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Theoretical analysis of second-order synchrosqueezing transform

Synchrosqueezing transform in the STFT framework

In the following, V g
f denotes the short time Fourier transform (STFT) of a

signal f and is defined by:

V g
f (η, t) =

∫
R
f (τ)g(τ − t)e−2iπη(τ−t)dτ

Computation of an instantaneous frequency (IF) estimate at time t
and frequency η through:

ω̂f (η, t) =
1

2π
I
(
∂tV

g
f (η, t)

V g
f (η, t)

)
The synchrosqueezing transform is defined as:

Tf (ω, t) =
1

g(0)

∫
R
V g
f (η, t)δ(ω − ω̂f (η, t))dη
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Theoretical analysis of second-order synchrosqueezing transform

Mode reconstruction for slightly modulated modes

Let us consider a multicomponent signal defined as

f (t) =
K∑

k=1

fk(t)

with fk(t) = Ak(t)e2iπφk (t), Ak(t) > 0, φ′k(t) > 0 and
φ′k+1(t) > φ′k(t).
Define the set B∆,ε of multicomponent signals with modulation ε and
separation ∆ as:

Ak ∈ C 1(R)
⋂

L∞(R), φk ∈ C 2(R),

sup
t∈R

φ′k(t) <∞, φ′k(t) > 0,Ak(t) > 0, ∀t

|A′k(t)| ≤ ε, |φ′′k(t)| ≤ ε, ∀t ∈ R

The f ′ks are separated with resolution ∆:

∀t, φ′k+1(t)− φ′k(t) ≥ 2∆
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Theoretical analysis of second-order synchrosqueezing transform

Approximation theorem

Theorem

Consider f ∈ B∆,ε and put ε̃ = ε1/3. Let g ∈ S(R) with
supp(ĝ) ⊂ [−∆,∆]. Then, if ε is small enough, the following holds:

(a) |V g
f (η, t)| > ε̃ only when there exists k ∈ {1, ...,K} s. t.

(η, t) ∈ Zk := {(η, t), s.t. |η − φ′k(t)| < ∆}.
(b) For all k ∈ {1, ...,K} and all (η, t) ∈ Zk such that |V g

f (η, t)| > ε̃, we
have

|ω̂f (η, t)− φ′k(t)| ≤ ε̃.

(c) For all k ∈ {1, ...,K}, there exists C s.t. for all t ∈ R,∣∣∣∣∣ limδ→0

(∫
|ω−φ′k (t)|<ε̃

T δ,ε̃
f (ω, t)dw

)
− fk(t)

∣∣∣∣∣ ≤ C ε̃.
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Theoretical analysis of second-order synchrosqueezing transform

Extension of the theorem

Definition

A window gσ(t) = σ−1g( t
σ ) is said to be with quadratic decay if ĝ(η)

behaves like 1
γη2 for any |η| ≥ ∆.

If one uses such a window the above theorem is still valid provided
σε̃ ≥ 1√

|γ|∆
.

We are going to use non compactly supported window in the Fourier
domain to extend the above theorem to multicomponent signals
containing modes with strong frequency modulation.
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Theoretical analysis of second-order synchrosqueezing transform

New IF estimate

Let us put ω̃f (η, t) =
∂tV

g
f (η,t)

2iπV g
f (η,t)

and introduce: t̃f (η, t) = t − ∂ηV
g
f (η,t)

2iπV g
f (η,t)

.

Define ω̂f (η, t) = R(ω̃f (η, t)), and t̂f (η, t) = R(t̃f (η, t)).

Estimate of frequency modulation introduced in (Oberlin et al., 2015).

Definition

Let f ∈ L2(R) and consider when V g
f (η, t) 6= 0 and

∂t(∂ηV
g
f (η,t)

V g
f (η,t))

6= 2iπ the

quantity

q̃f (η, t) =
∂t ω̃f (η, t)

∂t t̃f (η, t)
.

An estimate of the frequency modulation is then defined by

q̂f (η, t) = R (q̃f (η, t)) .

IF estimator finally defined by: φ′(t) = ω̂f (η, t) + q̂f (η, t)(t − t̂f (η, t))
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Theoretical analysis of second-order synchrosqueezing transform

Here we propose a slightly different IF estimate which allows for
mathematical study.

Definition

Let f ∈ L2(R). Define the second order IF complex estimate of f as:

ω̃
(2)
f (η, t) =

{
ω̃f (η, t) + q̃f (η, t)(t − t̃f (η, t)) if ∂t t̃f (η, t) 6= 0

ω̃f (η, t) otherwise,

and then its real part:

ω̂
(2)
f (η, t) =

{
R (ω̃f (η, t) + q̃f (η, t)(t − t̃f (η, t))) if ∂t t̃f (η, t) 6= 0

ω̂f (η, t) otherwise.
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Theoretical analysis of second-order synchrosqueezing transform

Definition of the new Fourier-based SST

We first define a new type of mode before introducing the new synchrosqueezing
transform:

Definition

The set B(2)
∆,ε of multicomponent signals with second order modulation ε and

separation ∆ corresponds to multicomponent signals made of modes satisfying:

(a) function fk s. t. Ak and φk satisfy the following conditions:

Ak(t) ∈ L∞(R) ∩ C 2(R), φk(t) ∈ C 3(R),

φ
′

k(t), φ
′′

k (t), φ
′′′

k (t) ∈ L∞(R),

Ak(t) > 0, inf
t∈R

φ
′

k(t) > 0, sup
t∈R

φ
′

k(t) <∞,

|A′

k(t)| ≤ ε, |A′′

k (t)| ≤ ε, and |φ′′′

k (t)| ≤ ε,

(b) the functions fks satisfy the following separation condition

φ
′

k+1(t)− φ
′

k(t) > 2∆ ∀t ∈ R , ∀k ∈ {1, ...,K − 1}.
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Theoretical analysis of second-order synchrosqueezing transform

Definition

Let h be a positive L1 normalized window belonging to C∞c (R), and
consider γ, δ > 0, the second order Fourier-based SST of f with threshold
γ and accuracy δ is defined by:

T̃ δ,γ
f (ω, t) =

1

g(0)

∫
|V gσ

f (η,t)|>γ
V gσ
f (η, t)

1

δ
h

(
ω − ω̂(2)

f (η, t)

δ

)
dη.
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Theoretical analysis of second-order synchrosqueezing transform

Theorem

Consider f ∈ B(2)
∆,ε, ε̃ = ε1/6.

g a window satisfying for all t and k = 1, · · · ,K , F(g(τ)e iπσ
2φ

′′
k (t)τ 2

)(η) behaves
like 1

γη2 when |η| ≥ ∆.

Then, provided ε is sufficiently small and that 1√
|γ|∆
≤ σε̃ ≤ C for some constant

C , the following hold:

(a) |V gσ
f (η, t)| ≥ ε̃ only when there exists k ∈ {1, ....,K} such that (η, t) ∈ Zk .

(b) For all k ∈ {1, ...,K} and all (η, t) ∈ Zk such that |V gσ
f (η, t)| > ε̃, we have

|ω̂(2)
f (η, t)− φ′k(t)| ≤ ε̃.

(c) Moreover, for each k ∈ {1, ...,K}, there exists a constant C such that∣∣∣∣∣
(

lim
δ→0

1

2πg(0)

∫
Mk,ε̃

T̃ δ,ε̃
f (ω, t)dω

)
− Ak(t)e iφk (t)

∣∣∣∣∣ ≤ C ε̃,

where Mk,ε̃ := {ω : |ω − φ′

k(t)| < ε̃}.
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Improving the synchrosqueezing transform using demodulation

The results of the synchrosqueezing transform, highly sensitive to the
choice of the window’s length.

We are interested in limiting the influence of the window on the
reconstruction of the modes by means of demodulation.
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Improving the synchrosqueezing transform using demodulation

Sensitivity to σ of the synchrosqueezing transform

IF estimate ω̂f (η, t) is tied to two inequalities, (the window is a L1

normalized Gaussian window):

|V gσ
f (η, t)−

K∑
l=1

fl(t)ĝσ(η − φ′l(t))| ≤ εΓ1,σ(t)

|∂tV gσ
f (η, t)− 2iπ

K∑
l=1

fl(t)φ′l(t)ĝσ(η − φ′l(t))| ≤ ε(Γ2,σ(t) + 2π|η|Γ1,σ(t)),

with Γ1,σ(t) = KσI1 + πσ2I2
K∑
l=1

Al(t) and Γ2,σ(t) = KI ′1 + πσI ′2
K∑
l=1

Al(t).

From this we may say, that better approximation is obatined using a small σ.

However, in such a case the separation between the different modes is made
harder since ĝ(σ∆) has to be negligible, which puts a great constraint on σ
(it has to be large).
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Improving the synchrosqueezing transform using demodulation

Algorithm for Demodulation

To compute an estimate of the ridge (t, φ′k(t)) knowing the number K of
mode, we compute the local minimum of:

Ef ((ϕk)k=1,··· ,K ) =
K∑

k=1

−
∫
R
|Tf (t, ϕk(t))|2dt +

∫
R

(λϕ
′

k(t)2 + βϕ
′′

k (t)2)dt,

where Tf is the synchrosqueezing transform.

We obtain a set of curves (t, ϕk(t))k=1,··· ,K which approximates the
different ridges. However, due to discretization effects these estimates
cannot be directly used for demodulation.
If the signal f is defined on [0, 1], ϕk(t) will be an integer for all t.

We use EMD to smooth the obtained ridges and thus non integer value
estimates.

We use these smoothed ridges to demodulate, we compute:

fD,k(t) = f (t)e−i2π(
∫ t

0
ϕ̃k (t)dx−ϕ0(t))

where ϕ̃k(t) = ϕk(t)− h(t), where h(t) is the first mode obtained with
EMD.
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Improving the synchrosqueezing transform using demodulation

Algorithm for Demodulation:continued

Apply synchrosqueezing transform to fD,k and extract the kth mode

Reconstruct the kth mode by multiplying by e−i2π(
∫ t

0
ϕ̃k (t)dx−ϕ0(t))

Illustration of the demodulation process:
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Improving the synchrosqueezing transform using demodulation

Illustration of the improved reconstruction process

Effect of the demodulation process:
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