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P QSRTRTU�VKWYX[Z]\�^`_�V`_Ia$^KRTbdcTUfega�hKU�RTb
i�jlk+mon"mqpsrlt+ulk�vsrlm"pxwzy�mYk+t+y|{}r~n"mqpx�$y

A ��� j�m � m"y n � y)�	rl�$j�t�t�k+{F�Dmqps��k+y�{FyDt�n<wznqr���v�y���j�t���y�k�nTk+n"psv�pxwzy�movsy�wmqj�n�r~n"psjlt�w � y��:p���yDt�w��l� � jl���Dm�r~nqp�j�t � y���rlw"y/����� (i, j, k)
�$jlt�wzpxw�nqy��:�Djl{��+p�t�yDm�vsy�w � y�k� �vspsult+y�w i

y$n
j
�l��k+p � jlps�ly�t�nnqjlk�nqy�w � y�k� T�Djl{F{FyDt��DyDm5��r�m k − 1 ¡ �Dmqj�w�����j�k+m¢r�t�t�k�v�y�m�v � �Dvs�D{FyDt�n�yDtO��j�w"p£nqp�j�t (j, k) ¤

(

0 . . . 0 a
′

i,k a′

i,k+1
. . . a′

i,n

0 . . . 0 0 a′

j,k+1
. . . a′

j,n

)

←
(

cos θ − sin θ

sin θ cos θ

) (

0 . . . 0 ai,k ai,k+1 . . . ai,n

0 . . . 0 aj,k aj,k+1 . . . aj,n

)

¥ �T¦�jlk�w5vxr�pxw"w"jlt�w§rlk<vsy��$n"y�k+m¢vsy`w"jlpst � y � �$nqyDmq{Fp�t+y�m�v � r�t�ulvsy θ
��yDmq{Fy$nzn�r�t�n ��� y$¨�y��$n"k+y�m¢�$y$n"n"y/j�����mqr�n"psjlt©� ¤ ª¬«� � r�vsulj�m"p�n"�{®y`w"����k+yDt�nqp�y�v���y�k�n8w � ���$mqp�mqy ¤

¯±° ²+³�´lµ~¶
A ·¸�¹»º©¼�½�¾

k = 1 ¿ ¼ n− 1 ÀÁ�¹ º©¼�½+¾
i = n Â ¼�Ã`Ä ¿ ¼ k + 1 Å�¿qÆ�Ç −1 ÀÈ�¹ ���+�
(i− 1, i, k)

É tO�$j�t�wzp ��Ê m"y`��k � k�t+y/m"jlnqr�n"psjlt|����� (i, j, k)
w � yD ����$k+n"y/yDt<n"y�{F��w�k+t+p�n"���+pst � �D��yDt � r�{F{FyDt�n � y k

�
. Ë}Ì�Í�ÎDÏ�Ð	Ñ�ÒÔÓÖÕ)×$Ø�Ø�Ù"×�×DÚ|Û�Ü�Ý�Ù"×�Þ�×DØ5ß�à á�â~Ù�ãäØæå�ç}×Kè�Ü�Ù`Ü�ÚMÙ"é$èD×�ß~ÜLàêãäÚ�éqß�ãäÙ"×®ël× n ì�Ù"â�Þq×$è�èD×$Ü�Ù�èDí
. Ë}Ì�Í�ÎDÏ�Ð	Ñ�ÒïîðÕ)×$Ø�Ø�Ù"×F×$ÚñÛNÜ�Ý�Ù"×FÞ�×$Ø�ß~à á�â�Ù�ãäØäå�çF×�è�Ü�Ù/Ü�Ú)Ùqé�èD×�ß~ÜLàêãäÚ�é�ß~ãäÙ"×}Þ�â~ç�ì�â~Ù�Ø¬ß~Ú�Ø§èD×DÜ�à�×$ç}×DÚ�Ø bn

2
c ì�Ù"â�Þ�×�è�òèD×DÜ�Ù�è$í

ó ôñ^/\�U�b§õOö®÷®øùU5\�ú§W<û|U�b.U§_dV/\�ûT\�U�b3ûOa$RTVKa�\�U�b

. Ë}Ì�Í�ÎDÏ�Ð	Ñ�Òýüÿþ5Ü�×$àäàs×�è}ë~ã ��éDÙ"×DÚ�Þ�×�è�ì+×DÜ�Ø�òzâ~ÚñØ�Ùqâ~Ü�Ý~×$Ù}×$Ú�Ø�Ùq×®Ü�ÚMå��qì+×DÙ"ÞDÜ���×Yël×Yë�ãäçF×DÚ+è�ã	â�Ú 6 ×DØ�Ü�ÚñØBâ�Ù"×����gël×Ø¬ß~ãäàäà�× 4× 4× 4 	

. Ë}Ì�Í�ÎDÏ�Ð	Ñ�Ò�
��×DÜ�Ø�òzâ�ÚYì�à�â~Ú�á�×DÙ®Ü�Úùß~Ù��DÙ"×��DãäÚ�ß�ãäÙ"×}Þ�â~ç�ì�à�×DØ�� 2n − 1 èDâ~ç®çF×DØ�è�ëlß~Ú�è Ü�Ú�×`álÙ�ãäàäà�×����Së�×®ØBß�ãäàäà�×
r × r �oë�é$Ø¬×DÙ�ç�ãäÚ�×$Ù�	

� �ð÷Fú��$U�bÿú�^KRTRTU�ú�_���b.U�R ú�W<û|U
�¢tom"��wzy�r�k

CCC(m)
y�w�n§jl��nqyDt�kYyDtom"y�{®��vsr��Dr�t�nN���r���k+y¢�+mqj��$y�wqw"yDk+m �©� k+t<�����yDm��$k���y � y � ps{FyDt�w"p�j�t m

��r�mk+týr�t+t�y�r�k � y m
�+mqj��$y�wqw"yDk+m�wD�Iy$nFyDtý�$jlt�t+y��$nqr�t�nF���rl��k+yY��m"j��$y�w"w"yDk�m � yTv � r�t�t+y�rlk � r�t�w�k�t+y � p�{FyDt�wzpsjlt � yv � �����yDm��$k+��y��æ�lj�p�m���ulk+mqy! « �

. Ë}Ì�Í�ÎDÏ�Ð	Ñ�Ò#".þ5Ü�×$à�×�è�Ø�à�×§Ú�â~ç��$Ù"×5ë�×'ì�Ù"â�Þ�×�è�èD×$Ü�Ù�è�ë�× CCC(m) 	$��â�Ú�Ú�×DÙ�Ü�Ú�×�ë�é&%NÚ�ãäØ�ã	â~Ú('$â~Ù�ç}×$àäàs×¢ël× CCC(m)×DØNÜ�Ú�×/ç}ß*)Dâ~Ùqß~Ø�ã	â~Ú|è�ãäç�ì�às×®ë�×/èDâ�Úùë~ã	ß�ç�+DØ�Ù"×�í

. Ë}Ì�Í�ÎDÏ�Ð	Ñ�Ò-, Õ)â~Ú�Ø�Ù"×DÙ/.$Ü�×Kà�×®ë~ã	ß~ç�+DØ�Ù"×�ël× CCC(m) ×�è�Ø5×10�ßlÞDØ¬×$ç}×$Ú�Ø D = 2m− 2 + bm
2
c è�ã m > 3 2N×DØ�×�è�ØéBá�ß~à�� 6 è�ã m = 3 í
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�������B ��
	�k+��yK�$j�t+t+y���n"�`y�tO�����$vsy � y`nqr�psvsv�y 3
�

� ôù\�VKRTb©øù^Kb'a�_Ia$^KR c�zW<RTU�� V`_'\�a$ú�U
É t ��yDk�nF�$jlt��$yD��jlpsmKk+týr�vsuljlmqp�n"+{FyY��rlmqrlv�v Ê vsyY��jlk+m®vxrOn"m�r�t�w"��j�w"p£nqp�j�t ��� k+t+yo{}r�n"mqps�Dy n × n

� É t w"k+�+��j�w"yvxrT{Fr�n"mqps�DyYw�nqj����l�Dy � yo{Frlt+p Ê mqy � pswzn"mqp���k+�Dy � rlt�w/vsy�w/��m"j��$y�w"w"yDk�mqw�� É t wzk+����j�wzy�mqrO��k+y}vsy�w � p�¨��DmqyDt�nqw/vspsyDt�w � y�Djl{F{ k+t�ps��r~n"psjltTwzj�t�n5��p � psmqy���nqp�j�t+t+y�vsw5yDn¢��y�k+�ly�t�n��Dn"mqy`k�n"psv�pxw"��w � y`{}r�t�p Ê m"y/w"p�{�k+v£n�r�t+��yl�
. Ë}Ì�Í�ÎDÏ�Ð	Ñ�Ò�� �§Ù"â�ì+â~èD×$Ù�Ü�Ú�×§èDâ~àêÜ�Ø�ã	â~Ú}è�Ü�Ù§Ü�Úoß~Ú�Ú�×�ß~ÜYël× p ì�Ù"â�Þ�×�è�èD×$Ü�Ù�è¢×DØIëlâ�Ú�Ú�×DÙ§èDßKÞ�â~ç�ì�à�× 0�ãäØBé���â~ÚFè�Ü�ìlì�â�èD×
.DÜ�×/à�ß<ë~ãxè�Ø�Ù�ã&�$Ü�Ø�ã	â~Ú ×�è�Ø�çFâ�Ú�â�ë~ãäç}×$Ú�è�ã	â�Ú�Ú�×$àäà�×��lí

. Ë}Ì�Í�ÎDÏ�Ð	Ñ�Ò�� �§Ù"â�ì+â~èD×$Ù®Ü�Ú�× èDâ~àêÜ�Ø�ã	â~Úùè�Ü�ÙKÜ�Ú�×:álÙ�ãäàäà�×FØ¬â~Ù�ã&.DÜ�×}ël× p = q × q ì�Ùqâ�Þ�×$èqèD×DÜ�Ù�è®×DØ�ë�â~Ú�Ú�×DÙKèDßOÞqâ�ç�òì�à�×10�ãäØ¬é���â�ÚLè�Ü�ìlì�â�èD×�.$Ü�×Kà�ß<ë�ãxè�Ø�Ù�ã&�DÜ�Ø�ã	â�Úù×$è�Ø��Dã	ë~ãäç}×$Ú�è�ã	â~Ú�Ú�×$àäàs×��lí

. Ë}Ì�Í�ÎDÏ�Ð	Ñ�Ò�� �§Ù"â�ì+â~èD×$Ù}Ü�Ú�×®èDâ~àêÜ�Ø�ã	â~Úñè�Ü�Ù®Ü�Ú|å��qì�×$Ù"ÞDÜ���×oë�× p = 22k ì�Ù"â�Þ�×�è�èD×DÜ�Ù�è}×DØ8ëlâ�Ú�Ú�×$Ù®èDßLÞ�â~ç�ì�à�× 0�ãäØBé
��â~ÚMè�Ü�ì�ì+â~èD×?.DÜ�×/àsß<ë�ãxè�Ø�Ù�ã&�DÜ�Ø�ã	â�Úù×$è�Ø��$ã	ë�ãäçF×DÚ+è�ã	â�Ú�Ú�×Dàäà�×��lí
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. �������
	��������������������'r8{Fpsw"y5yDt��/k+��m"y5r��ly��
n
�+mqj��$y�w"w"yDk+m�wIt�k�{®��m"jln"��w

P1

�
Pn

y�w�n±r�pxw"�Dy ¤ v�y§�+mqj��Dy�wqwzy�k+m Pk

�~r��Dn"mqy§mqy�w"��jlt�wqr��+vsy
� y§nqjlk�nqy�w�vsy�w�mqj�nqr�n"psjlt�w§���+� (i−1, i, k)

� É tFr�y�tFyDt�n"mq�Dy � k®m"��wzy�r�k �	j
� i
mqyD�+mq��w"yDt�nqy�vxr:v�psult+y

i � y�vxr�{}r�n"mqps�Dy «�¤
1 2 3 4 5 6 7 8 → P1 → P2 → P3 → P4 → P5 → P6 → P7 → P8

�'r`��m"y�{®p Ê mqy5v�psult�y¢��k�p�r�mqm"ps�ly � rlt�w�k+t}�+mqj��$y�wqw"yDk+m±w � ��p�t�wznqrlv�vsy���jlk+m±k+tFnqjl�©�! 8k�r�t � k+t�y¢r�k�nqm"y5vsp�u�t+y¢r�mqm"ps�ly��y�v�vsy y�w�n`�$jl{��+pst+�Dy r���y��/vxrYvspsult+yKy�t){F�D{Fj�p�mqyl���+k+pxw��+mqyDt � w"rY�+vsr��$y����IrYvsp�u�t+y ��k+p��$n�r�p�n8yDt){®��{Fjlpsm"yK��jlk�mqw"k+p�nwqr mqjlk+n"y`�ly�mqw5vxr � m"j�p£nqyl� É tTjl��nqp�y�t�n¢v�yKwq��+�D{}r ��� y$ ����Dk�n"psjltLw"k+p��~rlt�n���jlk+m n = 8 ¤
"$#&%

P1 P2 P3 P4 P5 P6 P7 P8

t = 1 8
t = 2 ')(+*),.-0/ 1+/ 2�3
t = 3 ')(+*),54+/ -0/ 2�3 8
t = 4 ')(+*),768/ 4+/ 2�3 ')(+*9,.-0/ 1+/ :&3
t = 5 ')(+*),<;=/ 68/ 2�3 ')(+*9,54+/ -0/ :&3 8
t = 6 ')(+*),5>+/ ;=/ 2�3 ')(+*9,768/ 4+/ :&3 ')(+*9,.-0/ 1+/ >?3
t = 7 ')(+*),7:8/ >+/ 2�3 ')(+*9,<;=/ 68/ :&3 ')(+*9,54+/ -0/ >?3 8
t = 8 ')(+*),@2&/ :8/ 2�3 ')(+*9,5>+/ ;=/ :&3 ')(+*9,768/ 4+/ >?3 ')(+*9,.-0/ 1+/ ;03
t = 9 1 ')(+*9,7:8/ >+/ :&3 ')(+*9,<;=/ 68/ >?3 ')(+*9,54+/ -0/ ;03 8

t = 10 1 2 ')(+*9,5>+/ ;=/ >?3 ')(+*9,768/ 4+/ ;03 ')(+*9,.-0/ 1+/ 6&3
t = 11 1 2 3 '
(+*9,<;=/ 68/ ;03 '
(+*9,54+/ -0/ 6&3 8

t = 12 1 2 3 4 '
(+*9,768/ 4+/ 6?3 '
(+*),.-0/ 1+/ 403
t = 13 1 2 3 4 5 ')(=*),<4=/ -8/ 403 8

t = 14 1 2 3 4 5 6 ')(=*9,7-8/ 1=/ -&3
t = 15 1 2 3 4 5 6 7 1

A k<nqjl�
2n− 1

��v�y/�+mqj��$y�w"w"yDk+m
Pk

�$jlt�nqp�y�t�n¢vxr®v�psult�y
k
��B¬v��	r�k � mqrlp£n¢���lyDt�nqk+yDvsv�y�{FyDt�n���p � y�m�v�y`mq��wzy�r�k©�

. �������
	�����DCE�����������É tT�ljlp�n��+psyDtL��k+y/v�y`mq��w"y�rlk<�+mq���D� � y�t�n5��yDk+n��$n"mqy`m"y��+vsp����+��j�k+m�jl�+n"yDt�p�m�k+tOmq��w"y�rlko�+p � psm"y���n"psjlt�t+yDv ¤
1 2 3 4 5 6 7 8 � P1 � P2 � P3 � P4 .

A k<nqjl�
n
�+jltTmqyDt��ly�mqw"y�vsyKwzy�t�w � yK�Dp�m��$k+vxr~nqp�j�t©����j�k+m¢j���n"y�t+p�m¢w"k+m�v � yD �yD{F�+vsy`r���y�� n = 8 ¤

"$#&%
P1 P2 P3 P4

t = 1 8
t = 2 ')(+*9,.-0/ 1+/ 2�3
t = 3 ')(+*9,54+/ -0/ 2�3 8
t = 4 ')(+*9,768/ 4+/ 2�3 ')(+*),.-0/ 1+/ :&3
t = 5 ')(+*9,<;=/ 68/ 2�3 ')(+*),54+/ -0/ :&3 8
t = 6 ')(+*9,5>+/ ;=/ 2�3 ')(+*),768/ 4+/ :&3 ')(+*9,.-0/ 1+/ >?3
t = 7 ')(+*9,7:8/ >+/ 2�3 ')(+*),<;=/ 68/ :&3 ')(+*9,54+/ -0/ >?3 8
t = 8 ')(+*9,@2&/ :8/ 2�3 ')(+*),5>+/ ;=/ :&3 ')(+*9,768/ 4+/ >?3 ')(+*9,.-0/ 1+/ ;03
t = 9 ')(+*9,7:8/ >+/ :&3 ')(+*),<;=/ 68/ >?3 ')(+*9,54+/ -0/ ;03 8
t = 10 ')(+*9,5>+/ ;=/ >?3 ')(+*),768/ 4+/ ;03 ')(+*9,.-0/ 1+/ 6&3
t = 11 ')(+*9,<;=/ 68/ ;03 ')(+*),54+/ -0/ 6&3 8
t = 12 ')(+*9,768/ 4+/ 6&3 ')(+*),.-0/ 1+/ 4?3
t = 13 ')(+*9,54+/ -0/ 4?3 8
t = 14 ')(+*9,.-0/ 1+/ -F3
t = 15 8�Ir/�+mqyD{Fp Ê m"y�v�psult+y�m"y�w"w"jlm"n � komq��w"y�rlkF��r�m�vsr u�r�k���+y¢r�k}nqjl� t = n+1

�ly$n§vsr � yDmqt+p Ê mqy¢vsp�u�t+y¢mqy�wqwzj�mznNrlk}n"j�� 2n
�

. �������
	�����DGE������������©y�w � yDk+ |r�m���+p�n"y��$n"k+mqy�w:w"jlt�n:p � y�t�nqps��k+y�wIHKJ�tù�	rlp£n���v�yF�+vsjlt+u�yD{FyDt�n � yFvxrou�m"psv�vsy�n"jlmqpx��k�y � r�t�w:v � �����y�mq�Dk+��y�Lv � r�p � y � y�w �$j � y�w � yO�:mqr��|y�wzn k+t pxw"jl{Fjlmq�++pxwz{FyY�Djl{F�+vsy$n����+k+pxwq��k�yo���rl��k+yo�+m"j��Dy�wqwzy�k+mKrMyD �r���nqyD{FyDt�n w"p£ ��jlpxwzpst�w��
L8rlt�w�v�y8{ ��{Fy�jlm � mqy ��� p � ��y�w���j�t}��j�k+mqmqr/mqyD{}rlmq��k+y�m���k � k+t<�����yDm��$k���y � y � ps{FyDt�w"p�j�t 4
y$n§k+t}nqjlmqyNM)L

� y:n�r�psv�vsy 4× 4
w"jlt�n�p � y�t�n"px��k�y�w��
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�'r<mq�D��jlt�w"y y�w�n/t+��u�r~nqp���y ��Ê w`��k�y n
y�wzn:u�mqrlt � ��y$nK�$y��$p���j�k+m:n"j�k�n"yF�~r�vsyDk+m � y r

��{ �D{FyFy$ ���j�t+yDt�n"psyDvsvsy�y�t
n
��i�jlk+m5vsy`�ljlpsm���mqyD{}rlmq��k+j�t�wN��k+y`v � rlm"�+mqy:�+p�t�r�psm"y`�$j�{®��v�yDn5� 2n − 1

w"jl{F{Fy$n�w5y�wzn � y:�r�k�nqyDk+m n− 1 ¤ nqjlk�w§vsy�ww"jl{F{Fy$n�w � y`v � r�mq�+mqy`w"jlt�n¢�®k+t+y � pxwznqr�t��$y/r�kT�+vsk�w n− 1 � y/vxr�m�rl�Dp�t�yl�i±r�m®�$jlt�nqm"y�� � rlt�wKk+t ulmqp�vsv�yFnqjlmqps��k+y � yYn�r�psv�vsy r × r
�±r��ly��

r
rlm"�+p�n"m�r�psmqyD{FyDt�nKulm�r�t � �'psv � r+�IyDt {}r���j�mqrlt�nvxr�mquly�{®y�t�n���r�kT�+v�k�w

4n2
wzj�{F{®yDnqw5w"p£nqk+��w��®k+t+y � pxwznqr�t��$y/r�k<�+v�k�w n ��� k+tLwzj�{F{®yDn � jlt+t+� S ¤ yDtTy$¨�y$n����$y�k�  ª �Dpw"jlt�n�t+���Dy�wqw"rlp�mqyD{Fy�t�n��®v � pst�nq�Dmqp�y�k+m ��� k+tL�Drlm"mq�:�DyDt�n"mq�`yDt S

y$n � yK���ln"� 2n
�

B¬v±wzk��®n � yF��+j�psw"p�m:��jlk+m S
v � p�{}r�u�y � y�vxrom�rl�Dp�t�y � y®v � r�mq�+mqy � rlt�w:k+tù�+v�j�t+uly�{FyDt�n8���lyDt�nqk+yDv���jlk+m/r���jlk+n"psm�Fk+t�y �$j�t�nqmqr � px��n"psjlt ��Ê w���k+y 2n − 1 > 4n2

��� � y�wzn ª � ª¬� p�mqy`��j�k+m n > 9
�æj�tL��j�k+mqmqrlp£n�r��Ft�yDm��Dy$nznqyK��jlmqt+yl��{Frlpsw� � y�w�n¢wqr�t�w5ps{F��j�mzn�r�t��Dy « �

. �������
	�����
	E�����������
�©y}t�jl{ ��m"y � yY��m"j��$y�w"w"yDk�mqw:y�wzn �$vxr�psmqyD{FyDt�n/�Du�r�v�� p = m · 2m

�$��t wzj�{F{®yDnK��y�k�n�w"y}m"y��+mq��w"yDt�n"y�m:��r�m/vsy�Djlk+�+vsy
s =< c, i >

j
�
c
y�wzn¢vsr}�Djl{F��j�w"rlt�n"y`�����yDm��$k���y � y s

���}w"r���jlpsm§k�t+yKwzk�p£nqy � y m
��p£n�w/�	��k+p�w � p�t�nqyDmq�+m Ê n"y�Djl{F{Fy/v�yKt�k+{F��m"j � kM�����Dv�y � r�t�w¢v � �����yDm��$k���y « y$n i ∈ J0, m− 1K

y�wzn¢vxrY�$j�{®��j�wqr�t�nqy`�����$vsy � y s
��� � y�wzn ª � ª¬� psm"yvxr®��j�wzp�n"psjlt � kLwzj�{F{®yDn � r�t�w¢v�y/� ���Dv�y��+�©y�w�wzj�{®{FyDnqw < c, i >

y$n
< c′, i′ >

w"jlt�n�vsp���w�wzp©yDn�wzy�k+vsyD{FyDt�n¢wzp ¤�
w = w′

y$n
i− i′ ≡ ±1[m]

�	r�m �$nqy � yK� ���$vsy « j�k�
i = i′

yDn
w
y$n

w′ � p£¨ Ê mqyDt�n¢w"k+m�v�y i ªBÊ {Fy`�+p�n �	r�m �$nqy ��� �����yDm��$k+��y « �i�jlk+m8{}r���jlmqyDm�v�y � psrl{ Ê n"mqyl����+yDm���+j�t�w¢�}{}r���j�m"y�m¢vxr � pxw�n�r�t��DyKyDt�n"mqy � yDk� Lwzj�{F{®yDnqw8r�mq�+p£nqmqrlp�mqy�w�� É tL��yDk�n��� r���jlm � wzy|mqrl{FyDt+y�mo� ��+y�mq��+y�mYk+tÔ���yD{Fp�t � kÔw"jl{F{Fy$n (0, 0)
� k+tÔw"jl{F{Fy$n � jlt�t+� (w, i) ¤ �$jl{F{Fy|w"k+mv � �����yDm��$k+��yl��j�t<��yDk�n8y$¨�y���nqk+yDm�k�t�� É� �+p�n8�®�+p�n � y�w��Djl{F��j�w"rlt�n"y�w§�����y�mq�Dk+��y � y�w�w"jl{F{Fy$n�wD�i�jlk+m¢rlv�vsyDm � y (0, 0)

�
(w, i)

��jltT��r���n"j�k�n��$j�{®{Fy/w"k+m�v � �����y�mq�Dk+��y��+�$j�m"mqp�u�yDm§v�y�w5�+p�nqw � y w
����r�m5y$ �y�{®��v�yK���rlmznqp�m � y�w���j�p � w��	r�ps�+vsy�w ¤ ��jlk+m:���rl��k+y 1 � r�t�w�v � ���Dm"p�n"k�m"y � y w

��jltOn"m�r��ly�mqw"yDm�r�v � r�m �$nqyK�����yDm��$k���y �Djlmqm"y�wz��jlt ª� rlt�n"yl���§psyDtOw��+m���p�v��	rlk � m�r r��~r�t��$yDm ��� k+tL�$m�r�t©��jlk � y`�+vsk�w"p�y�k+mqw���wzk�m§vsy/� ���$vsy`r���rlt�n � y8n"m�r��ly�mqw"yDm�k+t+y`t+j�k+�ly�v�vsyrlm �Dn"y �����yDm��$k+��yl��i�jlk+m`r~n"n"y�p�t � m"y®v�yF� ���Dv�y®t�k+{F�Dmqj�n"� w
��jlt|jl��nqp�y�t�n:k+t�y�{}r���j�mqr�n"psjltMy�t

2m − 1
rlm �Dn"y�w ¤ r�k�+vsk�w

m
r�m �$n"y�w������yDm��$k���y�w��/�$j�m"mqp�u�yDm���yDn

m−1
�Dmqrlt�w � y¢� ���Dv�y���k+tF��j�k+mN���r���k+y¢r�m �$nqy5wqr�k+��vxr`�+mqyD{Fp Ê m"y��  y�wzn"yrlv�j�mqw`�Tm"y���jlpst � mqyFvsrO��j�w"p£nqp�j�t i

wzk�m/v�yY�����Dv�y ¤ {Frlpsw`vsy � pxr�{ Ê nqm"y �©� k+t rlt+t+y�rlk � yFnqr�psvsv�y m
y�w�n bm

2
c � ��� j
�ñvxr{}r���j�mqr�n"psjlt � k � psrl{ Ê n"mqy D 6 2m− 1 + bm

2
c �¦¢jln"j�t�w5��k�y:���r���k+y8w"jl{F{Fy$n5y�wzn � y � yDulmq�¢nqm"j�psw���{Frlpsw5��k+y:v�y � pxr�{ Ê nqm"y:mqy�wzn"y:v�j�u�r�mqp�n"+{Fpx��k�y�yDt<v�y:t+j�{ �+mqynqj�nqrlv � y/�+mqj��$y�wqw"yDk+m�w �	jltLr m 6 log p « �

. �������
	�����
�E�����������
¦¢j�k�w±t � �$nqp�j�t�w±��r�w±vsjlpstFr���y��§vxr`{Fr���jlm�r~nqp�j�t��+mq���D� � y�t�n"y�H~i�jlk�m m = 3

��p�v�wzk��®n ��� pst�w"��y���nqyDm�vxr ��ulk�m"y  ���jlk�m���Dmqp ��y�m���k�y:vsy � pxr�{ Ê nqm"y`y�w�n��+psyDt 6
�

i�jlk+m
m > 3

�lvxr/�+mqyDk+��y���y�k�n��$n"mqy��æj�m"{�k+v���y � y¢vxr`�	r��$jltYw"k+ps�~r�t�n"y��li�jlk+m§r�vsv�y�m � y (0, 0)
�

(w, i)
��psv��~r`�	rlv�vsjlpsmnqmqr���yDm�wzy�m:rlkù{Fj�p�t�w |w| r�m �$nqy�w ��� �����y�mq�Dk+��y��©j
� |w| y�w�nKvsyYt+j�{ �+mqy � y 1 � rlt�w/v � ���$mqp£nqk+mqy � y w
� A � {FyDnzn"j�t�w��jlk+mov � p�t�w�n�r�t�n �	� � y�w�nopst�n"k+p�n"p�� « ��k � k�tý��v�k�w<�$j�k+mzno���yD{Fp�t�y�{F�+m"k�t�nqyDm�rùy$ +rl�$n"yD{Fy�t�n w

r�m �$n"y�w ��� 9����yDm��$k+��yl� y��+mq��w"yDt�n"j�t�wKvsyL� ���$vsy<t�k+{F��m"j
0
y�t yDt�nqjlk+m�r�t�n�vsy�wFw"jl{F{Fy$n�w®��k+p��Djlmqm"y�wz��jlt � yDt�n®rlk�  ��j�wzp�n"psjlt � y�w 1 � r�t�wv � ���$mqp£nqk+mqy � y w

�+i±r�m�y$ �y�{®��v�y/w"p
m = 8

y$n
w = 11000110

��j�t<y�t�nqjlk+mqy`v�y�w�wzj�{F{®yDnqw5y�t<��j�w"p£nqp�j�t
1
�
2
�
6
y$n

7 ¤
0 →  → M → 3
↑ ↓� ← � ← 5 ← 4

� � p � �Dyùwzj�k�w ª �zr��$yDt�nqyLy�wzn � y)n"m�r��lyDm�w"yDm}v � rlm �Dn"y ��� �����y�mq�Dk+��y|vsr �+mqyD{Fp Ê m"yM�æjlpxw<��k � jltÔrlm"mqps�lyMw"k+mok+t wzj�{®{FyDny�t�nqjlk+mq�l���'r��$jlt�nqmqrlp�t�n"y�y�wzn5rlv�j�mqw � y�nqm"j�k+�ly�mNk+t<��+yD{Fpst � y:v�j�t+ulk�yDk+m�{®pst+ps{}r�vsy:w"k+m§v�y:� ���$vsy:��k+p���rlmznqy � y 0
yDn��k+p�wzy n"yDmq{Fp�t�y yDt

i
��yDtM��rlwqw"rlt�n¢��r�m¢nqjlk�w8vsy�w�w"jl{F{Fy$n�w�y�t�n"jlk�m"��w¢r�kM{Fj�p�t�w�k+t+y �æjlpxwD���'r}vsjlt�ulk+y�k+m¢nqj�nqrlv�y � kmqjlk�n�r�u�y � y (0, 0)

�
(w, i)

w"yDm�r®�Du�r�vsy`� |w| �+vsk�w�vsr®vsjlt+u�k+yDk+m � kM��+yD{FpstOw"k+m�vsyK� ���$vsyl����k+m¢v � yD �yD{F�+vsyKwzp i = 5
�k+tT�+vsk�w¢�Djlk+m"n¢��+yD{FpstOw"k+m�vsy/� ���$vsy/y�wzn ¤

0→ 1→ 2→ 1→ 0→ 7→ 6→ 5,

� y`vsjlt+u�k+yDk�m 7
� B¬v��	rlk�n¢yDt��Djlmqy:r���jlk�nqyDm |w| = 4

��jlk+m�j���n"y�t+psm�vsrFvsjlt+u�k+yDk�m � kTmqjlk+nqr�u�yl�A �ly��/�Dy$n"n"y mqyD��m"��wzy�t�n�r~nqp�j�t©��jltO�lj�p£n¢��p�y�t)��k � psv'y�w�n¢pst�k�n"psvsy ��� yD{F�+mqk+t�n"y�m � y�w8r�m �$nqy�w5�����y�mq�Dk+��y yDtLt+j�{ �+mqyw"k+�+�+vs�D{Fy�t�n�r�psm"y��l�©y��+p�mqy � y�wN�Dr�w±y�wznNj���n"y�t�k}��jlk�m w = 2m−1
�änqjlk�wNv�y�w±�+p�nqw§wzj�t�nN�

1
� � j�t��5nqjlk�wNv�y�wNw"jl{F{Fy$nqww"jlt�n5yDt�n"j�k+m"��w « yDn i = bm

2
c ¤ vsy`�+vsk�w��$j�k+mzn¢��+y�{Fp�tTpswqw"k � y 0

��k+p���psw"p£nqy`n"j�k�w§v�y�w�wzj�{®{FyDnqw5y$n�nqyDmq{Fp�t+y`y�t
i
y�w�n
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$P_0$

$P_1$

$P_2$

$P_3$

�������KM ���Mjlk+��yD{FyDt�nqw � y � jlt+t+��y�w�w"k+m¢k+t�y:vspsult+y � y 4
�+mqj��$y�wqw"yDk+m�wD�

� y�v�j�t+ulk+y�k+m m+ bm
2
c−2

����k�r�t�n"p�n"�8�Kvxrl��k+yDvsvsy¢p�v��	r�k�n5r���j�k�n"y�m
m
��jlk�mNvsy�w§r�m �$n"y�w ��� �����yDm��$k���y�� ��k�mNv � yD �y�{F�+v�yr���y��

m = 8
��k+t<��v�k�w��$jlk�mzn¢��+y�{®pst � y 0

�
4
y�w�n ¤

0→ 7→ 6→ 5→ 6→ 7→ 0→ 1→ 2→ 3→ 4,

� y`vsjlt+u�k+yDk�m 10 = 8 + 4− 2
�

. �������
	������� ��������� C
 y�u�r�m � j�t�w ��� r���jlm � ��k+yDvsv�y�w8�Djl{F{ k�t+ps��r~nqp�j�t�w�w"jlt�n�t+���$y�w"wqr�psm"y�w¢�}vxr}nqmqrlt�wz��j�w"p�n"psjlt � y�vsr}{}r�n"mqps�Dy�w"k+m�k+t�yvsp�u�t+y � y 4

�+mqj��Dy�wqwzy�k+m�w �	�ljlpsm���u�k+m"y M « ���k+����j�wzj�t�w
p � p���pxwzps�+vsy ��rlm n

� 	��rl��k+yK��m"j��$y�w"w"yDk�m � jlp�n:�Djl{F{ k�t+ps��k+y�m�k+t�y � j�t+t+�Dy���r�m"n"px�$k�v�p Ê mqy �æk�tM�+vsj��� y<nqrlp�vsvsy n
p
× n

p

�)n"jlk�wFv�y�w®rlk�n"mqy�w®�+mqj��$y�w"w"yDk+m�w�� 	 � y�wzn}k+t@�����r�t�ulyYnqj�n�r�v���yDm�wzj�t+t�r�vspxwz����J�tïmqyDu�m"j�k+��r�t�n vsy�w�Djl{F{ k+t�ps��r~n"psjlt�w�yDtY�æjlt��$n"psjlt � y8vsr � pxw�n�r�t��Dy8�/vxrl��k+y�v�vsy8w"y¢nqm"j�k+�ly�t�n�v�y�wN�+mqj��$y�w"w"yDk+m�w±ps{F�+v�px��k+��w���jltYj���n"psyDt�n�vsy�w�+�rlw"y�w ��ulk�m"y ¥ �É t�t+jln"yDm�r ��k+y � rlt�wo���r��$k+t�y � y)�$y�wY�+�rlw"y�w ��� ��r�m"nY��yDk�n ª �Dn"mqyMvsr � yDmqt+p Ê mqy « ���r��$k+t � y�wY�+mqj��$y�wqw"yDk+m�w�����r�t+u�y � y�w � j�t+t+�Dy�w/r��ly�� � y�k� |rlk�n"mqy�w:�+mqj��$y�wqw"yDk+m�w:y$nK��k � rlp�t�wzp��©�$j�{®{FyFvxr � pswznqrlt��$y�w`yDt�n"mqy}���rl��k+y}�$j�k+�+vsy� y}��m"j��$y�w"w"yDk�mqw:y�wzn �$j�t�wznqr�t�nqyl��yDt��T�+ps��yDvsp�t�rlt�n��)vsy�w �$jl{F{�k+t+px�Dr~nqp�j�t�w��©���rl��k+yFvsp�y�t � yY�$j�{®{�k+t+px�Dr�n"psjltùy�wznk�nqp�vspxwz�`yDtO��yDmq{}r�t+y�t��$y`y$n����rl��k+y`{Fy�wqw"rluly:yD{F�+mqk+t�n"y`v�yK���yD{Fp�tTvsy/�+v�k�w¢�$j�k+mzn���j�wqwzps�+vsyl��'rF��k�rlt�nqp£nq� � y/�$j�{®{�k+t+px�Dr�n"psjlt�w5t+���$y�w"wqr�psm"y�wNy�w�n � jlt��:�Du�r�vsy/� ¤
b p

2
c

∑

k=1

k(β + τ
n2

p2
) =

1

2

(⌊p

2

⌋ (⌊p

2

⌋

+ 1
))

(

τ
n2

p2
+ β

)

∼ τ
n2

8
+ β

p2

8
.

. �������
	�����	�E��������� C
L8yK{ �D{Fy ��k+yK�+mq���D� � y�{F{®y�t�n��+mqyDu�m"j�k+��j�t�w5vsy�w¢�Djl{F{ k+t�ps��r~n"psjlt�w�yDtT�æjlt���n"psjlt � yKvsr � pswznqrlt��$yKw"�D��rlmqrlt�n5vsy�w�+mqj��$y�w"w"yDk+m�w �æ�lj�p�m���ulk+mqy�
 « �J�t � ���Djl{F��j�w"rlt�n�vsy�w§�$jl{F{�k+t+px�Dr~nqp�j�t�w�vsy:v�j�t+u � y�w§rlmq��wD��jltY��yDk+n5w � rl��y�mq�DyD��jlpsmN��k � � k+t+y:�$n�r���y � j�t+t+��yl��k+t�+mqj��$y�w"w"yDk+m���r�m"n"px�$ps��y:��k+t+y/w"yDk+vsy � y�w5�$j�{®{�k+t+px�Dr�n"psjlt�w�� L�kO�$j�k+�©��v�y8n"y�{F��w � y�w5�Djl{F{ k+t�ps��r~n"psjlt�wNt+���$y�w"wqr�psm"y�w�®vxr�{Fpxwzy`y�t �/k���mqy ��� k+t+y`n"m�r�t�wz��j�w"p£nqp�j�toy�w�n¢��u�r�v�� ¤

2
⌊q

2

⌋

·
(

τ
n2

q2
+ β

)

∼ τ
n2

2
√

p
+ β

√
p

2

	�yDn§r�vsulj�m"p�n"�{®y8y�wzn§�Dvsrlp�mqyD{FyDt�n§jl��nqp�{}r�v��+k�pswq��k+y8w"jlt}nqyD{F��w ��� y$ ����Dk�n"psjlt<y�wzn§rlk�w"w"p��Du�rlv�rlk}n"y�{F��w � y:�Djl{F{ k ªt+px�Dr�n"psjlt ��� k+t+y/��jlm"n"psjlt � y`{Fr�n"mqps�Dy`yDt�n"mqy`v�y�w � yDk+ o�+mqj��Dy�wqwzy�k+m�w�vsy�w5��v�k�w¢�Dvsjlpsult+��wD�

. �������
	�����	�E��������� C�'r:wzn"mqk���nqk+m"y§mq���$k�mqw"p���y � y�w�9����yDm��$k+��y�w���yDmq{Fy$n � y5{®yDnznqm"y��	rl�Dp�vsyD{FyDt�n±yDt��/k+��m"y§vxr¢nqmqrlt�wz��j�w"p�n"psjltKmq���Dk+mqw"ps�lypsv�vsk�wzn"mq�Dy ��u�k+mqy��� L�k �Djlk+�'�Dvsy±n"y�{®��w � y�w'�Djl{F{ k+t�ps��r~n"psjlt�w�t+���Dy�wqw"rlp�mqy�w��¢vsr�{FpxwzyNyDt �/k+��mqy ��� k+t+y±nqmqrlt�wz��j�w"p�n"psjlty�w�n��Du�r�v©� ¤
k ·

(

τ
n2

p
+ β

)

∼ τ
(log p)n2

p
+ β log p
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�$j ��n � y/���r���k�y:�Dnqrl��y (

τ n2

p
+ β

)

2
(

τ n2

p
+ β

)

3
(

τ n2

p
+ β

)

ulmqpsv�vsy
3× 3

ulmqpsv�vsy
4× 4

ulmqpsv�vsy
5× 5

ulmqpsv�vsy
6× 6

������� ¥ � É mqu�rlt+pxw"r�n"psjlt � y�w¢�$j�{F{ k+t+px�Dr�n"psjlt�w5w"k+m � y�w�v�psult�y�w � y`�+mqj��$y�wqw"yDk+m�wD�

������� 
�� �Lj�k+�ly�{FyDt�nqw � y � j�t+t+��y�w�w"k+m�k+t+y/u�m"psv�vsy � y 6× 6
�+mqj��$y�w"w"yDk+m�w��

�������  � �Mjlk+��yD{FyDt�nqw � y � jlt+t+��y�w�w"k+m�k+tO�����y�mq�Dk+��y � y � p�{FyDt�wzpsjlt 6
�
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