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F2 ACBEDFA@GIHJDFKML ? K =@N D =@O L�P%Q NI=�R B Q N L�S ?'O QUT ? Q O L R BED NIN LVDFQXW<Y ? D N<?ZRI;>NINU[ L�Q N L�S'Q =@? L�K =@N D =@O L�\ NI= L
m ] ;>N�NU;>? L mi S ;>N (i+ 1) ^ ? L O P�L3L ? |m| S
D�A ;>NI_ QUL`Q O Wba ?$; Q ? L�S'Q =@? L�K =@N D =@O L m ] ;>N GML`Q ? D>S$S ; T = L O
Q N G ; A@c NUd P�L m(x)

R B Q N L =@NURI[`? L O P =@NU[ L"S'Q O ACBED NIN LVDFQ R LeSfG ; A@c NUd P�LeS F2[x] GJD O Q N L�K = g LeT ?'=h;>N θ i
m0,m1,m2, . . . ,mk

θ7→ m0 +m1.x+m2.x
2 + . . .+mk.x

k

j�kXlnmporqslut avAwDxS'Q =@? L m = 1011 ] ;>N D>S$S ; T = L�AhLyG ; A@c NUd P�L 1 + x2 + x3 L ?3;>NzNU;>? L O D 1011 ↔
1 + x2 + x3 W
{�|}{ ~����U���M���C���Z���>�.���C�����>�������J�
� BED RIRb=@?'=h;>N�R L R L`Qb��S$Q =@? LeSyK =@N D =@O LeSxLeS ? AwDzS'Q =@? L RI[ \ NI= L�GJD O ACBED RIRb=@?'=h;>N�? L O P�L�� ? L O P�L�P ;<R QIA ;R L`Qb��W��N SVB =@N<?$[`O LeS$S$L��%ACB ; G [`O D ?'=h;>N�R Lx���>�U ¡��¢¤£b¥§¦§���zL N<?'O L R L`Qb��S'Q =@? LeS�K =@N D =@O LeS a L ? m NU;>?$[ L a ? m i

{a ? m}i≥0 =





i∑

j=0

ajmi−j




i≥0

¨�© lnªe«¬s®�¯±°pt³² ;>N<?'O L O�´ QULµAwD¶S'Q =@? L θ−1(1) LeS ?�[ A [ P�L N<?�N L`Q ?'O L R Q�G O$;<R Q =@?�R L"T ;>N<·¸; A@Q ?'=h;>N W¹ ®JºFº>¬¼»�½ i (a ? 1)i =
∑

0≤j≤|a|−1 aj1
´ Q =�N B¾LeS ?�RI[ \ NI= L ´ QUL�A ;>O S ´ QUL i = j ] = W¾L�W (a ? 1)i = ai W¿f; P¶P�L ;>NxN L�T ;>NIN D =@? GJD>S�AwDÀT ; P¶PyQ ? D ?'=@·<=@?$[3R L ? ] = AIÁCDFQ RbO D =@? P ;>Nn?'O L OfR L�PxD NI=hÂ`O LµD N DFA ;>_ QUL ´ QUL

1 ? a = a

¨�© lnªe«¬s®�¯ÄÃ�tÅ² ;>N<?'O L O�´ QUL�ACB ; G [`O D ?'=h;>NxR L�T ;>N<·¸; A@Q ?'=h;>N T ;>O'O LeS$G ;>NUR DFQ¶G O$;<R Q =@?�R LeS�G ; A@c NUd P�LeSVW¹ ®JºFº>¬¼»�½ i avAwD�S'Q =@? LÀK =@N D =@O L a R LyA ;>NI_ QUL`Q O k + 1 ] ;>N D>S$S ; T = LÀAhLÀG ; A@c NUd P�L a(x) = a0 + a1x+
. . .+akx

k L ? �3AwD"S'Q =@? L�K =@N D =@O L m R L�A ;>NI_ QUL`Q O n+1 ] AhL�G ; A@c NUd P�L m(x) = m0 +m1x+ . . . mnx
n W� L�G ; A@c NUd P�L p(x) = a(x)m(x) = a0m0 + . . .+(

∑k
j=0 ajmi−j)xi+ . . .+(

∑k
j=0 ajmk+n−j)xk+n

LeS ?"R L R L _�O$[ k + n L ? T ;>O'O LeS'G ;>NUR �xAwD�S$Q =@? LyK =@N D =@O LÇÆ¼\ NI= LÈ a ? m W�É [ T = G O$;n´ QUL`P�L Nn? ] ��AwD�S'Q =@? L
a ? m ] ;>N D>S$S ; T = L�AhL�G ; A@c NUd P�L p(x) W

Ê



¨�© lnªe«¬s®�¯��zt³² ;>Nn?'O L O.´ QUL�ACB ; G [`O D ?'=h;>N�R L�T ;>Nn·¸; A@Q ?'=h;>N LeS ? D>S
S ; T = D ?'=@· L ] T ; P¶P%Q ? D ?'=@· L�L ?.´ QXB¾L`A@AhL
LeS ?�Rb= S ?'O'= KIQ ?'=@· L"GJD O�O DFGIG ;>O'? ��ACBED RIRb=@?'=h;>N W¹ ®JºFº>¬¼»�½ i
� {∑i

j=0 ajbi−j
}
i≥0

? {c}k = {a}k ?
{∑i

j=0 bjci−j
}
i≥0

=

{a0b0c0, (a1b0 + a0b1)c0 + a0b0c1,
(a2b0 + a1b1 + a0b2)c0 + (a1b0 + a0b1)c1 + a0b0c1, . . . } =
{a0b0c0, a1b0c0 + a0(b1c0 + b0c1),
a2b0c0 + a1(b1c0 + b0c1) + a2(b2c0 + b1c1 + b0c2), . . . }� a ? b = b ? a = {a0b0, a1b0 + a0b1, . . . } = {b0a0, b1a0 + b0a1, . . . }� a ? (b+ c) = a ? b+ a ? c = {a0(b0 + c0), a1(b0 + c0) + a0(b1 + c1), . . . } =
{a0b0, a1b0 + a0b1, . . . }+ {a0c0, a1c0 + a0c1, . . . } =
{a0(b0 + c0), a1(b0 + c0) + a0(b1 + c1), . . . }
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LeS R L`Qb���I�>¢��>�������������`����� ��¥!� £"�#� p(x) L ? q(x) ∈
F2[x]

´ Q = S$L O$;>N<? S'QIGIG ; S [ SfG O L`P = L O S�L N<?'O L�L`Qb�zÆ�DFQ ?'O L`P�L N<?�Rb=@? ] = AML � = S ? L R L`Qb��G ; A@c NUd P�LeS u(x) L ?
v(x)
? L`AhS ´ QUL p(x).u(x) + q(x).v(x) = 1 È W

$r|}{ %��'&.�)(X�*&,+w���.- �J�>�F�)(X�
a�Q�P ; cnL NÀR LeS R L`Qb�"G ; A@c NUd P�LeS _�[`NU[`O D ? L`Q O S p(x) L ? q(x) ] ;>N GML`Q ? T ;nR L O AhL,�����#�/�0��� m(x) ∈ F2[x]

L N c(m(x)) ∈ F2[x]× F2[x] 1 c(m(x)) SVBEDFGIGML`A@AhL�AhL2�3���#�4�5�����
�
	��`W � B ; G [`O D ?'=h;>NÇR L"T ;<R D _ L�LeS ? i
c(m(x)) = (p(x)m(x), q(x)m(x))

j�kXlnmporqsl±t a · LeT p(x) = 1 + x2 L ? q(x) = 1 + x + x2 T ; P¶P�L�G ; A@c NUd P�LeS _�[`NU[`O D ? L`Q O S ] AhL
P�LeS$S
D _ L m(x) = 1+x2 +x3 S$L O D"T ;<RI[ L N c(m(x)) = (1+x3 +x4 +x5, 1+x+x5) W � Q ] L �bG O'= P [
L N�? L O P�L R L"S$Q =@? LeS ] AhL"P�LeS$S
D _ L m = 1011 S
L O D¶T ;nRI[ L N c = (100111, 110001) W6 L�TeL ?'? L¶PxD NI=hÂ`O L ] ��T
HJD ´ QUL¶K =@?%R QpP�LeS$S
D _ L ] ;>N D>S$S ; T = L O D�Q N T ; QIGIAhL R L�K =@? S R D N S�AhL�P�LeS$S
D _ L
T ;<RI[ W6 D N S�AwD�S'Q =@? L R Q+S'Q g L ? ] ;>Np= A@A@QUS ?'O L O D�AhLeS Rb=87 [`O L N<? LeS NU;>?'=h;>N S%DFQpP ; cnL NpR Q+T ;nR L¶T ;>N<·¸; A@Q ?'= Á�L N:9_ L NURbO$[ GJD O AhLeS R L`Qb��G ; A@c NUd P�LeS _�[`NU[`O D ? L`Q O S�G O$[ T [eR L N<? S i p(x) = 1 + x2 L ? q(x) = 1 + x+ x2 W
¨�© lnªe«¬s®�¯<;�t ¿f;nR L4=�AhLeS�P�LeS$S
D _ LeS i� m(x) = 1 + x2

� m′(x) = 1 + x+ x2 + x3 + . . .+ xk =
∑k

i=0 x
i¹ ®JºFº>¬¼»�½ i� ((1 + x2)(1 + x2), (1 + x+ x2)(1 + x2)) = (1 + x4, 1 + x+ x3 + x4)� ((1 + x2)(

∑
i≥0 x

i), (1 + x+ x2)(
∑k

i=0 x
i)) = (1 + x+ xk+1 + xk+2, 1 + (

∑k
i=2 x

i) + xk+2)

$r|>$ ?¶���F�@-�AZ�C�B&.�J�C- ���F�F�)(X�J�CDb�'&.�J�
� B¾L N S$L`P%KIAhL R L ?$; QUS�AhLeS�P�LeS$S
D _ LeS�T ;<RI[ S C LeS ?�RI;>NINU[ GJD O i

C = {c(m(x)) = (p(x)m(x), q(x)m(x)) ,m(x) ∈ F2[x]}
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¨�© lnªe«¬s®�¯��Ät³² ;>Nn?'O L O�´ QUL C LeS ? Q N T ;nR L%¢ ¦¼�)� �>¦ �#�`WnY N�R BEDFQ ?'O LeS ? L O P�LeS ] ´ QULµAwDyS ; P¶P�L�Æ§T ; P 9
G ; S
D Nn? LµGJD O T ; P¶G ; S
D N<? LÈ R L R L`Qb��P ;>? S Rb= S ?'=@N T ? S R Q�T ;nR LÀLeS ? Q N P ;>?�R Q�T ;<R L�W¹ ®JºFº>¬¼»�½ i c(m(x)) + c(m′(x)) = (p(x)m(x), q(x)m(x)) + (p(x)m′(x), q(x)m′(x)) =
(p(x)(m(x) +m′(x), q(x)(m(x) +m′(x)) LeS ? AhL�P ;>?fR Q�T ;<R L�T ;>O'O LeS'G ;>NUR D N<? DFQ�P�LeS$S
D _ L m(x) +
m′(x) W
� ; Q O�?'O D N S'P�L ?'?'O LÀQ N P ;>?�R Q�T ;<R L c(m(x)) ∈ F2[x]× F2[x] DFQ ?'O D · L O S R B Q N TVD N DFAZÆ§S
D ? L`A@A =@? D =@O L ]?$[ A [ GIH ;>NI=h´ QULÈ ] ;>N T ;>Nn· L O'?'=@? AhLeSXG ; A@c NUd P�LeS ; K ? L N QUS L N S'Q =@? LeSXK =@N D =@O LeSVWFa�Q�A = L`Q R B [ P�L ?'?'O LZAhLeS R L`Qb�
S'Q =@? LeSrK =@N D =@O LeS.T ;>O'O LeS$G ;>NUR D N<? � c(m(x)) ] ;>N�?'O D N S Á ;>O P�L c(m(x)) = (cp(x) =

∑k
i=0 c

p
i x
i, cq(x) =∑k

i=0 c
q
ix
i) L N Q N L�Q NI=h´ QUL3S'Q =@? L�K =@N D =@O L c GJD O �`�J¥ �#� ¢8�¸������� �J¥ i ;>N L N<·¸;>= L�S$QUTeTeLeS$S =@· L`P�L N<? AhLeS�G O L 9

P = L O S ? L O P�LeS cp0cq0 ] GIQ = S"AhLeS"S$LeT ;>NUR S ? L O P�LeS cp1cq1 ] AhLeS ?'O$;>= S =hÂ P�LeS cp2cq2 ] L ? T�W 6 L¶TeL ?'? L�PxD NI=hÂ`O L ] �T�HJD>T`Q N�R LeSZK =@? S R L�AwDÀS'Q =@? L�K =@N D =@O L m0,m1,m2, . . . T ;>O'O LeS'G ;>NUR D N<? DFQxP�LeS$S
D _ L m ] ;>N G L`Q ? D>S$S ; 9
T = L O AhLeS R L`Qb��K =@? SZT ;>O'O LeS'G ;>NUR D Nn? S R L�AwD"S'Q =@? L�K =@N D =@O L�L N<?'O L`AwD>T [ L R Q�P ;>?fR QxT ;nR L c(m(x)) W ¿f;<R L OR L ·<= L Nn? Q N L ; G [`O D ?'=h;>N S'Q O AhLeS�S'Q =@? LeS�K =@N D =@O LeS RI;>Nn?�NU; QUS3DFA@A ;>N S RI[ T ; Q ·nO'=@O3´ QUL`A ´ QULeS�G O$; G O'=h[`?$[ SVW
a =@N S = ] ��T�HJD ´ QUL�K =@? mi

R QpP�LeS$S
D _ L ] ;>N D>S$S ; T = L O D�Q N T ; QIGIAhL R L¶K =@? S c2ic2i+1
R D N S�AhLxP�LeS$S
D _ L

T ;<RI[ W
j�kXlnmporqslxt � L�P�LeS$S�D _ L m(x) = 1+x2+x3 LeS ? T ;<RI[ L N c(m(x)) = (1+x3+x4+x5, 1+x+x5) W� Q ] L �<G O'= P [ L N%? L O P�L R LfS$Q =@? LeS ] AhLZP�LeS$S
D _ L m = 1011 S$L O D�T ;nRI[ L N c = (100111, 110001) Wba�G O$Â S
L N<?'O L`AwD>TeL`P�L Nn? ] ;>N DFQ O D i 11 01 00 10 10 11

¨�© lnªe«¬s®�¯���t�� QUL`A@AhL�LeS ? AwD3S'Q =@? L�K =@N D =@O L�L N<?'O L`AwD>T [ L [ P = S$L�G ; Q O T
HJD>T`Q N¶R LeS P�LeS$S
D _ LeSrS'Q =@· D N<? S i� m1(x) = 1 + x2 ↔ 101� m2(x) = 1 + x+ x2 + x3 + . . .+ xk =
∑k

i=0 x
i ↔ 11 . . . 1¹ ®JºFº>¬¼»�½ i� 11 01 00 01 11� 11 10 (01)k−1 10 11

¨�© lnªe«¬s®�¯	�pt³² ;>Nn?'O L O T ; P¶P�L N<? TVDFAhT`QIAhL O c2ic2i+1 L N Á ;>N T ?'=h;>N�R L mi,mi−1, . . . ,mi−k G ; Q O k
AhL%GIA@QUS _�O D NURzR L _�O$[¶R LeS3G ; A@c NUd P�LeS _�[`NU[`O D ? L`Q O SVW�Y N�RI[eR Q =@O L ´ QULyAhL%T ;<R D _ L%GML`Q ? S$LÀÁ�D =@O L%K =@? �
K =@? D · LeT3Q N L"P [ P ;>=@O L"K ;>O'NU[ L�W¹ ®JºFº>¬¼»�½ i

m0 c0 = m0p0 c1 = m0q0

m1 c2 = m1p0 +m0p1 c3 = m1q0 +m0q1

m2 c4 = m2p0 +m1p1 +m0p2 c5 = m2q0 +m1q1 +m0q2WWW
mk c2k = mkp0 + . . .+m0pk c2k+1 = mkq0 + . . .+m0qk
mk+1 c2k+2 = mk+1p0 + . . .+m1pk c2k+3 = mk+1q0 + . . . +m1qk

TVD O pj = 0 G ; Q O j ≥ k + 1 TVD O qj = 0 G ; Q O j ≥ k + 1

� L�T ;<R D _ L"G L`Q ?�RI;>N T�S$L3ÁCD =@O L�D · LeTµQ N LµP [ P ;>=@O L R BEDFQ�GIA@QUS k + 1 K =@? SW
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HJD ´ QULyK =@?�R LyAwD�S'Q =@? L%K =@N D =@O L R Q�P�LeS$S
D _ L�ÆsACB¾L N<?'O$[ LÈ ;>N G L`Q ? D>S$S ; T = L O AhLeS R L`Qb�zK =@? S
T ;>O'O LeS'G ;>NUR D Nn? S R L�AwD"S$Q =@? L�K =@N D =@O L�L N<?'O L`AwD>T [ L R Q�P ;>?�R Q�T ;<R LÀÆsAwDÀS ;>O'?'= LÈ ] ;>N G L`Q ? T ;>N S ?'O Q =@O L�Q N
D O K O L"K =@N D =@O LµG ;>? L Nn?'= L`A@AhL`P�L N<?�=@N \ NI= DFGIG L`A [ �������#� 	 �y���5	 �5��� RI;>N<? AhLeS�D O��`? LeS�S ;>Nn?�[`?'=h´ QUL ?$[ LeS�GJD O
AhLeS [ A [ P�L Nn? S R L (F2)2 R L�AwD%S ;>O'?'= L�W 6 D N SfTeL ? D O K O L ] ACB¾L N<?'O$[ L�G L O P�L ?�R L3S [ AhLeT ?'=h;>NIN L O Q N L3K O D N T�HUL
L ? AwD�S ;>O'?'= L"LeS ?�RI[`? L O P =@NU[ L"GJD O AhLeS [`?'=h´ QUL ?'? LeS R LeS�D O��`? LeS R LµAwDyK O D N T
HUL"S [ AhLeT ?'=h;>NINU[ L�W � N LµL N<?'O$[ L
mi = 0 G O$; A ;>NI_ L�AhL�T�HUL`P =@N S'Q O ACBED O��`? L R L _ DFQUT�HUL�L ? Q N L�L N<?'O$[ L mi = 1 S'Q O TeL`A@AhL R L RbO$;>=@? L�W
a =@N S = ] G ; Q O ACB¾L Nn?'O$[ L 1011 ] AwD�K O D N T�HUL�T
H ;>= S = L�S$L O D RI[ \ NI= L R L`GIQ = S�AwD O D>T =@N LÀGJD O ACBED O��`? L R L RbO$;>=@? L
GIQ = S�ACBED O��`? L R L _ DFQUT
HUL"GIQ = S�ACBED O��`? L R L RbO$;>=@? L"GIQ = S�ACBED O��`? L R L RbO$;>=@? L�Æ§T Á'W<\ _ Q O L Ê È W
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¨�© lnªe«¬s®�¯��t ¿f;>N S ?'O Q =@O L�ACBED O K O L R L�T ;<R D _ L R Q T ;<R L�L NI_ L NURbO$[ GJD O p(x) = 1 + x2 L ? q(x) =
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a�Q ?'O L`P�L Nn?�Rb=@? ] R D N S�ACBED O K O L R L"T ;nR D _ L ] AwD�T ;>NIN D = S$S�D N TeL R L N NI=@· LVDFQb��GML O P�L ?�R L"T ;>N S ?'O Q =@O L"AhLNI=@· LVDFQ N + 1 W
É�L`PxD O$´ Q ;>N S ´ QUL"AhL NU; P%K O L R L�S ; QUS 9 D O K O LeS�G ; S$S = KIAhLeS R LµHJDFQ ? L`Q O N LeS ? K ;>O'NU[ W
¨�© lnªe«¬s®�¯�� t 6 ;>NIN L4=ÇQ N PxD g ;>O D N<?�R Q NU; P%K O L R LÇS ; QUS 9 D O K O LeS�G ; S$S = KIAhLeS�L ? G O$; G ; S$L4=ÇQ N LO L`G O$[ S$L N<? D ?'=h;>N \ NI= L R LµACBED O K O L�W¹ ®JºFº>¬¼»�½ i � ; Q O AwD�K ;>O'N L�S'Q O AhL NU; PyK O L R L�S ; QUS 9 D O K O LeS"G ; S
S = KIAhLeS i ;>N�Rb= S$G ; S$L R L � [`?'=h´ QUL ?'? LeSRb= S ?'=@N T ? LeS"L ? ACB [`?'=h´ QUL ?'? L R QÇ\UAhS _ DFQUT�HUL RI;>=@? �`?'O L Rb= S ?'=@N T ? L R L�TeL`A@AhL R Qz\UAhS RbO$;>=@? ] G ; Q O Q N L%G O$; 9
Á ;>NUR L`Q OµR L Ê ] ;>N D �UW 
��%Ê0E S ; QUS 9 D O K O LeS�G ; S$S = KIAhLeSW � ;>O S ´ QXB ;>N ÁCD =@? T O$;��h?'O L%AwDxG O$; Á ;>NUR L`Q O � p ] ;>N; K ?'= L N<?�´ QUL3AhL NU; P%K O L R L3S ; QUS�D O K O LeS�LeS ? PxD g ;>O$[ GJD O 122p−1 W � N L O L`G O$[ S$L N<? D ?'=h;>N \ NI= LµG ; S$S = KIAhL
LeS ? AwD�S$Q =@· D N<? L i ;>N T ;>N S ?'O Q =@? Q N ? DFKIAhLVDFQ =@NURb= T [ GJD O AhL N QIP [`O$;�R LeS�S ; QUS 9 D O K O LeSÀL ?À;>N =@NURb=h´ QULG ; Q O T
HJD>T`Q N�´ QUL`AULeS ? AhL N QIP [`O$;�R L�S ;>N S ; QUS 9 D O K O L _ DFQUT
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¹ ®JºFº>¬¼»�½ i � L�S$L`QIAUG ;>=@Nn?.Rb= � T = AhL�LeS ?.R L ·¸[`O'= \JL O ACB =@NU[`_ DFA =@?$[�?'O'= D NI_ QIAwD =@O L�W : D N S.GML O'? L R L _�[`NU[`O DFA =@?$[ ];>N�·¸[`O'= \JL ´ QUL dH(0, x) ≤ dH(0, y) + dH(x, y) D · LeT � AwD�S'Q =@? L 0n ] x = 1e0n−e L ? y = 0a1b0c1d
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d(C) = min
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{dH(c, c′)}
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