a complete theorem proving strategy for the first-arder
predicate caleculus which is based on the concept of simplification., See
[&] for another application of such orderings.

Our approach is related to that of Dershowitz [4]. He

presants many speclalized methods, some of which can provide: termina-

tion proofs that our approach cannot provide. We present a single,

general method which can handle cases not covered by Dershowitz's

techniques. Huet [6] 18 primarily concerned with showing that term re-
writing systems are “confluent", and not with exhibiting particular well-
founded orderings. Iturriaga's work [7] 95 hard to understand and not
generally available. Lipton and Snyder [10] give another method for proving
termination.

Of a1l the above approaches, only Dershowitz's approach and the
approach presented here are sultable for proving termination of rewrite
rules of the kind obtained when writing recursive programs, Dershowitz's
nested multiset ordering is directly applicable only to one function symbal
at a time, whereas the ordering presented here i directly applicable to
many function symbpls at the same time, Also, we give explicit programs
for computing the ordering and analyze their time Eﬂmnlﬁx{tf. In addition,
we give a general characterization of a class of rewrite rules all of which
can be handled by our ordering. Both of these technigques seem to be naw
in this area, although Dershowitz may use the latter. Perhaps Iturriaga's
ordering can be adapted Lo our purpeses, but he gives neither an explicit

program nor a general characterization fo is wrdaring.



2, Simplification Orderings

Definition & term is an expression formed from function symbols,

constant symbols, and variables, properly combined, Thus fi#,gtc,yh} is
‘a term. We consider constant symbcls as function symbols having no
arguments. A térm without variables in it is a ground term, We use the
usual notion of substitution. A substitution is considered as a multiple
replacement, simultanecusly replacing all variables of a term by terms,
Thus {x « f{x), ¥ +ale)} is a substitution. We assume all function and
constant symbols are taken from some set F of symbols.

Definition: We say an ordering "<" {5 wel]-founded if there

is no inTinite sequence t1. toy g0 oue such that t, > t. ., for all

f21. (Such a sequence tq, t,, tyy ... 15 called an infinite descending
sequence. )

Definition: A partial ordering "<" on terms is a simplification

ordering 1f it has the following four properties:

1. It 45 & total ordering on ground terms,

2, It is a well-founded ordering. (That 15, there are no
infinite descending sequences.)

3. (Consistency with respect to substitution) If t1 and tE
are terms and t] < tE in the ardering, then for all substituticons @, t1E
<t,8 in the ordering.

4. (Consistency with respect to subterm replacement) If $1 is
a subterm of £y and t, obtained from t, by replacing s; by 5o and 54
< =., 1n the ordering, then t; < &, in the ardering.

Intuitively, these are desirable properties for a simplification

ordering to have. Property € guarantees that the simplification process



must terminate. Property 4 guarantses that ﬁimplﬁfying a subterm will
also simplify the whole term, so simplification can be done "locally.”
Definition: A partial ordering on terms is a partial simplifi-

cation ordering if 1t has properties 2, 3, and 4 as above, Thus it need

not be a total ordering on ground terms,

Theorem 2.1, If s s a subterm of t then s 1% never greater

than t in any partial simplification ordering.

Theorem 2.2. 1f s is o ground term and t 1s & non=ground

term, then s is never greater than t in any partial simplification ordering,

A replacement is an equation that can only be used in one
direction. We write s, =+ s; to mean that any instance of 51 can be
replaced by the corresponding instance of S0

Definition: A replacement s, + s, fs a simplification with

respect to a simplification ordering if 5y 15 less than 5 wWith respect
to the ordering.

Definition: A term t is abtained from term s using the
replacement 51 » 43 if there is some substitution @ with the following
properties:

siﬂ is a subterm of s, and t is obtained from s by

replacing one occurrence of $40 in s by £50,

Note that if ti < 8 in some partial 5imp]if1cat&un ordering
then t.8 < 5.0 also by consistency with respect to substitution. Hence

t < 5 by consistency with respect to subterm replacemant.



We say that a set 81 % tye 5 by, Lily 5.+ b, of rewrite

rules fails to terminate on input Uy iF there is an infinite sequence

i
using some replacement in the set, If no 'such infinite sequence

Ups gy Uy wos such that for all § > 1, by 41 is cbtained from u,

exists, we say the set of rewrite rules terminates on input Uy

Theorem 2.3, Suppose 5+ L]. cray 5o * tn 15 &4 set of

rewrite rules. Suppose there is a partial simplification erdering
<" such that t; < s, in the ordering for 1 < i <n, Then the set of
rewrite rules terminates on all inputs.
Proof: Assume the rules fail to terminate on input iy
Let Uys Ugs Ugy oo be an infinite sequence of terms such that for all
1l 0 5 Uy4q is obtatned from Uy by using some replacement in the set
of rewrite rules. We showed above that Usyp <ty in the ordering,
for all 7. Hence Uys Moy Uge wa. 15 an infinite descending sequence
in the ordering. But this is impossible, because a partial simplification
erdering i1s well-founded. Thus the given set of rewrite rules is

guaranteed to terminate on all {nputs,

4. Multisets

A multiset is a set in which an element can occur more than once.
We write multiset union as ¥ or usually V. The number of occurrences of
an element in a multiset A U B is the sum of the number of its occurrences
in Aand B.

Definition: A sequence of function symbols (or sequence) is a

seguence of function and constant symbols from F,
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Definition: If term t is of the form f(t,, ... . t.]) then

f is the top-level function symbol of t. Also, {ty, ... , t ] zre

top-level subterms of t.

Definition: If t is a ground térm of form f{t1. T nﬂ} tnen
a path in t fs a sequence beginning with f and followed by a path from
same top-level subterm of t.

Definition: If t is a ground term then Paths (t) is the multi-

set of paths of t. Thus
f

Patha{f{t1. ~EA tn}] m {f} W Patha{tij.
im

Paths(c) = {¢) for constant symbols c. Thus Paths (flc.g{a,k))) = {fc,
fga,Tgb!l.

Definition: If o 15 a path then Subseq(a) is the multiset of
subsequences of a.

Thus Subseq(fa) = {f.h) Subseqla)
= {f)} Subseq(a) & Subseq(a)
where A denotes the empty sequence and concatenation denotes subsequence
concatenation. Hence Subseq(fg) = (f,g.fq.Al).

Definition: If $ 1s a finite multiset of elements ordered by
some total order relation, let List (3) be a 1ist {Sy, S50 ovo o S0 OF
the elements of S in non-increasing arder. Each element must appear the
same number of times in List (5) as in 5.

Given a total ordering on some set S, we define a tota) ordering

on finite multisels of elements of 5 a5 follows:

Suppose U and V arc multisets of elements of 5. Suppose U# V.,

Let {u]. Uny v w, } be List (U} and Tet {vys Voe oo ; vL} be List{V).



I List (U) is a proper prefix of List(V), we say U < ¥V, [IF List (V) is:a
proper prefix of List (U}, we say V < U, Otherwise, Tet j be minii: ug # v;l.
Thu; wee say U < ¥V if uj < Vi U=vif ”j > ?j'

Mote that if the ordering on 5 is well-founded, so is the order-
ing on multisets of elements of 5.

We assume that there i5 a total ordering on the function and con-
stant symbols F appearing in terms t that we are dealing with., If g > f

in this ordering, we intuitively think of g 25 being more complicated than

f, and we say g is larger than f,

We order sequences of symbols lexicographically. Suppﬁse'? m
(fgs Fyo oo fi) and G = O Gps ove s g,) are two such sequences of
symbols. Suppose F 4 G. If Fis a prefix of G, we say that F < & in
the lexicographic ordering. If G is a prefix of F, we say G < F. Other-
wise, let § be min{ic 1, 1 gyl e say F <& if ﬁj < 9 F > © otherwise.
Although this s net a well-founded ordering on sequences, useful well-

founded orderings can be obtained from it.
4, A Subsequence Ordering on Paths

We order multisets of sequences by extending the seguence ordering
to multisets as dindicated above, If a and 8 are paths, we Say a < @ in the
subsequence ordering iT Subsegla) < Subseg(z) in the multiset ordering for

subsequences.

Note that the subsequence ordering on paths is a total ordering.



Theorem #.1. For all paths o, & and for all function symbols T,
Subseqle) < Subseq(s) iff Subseq(fa) < Subseq(fa).

The proof is quite simple.

Definition: If n is a path and g is a function symbol, let
fg{qj be the number of occurrences of g in .

Dafinition: If o is a path, let maxf(x) be the maximal
funttion symbol in «. Let masf{a,B) be the maximal function symbol in
aor f, if « and B are paths,

Let R{a,8) be the following relation on paths o and B:

Suppose g 15 maxf(a,B). Suppose a is AL PL ERRL CRE and
B s ByO8,9.. B 96 where #gﬁul=m and #giﬁ}rn1 Then R{a.8) is true if

men or if (men and H{nd,ﬂj} is true, where f=max{f:a;76:1).

Theorem 4.2. Suppose o and g are paths. Then

a) & < g in the path ordering iff Subseq{a){f} < Subseq(a)(f}
in the path ordering and
b) « < p in the path ordering iff R{a,8) is true.

Proof: By induction on maxf{a,8). I[f these values are the

same, then by induction on max{ﬂﬁ{uj,#gia}}.

Note incidentally that it is easy to show that R{a,p) implies
Rlaf,gf) for all function symbols f.

Assume that a s CER: P PR L and g is ﬂigﬁzg"'ﬁngﬁn+1
where #g{n}=m and #g{ﬂj=n and g is mexfla, 8).

Me show R{a,p) iff a < p. If m < n, then Subseg(e) < Subseq(g)
easily. If men, then List{z) begine with g" List{a,,) and

. . -
List (g) begins with g List{e .;).
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Let j be max{i: a; # 851 If 5=m+1 then a < g iff

] < Poel. Suppose m = n and jJ < m + 1. Then Subseq{a) =
:Suhseqin'udgv] and Subseq(s) = Euhseq{ﬂ'angJ for some y where

jg{Ti =m~= j. Suppose nj < Ej in the path ordering. MNow, Subseq(a) =
Subsbqtn’njfj Ut Eubseq{u‘uj][g]5ubseq{7} and Subseq(s) = Euhaeq{E'EiT] Ll

Suhsaq{E'Hd?{q} subsegly). We can assume inductively that

R{a'ujykﬂ'ﬂjyj iff u'uj? < E'ij since u'an and ﬁ'ﬂdr either have

no g at all or else have fewer g than o and g .do. Now, u'ujv is
qlguzg,,.gujﬂj+1g...umgnm+1 and E'EJ? 1% ﬂ]gﬂ?g-.-gﬁjﬂj+1g...ﬂm9ﬂm11-
Also, gl ™ By v 4] = ﬁj+1. Hence Hia'uJT.ﬁ*ﬂJv} is true iff
Rlagogiqe ByByaq) 15 true, doe., 977 Riagugays Byage) 15 true,
By repeated application of the note following the theorem, Rﬂujﬁd+1' Ejuj+1}
is true. Hence R{u'ij. ﬂ'ﬁjv} fs true and so by inductive application
of b}, a'nj? < E'EiT in the ordering on paths.

It 15 not difficult to see that EubEEq{u'uj}[g] Subseqfy) <
Subsuq{E'Bj}{gl Subseq(y) 1ff Suhseq[uji{gi Subseq(y) < EUHSEQiﬂj]{E?
Subseq(y).

This is because these two expressions are the same on all subsequences
beginning with j or more g's. Their ordering will therefore be deter-
mined by subsequences beginning with exactly (j-1) g's. Of these,
all subsequences will be the same in both expressions except those

beginning with the first j-1 g's.



Now; we can assume inductively by a) that
Euhﬁéqinj][g} < Subseq{ﬂj}tg}. (Since we assumed By Bj*J We want to show
that for all sequences x, Subseq{uijfgx} <
Sfubf_-ﬂﬁiﬂj}{gx}. Note that for y,z EEuhseq{nj} w
:-:'ubseq'[-uj}. ygu < zax iff yg < 29,
This is because g does not occur in y or 2z, hence neither of yg and

zg 1s a prefix of the other.

We thus have a 1-1, order-preserving mapping between
Suhseqtuj}{g} W‘Suhseq{ﬂjligj and EUDSEq{uj]{EH} Cl Euhseqtﬂd}{gx]. Hence
EubSEQIuJme} < EuhEEq{Hj}ng} iFf Suhseq[nih{gl < Eubﬁaqfﬂj}{gl.

Since this 45 true for each x in Subseq (y). we obtain that
Eubseq{ndl{glsuhseqtfj < Subseqtﬂjj{glﬂubsﬂqfwﬂ. Hence 5uh5eq{a'uj}[g]
Subseg(y) < Suhseq{E'EjJﬂiSuhseq[w}. Therefore Subseq{a) < Subseqig},
and we have shown b) by induction.

We now show a). Assume j is as above. If fgtu} < #g{ﬂ} and
f 2= g, then a) follows easily. Suppose #g{a} < #gﬁﬂ} and f = g. Then
List{a) begins with f,m*gf, {g}*ggf.,,.. and List(g) begins with F;n*gf*{g]*ggf..,..
Hence if m<n and > g, Subseq(a)(f} < Subsea{s)(f}. Suppose f#qla) = fgln),

Suppose f=8. Then List(Subzeq(e}{fl) and List(Subseq(p){f}) will both begin with f,

m*gf.[g}*ggf.....fur1}gm'1fi "F. After this, they will agree on all

sequences having § or more g's at the beginaing. Also, they will agree
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;fo_pn all sequences having j-1 o's not &1l of them chosen from the first
§-1'g's. Hence the ordering on a and § will be determined by the ordering
:nn-Euhseq{ngvJ{f] and SUESeqﬂjﬁT}{f} for suitable y. As before,
ﬁuhseq{ujg?}{f}= Suhﬁeqtujri[fi Ui Subanq{aj]{g} Subseqfy Y{f) and
5ub5eqfﬂng}{F} = SubaentJT}{F} it Euhseq{ﬁjllgl Subseqfy J{f}. Using
Anduction and an argument as above, we obtain that Subseq{a){f} < Subseq{a}{f}.

Suppose #g{u} a #giﬂ} and f < g. In this case; Subseq{u}(f]
and Subseq{g)(f} agree on a1l subsequences beginning with J or nore q's.
They also agree on all subseguences beginning with j-1 g's not all
chosen from among the first j-1 g's, Hence the ordering on
Subseq(a)}(f} and Subseq{p)(f} is determined by the ordering on Euhseq{nJET?{f}
and Subsaqﬁﬁﬂ?}{f]. as above. Using induction and an argument as above,
we obtain that Subseqle)(f} < Subseq({p)(f). This completes the proot.
Corollary 1: For all paths o,¢ and all function symbols
F, Subseqia) < Subseq(g) 177 Subseq(af) < Subseq(af).
Proof: Subseqlaf) = Subseq{a) ¥ Subseq{a){f} and Subseq{pf) =
Subseq(s) w Subseq(g)(fl. Also, Subseq{a){fl < Subseq(a){f} iff Subseq(a) <
Subseq(p) by the above theorem.
Corollary 2: The subsequence ordering on paths is a well-
founded ordaring.
Proof: By the above theorem, Subseq(a) < Subseqf{a) iff R{a,8).
But it is easy to see that the relation R is a well-founded partial
ordering on paths,
This result is slightly surprising, since the multiset ordering
on arbitrary multisets of sequences is not well-founded. However, 771
we Testrict ourselves to nultisets of sequences obtained from paths,

this ordering s well-founded.





































































