UIUCDCS-R-78-943

A Recuraively Defined Orderdng for
Proving Termination of
Term Rewrlcing Syscems

by

David A. Plalsced

Department of Computer Scilence
University of Illinois at Urbana-Champaign
Urbana, Illinels 61801

September 1978

research was supperted in part by the National Science Foundation

r Grant MCS 77-22830.




be replaced by & term of the form t,. For example,
on. can be expressed as

)) = 8 (x) *face (x)
".'-l.- Ly
ation routines can often be expressed in this way also.
e !ﬂlluwt'n: rules will tranaform a Boolean expression in-
',q:,-{ 7l into disjuncrive normal form:
""* cap) + () v (Ty)
"wa} () a ()

'I'E:

galpva) + (ny) v (xaz)
‘Te show such programs are correct, one only needs to show that
a are valid in the intended interpretations, and that the final
n will have some desired form, We are interested in proving
:E puch programs, Namely, we want to show that there is no
Mﬁ“ uquepne Upy Ugy Uge eos guch that for all i, Uy g Con be
:{gﬁhh_l.i_gqﬂ_ from uy by a replacement using 4 term rewriting rule. It is
-easy to show [3] that termination is in general an undecidable property of
‘such programs, However, we sre interested in methods for proving termination
‘that frequently work in cages of practical interest. These methods are based
@."m:ll—:ﬁ:rhn&ad orderings. We presented some work in this area in [2 ],

but at that time we did not have a good way to deal with the replacement
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% {y + 2} + why + i*z and similar replacements. We now present & general
proof technique which easily handles such replacements, together with
replacements such as those mentioned in [ 9], For other work in this
ares, see [1], [2), [41, [51, [6), [7], [8].

We present an ordering on terms called the path of subterms

ordering. It 18 aimilar to the path ordering definmed in [9 ] but is
defined recursively. We show that this 1s a partial ordering, and then
that 1t 1s a "partisl simplification ordering" as defined in [9 1.
Proving well-foundedness turns out to be somewhat difficult. We then
present efficlent methods for computing the ordering on ground terms and
on non-ground terms. Finally, we present a peneral class of replacements
s + t a1l of which are simplifications in this ordering.  That 18,

t < & in the ordering. Any term rewriting syatem all of whose replacements
are of this form i guaranteed to terminate. The two examples ment ioned
above are both of this form,

Given terms & nnd t, we can in many cases efficiently compute
whether t < & in the path of subterms ordering. 1f By, <8y in this
ordering for 1 < 1 £ n, then the set 8, ™ By «ery 8 * ok of rewrite
rules is guaranteed to terminate. This research therefore gives on
efficient, simple method for providing proofs of terminatfion of sets

af rewrite rules,

2. Simplification Orderings
Définition: A term is an expression formed from function
symbols, constant symbols, and variables, properly combined. Thus

£ix, gle, ¥)) 1s.a term. We consider constant &ymbels as function

symbols having no arguments. A term without variables in it is-a ground cerm:



oni We say an ordering <" {g well-founded If there

:E. tll tz! :3‘ vv+ Buch that ti > t1+1 for all

1 Eﬂ"!" the following four properties:

s Ir. {8 a well-founded ordering.

. (Gonalstency with respect to substitution) If &, and

_'_'.;E are terms and 21 < I;2 in the ordering, then for all
,::;:hn;.i;utinnp 0, 1:19 < tzﬂ in the ordering.

{Consistency with respect to subterm replacement) 1f y
18 a subterm of Eys and ¢, is obtadned from £y by replacing
By by #,, and 8; < 8, in the ordering, them t, = L, in
the ordering. |

Iq_ug:;_itivel}r. these are deslrable propertles for a simplification
ggqﬂﬁgigﬂutg have. Property 2 puarantees that the simplification process
must terminate. Property 4 guarantees thac simplifying a subterm will
':.'i].ﬂﬂﬁ:_:ﬂm?liﬁ the whole term, 80 pimplif:inu_rtqu can he done "locally"™.

Definition: A partial ordering on terms is 8 partial simpli-

-__Hﬂl‘lﬂ.nn ordering if it has properties 2, 3, and 4 as above, Thus 1t

-r.gua na‘.t be a total ordering on ground Corms.



A replacement I8 an equation that can only be used in one

direction. We writa El o, =5 to mean that aoy Instance of 5, can be

replaced by the corresponding inatance of By

Definition: & replacement s

1 + 85, 15 a simplification witch

tespect to a simplification ordering if 8, 18 less then By with
reapect to the ordering.

Definition: A term t is obrtained from term 5 using the
replacemant E, Tty 1f there ls some pubstirution & with the fallowing
properciea:

515 is a subterm of 8, and t 18 obtalned from & by replacing
aneg oocurrence of “iE in a by Eiﬂ‘

Note that 1f l:i < 8, in some partial simplificarion ordering

then t,8 < 8,8 alao by conslstency with respect to substitutlen. Hence
t < 8 by consistency with respect te subterm replacement,

We say rhat a aet By * Eys By = Cyqoaaey B F £ of revrite

ruled fails to terminate on input u, If there is an infinite sequence

Uy s uz. u3. «»+ Buch that far all 1 > 1, Uy ia obtained from My

using some replacement in the set. IFf no such infinite sequence exlscs,

we say the set of rewrite rules terminates on Input Uy

Theorem [ 8] Suppose a, + Eis +evs B, * t_ 18 a set of rewrite

1
rulea. Suppose there is a partial simplification ordering "<" such

n

that I:i < éi in the ordering for 1 <1 < n. Then the set of rewrite
rules terminates on all Inputs.

-

Proof: Assume the rules fall to terminate on input g
Let g uE' u3, «vs bean infinite sequence of terme such that for all
i-21; Ui is obtalined from u, by using some replacement in the set of

rewrite rules. We showed above that Wi+ < oy in the crdering, for all 1.
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Hence Ups Mpy gy oo ig an Infinite descending sequence in the ordering.
Sut this is impossible, because a partial simplification ordering ls
well-founded. Thus the given set of rewrite rules is guaranteed to

terminate on all inputs.

3, Multisets

A multiset is a set in which an element can occur more than
once. ¥e write multiset union as W or somctimes Y, The number of
seeurrences of an element in A Y B 18 the sum of the number of its
pecurrences in A and B.

Definition: I1f 8 is a multiset of elements prdeted by
somi total order relation, lec List(5) be a list {Hl. Bos veva uﬂ]
oF the elements of § in nen-increasing order. Each element must appear
the same number of times in List(5) as in 3.

Definirion: Suppese "<' is a partial ordering such that

there oxists an equivalence relation "=" satisfying the following condicions:

R Ky and ¥y = ¥y {mpliea * < ¥ il 3 %y ot

1
oowy TRy 1£f *y and %, are unrelated in the ordering
{that is, 1{11 < xzj and 1{32 < nlﬁ}.
We then write x, = X, to Iindicate Xy € Xy O Xy = %ge Aloo, we write

[x) to zofer to tho ssuivalence elass of x in thio equivalence relatilon.

That 1s, [x] = {y: yax!.

Given such a partial ordering on some set 5, wo define a
partial ordering having the same property, on finite multisets of

elements of 5 a3 follows:

Suyppose U and V are multisets of elements of 8. Suppose

¥+ V. Let {ul. Moy weey "k} be Liat{l) and let I”l‘ Vg eeea vi}
be ldez (V). Tf [u 1, [yl wees [u,] 15 a nrefix of Lvlj. I?I}. cave vy
we say U < V. 1If [ull. [vzi. S [vL] is a prefix of [ulI, [“EJ‘ S E“k]

we say V < U. Otherwise, let j be min{i: Uy = vy 0T vy < “i}‘
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Then wa say U < ¥ if ”j < ?]' U >V if uJ > vj‘ We call this ordering

on multisets the ordering induced by the crdering on 5.

4. The Path of Subterms Ordering

We now define the path of subterms orderlng amd shoew that
it 18 & partial simplification ordering. We assume that there is a
total ordering on the function and constant symbols F appearing In terms
t that we are dealing with., If g *» f In this ordering, we intuicively

think of g as being more complicated than f, and we say g is larger than

£,

4,1 Definition of the Ordering

Definition: If t is a term of Form £{t;, ..., tn}* a
path of subterms of t is the sequence consisting of ¢t {taelf Followed
by a path of subterms for t, for some 1, 1 =1 % n. Ift is
variable, then t itself is the only path of subterms for t. Thus
a path of subterms for £{g(a, b), ¢) is the sequence £(gla, b}, c),
gla, b), b. Also,a path of subterms of the term E(x, g(y, c)) is the

sequence fix, gly, c)), gly, <), ¥.

Definitlon: Let SPaths(t) be the sultiset of paths

of subterms of t. More precisely, if t is of the form f{tl. imny tn}
m
then SPaths(e) is {c} 11'-"1 SPatha(c, ). If ¢t iz a constant symbol

¢, then SPatha{t) is {c}. If t iz a warlable, then SPaths(t) is {ck.

Definition: If t is a term of the Enr-.f{tli oy tu}.
n
s

ler PSPaths{t) be A

1 SPaths '[!:i] =



Definitien: If o« is a sequence of terms, then Subseq(a)
is the multiset of subsequences of a. Thua Subseq(tB) = {t, A¥Subseq{i) =
{£)Subseq (B} W Subseq{p). Also, Subseq{A) = A. (Here A is the sequence

of length zero.)

Definition: Suppose t and u are teérms. We say t and u are

equivalent up to & permutation of arguments if ¢ and u are both variables,

of if

a}) the top=level function symbole ef e and u are identical.

(S8uppose £ le of the form Flt t“} ond u is af the

1' LI
Farm F[ul‘ e un]}, nnd

b} there is a one-to-ane correspondence between the multiset [11, oo

and fut. e un} auch that 1f t, and uy correspond to each
ather then £ and uy are equivalent up to a permutation
of arpuments.

Example: f£(gla, b), hia, c)) and £{h{a; =), glb, a)) are equivalent

up to o permutitlon of argumants. We write s % ¢ 1f B and t are 1dentical

Hp ke A pesmiitatlon of argumnents,

Defindtion: If t 8 a term, then Sizeic) is the sum of the
number of occurrences of all funceion symbole, constant symbole, and
variables in t. For example, Sizeffi(x, F{x, c)))} = 5,

Given ground terms 8 and t, the following procedure will
-afficiencly determine if s and t are identical up te a permutation of

ArTguments,



Suppose 8 1s of form f{ﬂl. S an} and t is of form f{tl,
(1f the top-level function symbols of s and t are not the same, s and
t are clearly not identical up to a permutation of arguments.)

Let s; and ti ba “canonical forms" aof 8, and t,, respectively.
We cbtain che canonical form recursively in a manneér to be described.
Let &," 8" .., sn" and £ £, Ll £," be a listing of the multisecs
Isl v oeey 8 ") and {tl’¢ ST :n’J. respectively, In non-increasing
order. Any total ordering on grotnd terms will do here; lexicographic
ordering Is probably the mimplest to use.

The canonical form of 8 is defined to be f{ul". R ln"}
and that of t is defined to be E{t]”. R tn"}- If these canonical
forms are idantical, them s and t are identical up to a permutation of
arguments. Otherwise, 3 and t are not identical up to & permutation
of arguments.

Suppose 8 and t are not ground terms. Let Hyroo Xy be the
variables appearing in s and t. Let Eprerty be new constant symbols.
Let 8* and t™ be & and t with LT replaced by €y everywhere, for
l12145m Then 5% and t* are ground terms, and 8% % t% {ff & % k.
Hence the above procedure can be applied to s* and t*.

Agsuming-that the set of funetion symbolas is fixed, the
time Tegquired to put & in ecanonical form is ﬂfsizata}z} using this
method. The time to teat if = and t are identical up to a permutation
of arguments is then D{Eite{a}z + Sizett]zlﬁ Later we will pive a

more complicated method for decidimg If & * t, that has a better

asymptoctic cime bound.

vl B
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Definledon: Suppose Bys Bayr nens Hm and tl’ tE‘ cree Lo
are paths of subterms. We write 3]. Sy sevs ﬂm e rl. tz. o tn iff
a) m*= n.and

) for mll 1, 1 <1 <m 8, v E,.

i 1
In this case, we say that the pathsa Byv Hos cean B and tl' tE' cany b
are ldentical up to a permutation of arguments.

Definition: The Intermediate path of subterms ordering

on ground terme i defined as follows:

Suppose f 1s the top=-level function symbol of ground term
E and g {8 the top=level functlien avmbol of ground cerm u: Than
t € u in the intermediante path of subterms ordering 4if £ < g in the
functlon saymbol ordering.

Suppose bath t and u have the same top-level function sysbol
f. Buppose t i of che form f{:l. Lay soey tnh and u 1w of the form
!{ul. gy« uﬂ}. In this case, we define the ordering recursively,
assuming cthat wa already know how proper subterms of t and u are ordered

with respect to each other in the Intermediate path of subterms ordering.

Let 5 be the get of terma r avch that v I8 a4 proper subterm
of t or u. Assume Iinductively that all elements of & are ordered with
reéspect to each other by the inteérmediate path of subterms ordering,

except those terms which are equivalent up to a permutation of arguments.

Order sequences of elements of 5 lexicographically. That

i, 1 § = Qv <y 9y and T = ¢

; pr ot r Aare two sequences aof elementsa
af 5, then q < 1 if
a) [ is empty and r is non-empty
b qy < Iy in the intermediate path of subterms ordering, or
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) ql and £, are esquivalent up to a permutation ok arguments,

1
and (Qas coes 950 € {Tyy ..., £_) in the lexicographic
ordering on sequences of elements of 5.

Order multisets of sequences of elements of § by the multiset

ordering induced by the above ordering on segquences.
If o and 8 are paths in PSPatha(t) W PS5Patha(u), then order

a and B by the above multiset ordering on Subseq(a) and Subseq(B).

We say ¢ < u in the intermediate path of subterms ordering
if PSPaths{t) < PSPaths{u) in the multiset ordering induced by the
above ordering on paths,

It i8 not difficult to show that t and u are ordered with
reapect to each other in this ordering unless they are equivalent
up to a parmutation of arguments. Thua we obtain by induction the
result that groind terms are ordered by this ordering unless they are

equivalent up to a permutation of arguments.

befiniegien: Let t and u be arbiltrary ground terms. Shen

t < u in the pach of subterms ordering if SPaths(t) < SPaths(u).

That 18, we order SPaths(t) and SPatheiu) by the multiset ordering
induced by the ordering on pathe of subterms. The purpose of Cthis
definition is to eliminate the larpge dependence of the ordering on the
top=level Function symbols of t and u,

The fntuition behind this definition is chat we want to
weight function symbols more 1f they occur at the top of a more complex
subterm. Thus the * in x*{y + =z} would be welghted more highly than
either # in x*y + x*z, and so we get thar x*(y + z) + x*y + x*z i5 &
gimplification in the path of subterms ordering, extended to non-—

ground terms in the usual way:
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Definition: Suppose s and t are cerms, posalbly wich wvariablea
in them. Then s < £ Iin the path of subterms ordering if for all -subsci-
tutions @ sauch that &% and t8 are ground verme, 868 < B in the path of
subterms ordering on ground terms. Note thatthls definition guarantees

that the path of subterms ordering is consistent with respect to substi-

tution.

4.2 Proof that the Ordering is & Partial Simplification Ordering

We now show that the path of subterms ordering is a partial
ordering, is consistent with respect to subterm replacement, and is
well=Founded. We have just noted that it Is conslstent with respect

to substdtation.

Theorem 4.1. The intermediate path of subterms ordering

on ground terms 1s a partlal ordering. That is, It 1s non-reflexive,
anti-symmetric, and transitive,

Proofi Suppose t1 and tﬂ andd 1;3 are ground terms. Let Sub-
terms(t) be the set of proper subterms of t. Let 5 be Subterms(t ) U
Eubtﬁrm#(tzj L Suhterma{tjl- Asaume inductively chat the inctermediace
path of subterms ordoring {8 a partial ordering om 5. Also, note that
if LI 5 and 8, E & and By iy fails to hold, then either 8; < 8,
or 8, < &, in the intermediate path of subterms ordering. It follows
that this ordering 1s a partial ordering on sequences of elements of
8, ordered aa specified. Hence it ism a partial ordering on multisets of

-geguences of elements of 5, ordered by the induced multiset ordering. Hence if

tl' EE, and t, have the same top-level function symbol, the intermediate
ordering is & partial ordering on {tl. tE' t3]. If the top-level
function symbols are not the same, it 18 easy to show that the {nterme-

diate ordering i= atill a partial ordering on [tl’ Eqgs tj}-






























































































































