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Part |: CLP - Introduction and Logical
Background

@ The Constraint Programming paradigm
@® Examples and Applications

© First Order Logic

O Models

@ Logical Theories
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memory of values memory of constraints
programming variables mathematical variables
Vi

X; € [3,15]
Za,-X,- > b

X

-

®
&

ZIINRIA



The Paradigm of Constraint Programming

Program = Logical Formula Axiomatization:
"Domain of discourse” X,
Model of the problem P

Execution = Proof search Constraint satisfiability,
Logical resolution principle

Class of languages CLP(X) parametrized by X"

e Primitive Constraints over X’
U=RxI
e Relations defined by logical formulas
Vx,y path(x,y) < edge(x, y) V 3z(edge(x, z) A path(z,y))
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Languages for defining new relations

First-order logic predicate calculus
Vx,y path(x,y) < edge(x, y) V 3z(edge(x, z) A path(z,y))

Prolog/CLP(X) clauses

path(X,Y) :- edge(X,Y).
path(X,Y) :- edge(X,Z), path(Z,Y).

Concurrent constraint process languages CC(X)
Process A=c |[p(x) | (A]|A) | A+ A | ask(c) — A | 3xA
path(X,Y) :: edge(X,Y) + 3Z(edge(X, Z)||path(Z,Y))

Constraint libraries in object-oriented/functional /imperative
languages (ILOG, Koalog, etc.).
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CLP(FD) N-Queens Problem

GNU-Prolog program:

queens (N,L) : -
length(L,N),
fd_domain(L,1,N),
safe(L),
fd_labeling(L, [first_faill)
safe([1).
safe([XIL]):-
noattack(L,X,1),
safe(L).
noattack([],_,_).
noattack([Y|L],X,I):-
X#\=Y,
X#\=Y+I,
X+I#\=Y,
I1 is I+1,
noattack(L,X,I1).

| :g CLPGUI 2D Finite Domains Viewer
.
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Search space of all solutions

St CLPGUI Search Tree Viewer

Display Trees

= E

<

safe [WO, VL1, VZ,y3,V4,¥5,VW6,VF])

|

il L T AT AL VAT

e s . e

T A AT AT S T

=
++‘L

I INRIA



Successes in combinatorial search
problems

Job shop scheduling, resource allocation, graph coloring,...

e Decision Problems: existence of a solution (of given cost)
in P: if algorithm of polynomial time complexity
in NP: if non-deterministic algorithm of polynomial
complexity.
NP-complete if polynomial encoding of any other NP problem
e Optimisation Problems: computation of a solution of optimal
cost
NP-hard if the decision problem is NP-complete
e The size of the search space does not tell the complexity of
the problem
Sorting n elements in O(nlog n), search space in !n...
SAT over n Boolean in O(2"), search space in 2".
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Workplan of the Lecture

@ Introduction to CLP, operational semantics, examples
® CLP - Fixpoint and logical semantics

©® CSP resolution - simplification and domain reduction
O Symmetries - variables, values, breaking

@ Global constraints and graph properties

® CC - Examples, operational and denotational semantics
@ CC - Linear Logic semantics

0 LCC, CHR, SiLCC

Written exam + Programming project
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Hot Research Topics in Constraint
Programming

o Combinatorial Benchmarks (open shop 6x6, social golfer,...)
Global constraints
Search procedures, randomization
Hybridization of algorithms CP, MILP, local search
Symmetry detection and breaking

e Easily extensible CP languages
Adaptive solving strategies
Automatic synthesis of constraint solvers

e New applications in Bioinformatics

= Internships
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First-Order Terms

Alphabet:
set of variables V/,
set of constant and function symbols Sk, given with their arity «

The set T of first-order terms is the least set satisfying
eVvcT

® if f €Sk, a(f) =n My,.. . M,eT
then f(My, ... My) € T
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First-order Formulas

Alphabet: set Sp of predicate symbols.

Atomic propositions: p(Mj, ...
Formulas: —¢, ¢ Vi, Ix ¢

, M) where p € Sp, My, ...

The other logical symbols are defined as abbreviations:

=1

true

false

N

¢

=
Vx¢

AR

=9

—true

(¢ = )
(@=v)N (= 9)
—dx—¢

M, eT.
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Clauses

A literal L is either an atomic proposition, A, (called a positive
literal), or the negation of an atomic proposition, —A (called a
negative literal).

A clause is a disjunction of universally quantified literals,

V(L1 V...V Lp),

A Horn clause is a clause having at most one positive literal.
A1 V...V oA,

AV -AL V...V -A,
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Interpretations

An interpretation < D, [] > is a mathematical structure given with

e a domain D,

e distinguished elements [c] € D for each constant ¢ € S,

e operators [f| : D" — D for each function symbol f € S¢ of
arity n.

e relations [p] : D" — {true, false} for each predicate symbol
p € Sp of arity n
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Valuation

A valuation is a function p : V — D extended to terms by
morphism

e [x],=p(x)ifxeV,

o [f(M, ..., Mp)], = [f1([Mi],, ..., [Mn],) if f € SF

The truth value of an atom p(Mi, ..., M,) in an interpretation
| =< D,[] > and a valuation p is the boolean value

[p]([Ml]P’ S [Mn]p)-

The truth value of a formula in / and p is determined by truth
tables and

[3x¢], = true if [p[d/x]], = true for some d € D, false otherwise.
[Vx¢], = true if [p[d/x]], = true for every d € D, false otherwise.
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Models

e An interpretation / is a model of a closed formula ¢, I = ¢,
if ¢ is true in /.

e A closed formula ¢’ is a logical consequence of ¢ closed,
¢ = ¢, if every model of ¢ is a model of ¢'.

e A formula ¢ is satisfiable in an interpretation |
if 1'E=3(9), (eg. ZE3Ixx<0)
¢ is valid in | if | |=Y(¢).

e A formula ¢ is satisfiable if 3(¢) has a model (e.g. x <0)

e A formula is valid, noted = ¢,
if every interpretation is a model of V(¢) (e.g. p(x) = Jyp(y))

Proposition 1
For closed formulas, ¢ = ¢ iffl= ¢ = ¢ .
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Herbrand’s Domain 'H

Domain of closed terms T(Sg) “Syntactic” interpretation
[c]=c
[f(My,...,M,)] = f([M1], ..., [Ma])

Herbrand's base By, = {p(Mi,...,M,) | p € Sp, M; € T(SF)}

A Herbrand'’s interpretation is identified to a subset of By
(the subset defines the atomic propositions which are true).
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Herbrand’'s Models

Proposition 2
Let S be a set of clauses. S is satisfiable if and only if S has a
Herbrand’s model.

Proof.
Suppose | is a model of S: for every [-valuation p, for every clause C € S,
there exists a positive literal A (resp. negative literal =A) in C such that

I = Ap (resp. | |~ Ap).
Let I’ be the Herbrand's interpretation defined by

I = {[)(/\/’17 . Mn) € By | / }: p(Ml,..., M,,)}

For every Herbrand's valuation p’, there exists an /-valuation p such that

I E Ap iff I = Ap’. Hence, for every clause, there exists a literal A (resp. —A)
such that I’ |= Ap’ (resp. I’ = Ap’).

Therefore I is a Herbrand's model of S. L]
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Skolemization

e Put ¢ in prenex form (all quantifiers in the head)

e Replace an existential variable x by a term f(x, ..., xx) where
f is a new function symbol and the x;'s are the universal
variables before x

E.g. ¢ =Vx3IyVz p(x,y, z), ¢* = VxVz p(x, f(x), z).

Proposition 3
Any formula ¢ is satisfiable iff its Skolem's normal form ¢° is
satisfiable.

If I = ¢ then one can choose an interpretation of the Skolem's function
symbols in ¢° according to the /-valuation of the existential variables of ¢ such

that | = ¢°.

Conversely, if | = ¢°, the interpretation of the Skolem’s functions in ¢° gives a

valuation of the existential variables in ¢ s.t. | |= ¢.
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Logical Theories

A theory is a formal system formed with
e logical axioms and inference rules
—AV A (excluded middle)  A[x < B] = 3x A (substitution)

A \%
—— (Weakening) — (Contraction)

Avisvc AVB —AVC

\/ —
(Av\/(B)\/(_z (Associativity) v BV C v (Cut)
A=B xg¢gV(B) . L _

A= B (Existential introduction)

e a set 7 of non-logical axioms
Deduction relation: T + ¢ if the closed formula ¢ can be derived

in T

T is contradictory if T | false, otherwise 7 is consistent.
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Validity

Theorem 4 (Deduction theorem)
TEo=iffTU{¢}F .
The implication is immediate with the cut rule.

Conversely the proof is by induction on the derivation of the formula .
Theorem 5 (Validity)

IfT - ¢ then T = 6.

By induction on the length of the deduction of ¢.

Corollary 6

If T has a model then T is consistent

We show the contrapositive: if 7 is contradictory, then 7 | false, hence
T |= false, hence 7 has no model.
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Godel's Completeness Theorem

Theorem 7

A theory is consistent iff it has a model.

The idea is to construct a Herbrand’'s model of the theory supposed to be
consistent, by interpreting by true the closed atoms which are theorems of 7,
and by false the closed atoms whose negation is a theorem of 7. For this it is
necessary to extend the alphabet to denote domain elements by Herbrand

terms. 0O

Corollary 8
TEQIfFTE ¢.
If T = ¢ then 7 U {—¢} has no model, hence T U {—¢} | false, and by the

deduction theorem 7 F —=—¢, now by the cut rule with the axiom of excluded

middle (plus weakening and contraction) we get 7  ¢.
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Axiomatic and Complete Theories

A theory 7 is axiomatic if the set of non logical axioms is recursive
(i.e. membership to this set can be decided by an algorithm).
Proposition 9

In an axiomatic theory T, valid formulas, T = ¢, are recursively
enumerable.

(expresses the feasibility of the Logic Programming paradigm...)

A theory is complete if for every closed formula ¢, either 7 F ¢ or
T F .

In a complete axiomatic theory, we can decide whether an arbitrary
formula is satisfiable or not (Constraint Satisfaction paradigm...).
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Compactness theorem

Theorem 10
T E ¢ iff T' = ¢ for some finite part T' of T.

By Godel's completeness theorem, 7 |= ¢ iff T - ¢.
As the proofs are finite, they use only a finite part of non logical axioms 7.

Therefore T |= ¢ iff T’ |= ¢ for some finite part 7’ of 7. O

Corollary 11

T is consistent iff every finite part of T is consistent.

7 is inconsistent iff 7 I false,
iff for some finite part 7' of 7, 7' | false,

iff some finite part of 7 is inconsistent. (I
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Coloring infinite maps with four colors

Let 7 express the coloriability with four colors of an infinite planar
graph G:

o Vx Vi ai(x),

* Vx /\1§i<j§4 =(ci(x) A ¢i(x)),

o AT —(ci(a) A ci(b)) for every adjacent vertices a, b in G.

Let 77 be any finite part of 7, and G’ be the (finite) subgraph of
G containing the vertices which appear in 7'. As G’ is finite and
planar it can be colored with 4 colors [Appel and Haken 76], thus
7' has a model.

Now as every finite part 7’ of 7 is satisfiable, we deduce from the
compactness theorem that 7 is satisfiable. Therefore every infinite
planar graph can be colored with four colors.
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E47
E57

Complete theory: Presburger's arithmetic

Complete axiomatic theory of (N,0,s,+,=),

Eli
D VxVy x =y — s(x) = s(y),
VXYYV x =y ANz=v = (x =z — y = V),

|_|5Z

Vx x = x,

VxVy s(x) =s(y) — x =y,
Vx 0 # s(x),

Vx x +0 = x,

Vx x +s(y) =s(x +y),

¢[x — O] A (Vx ¢ — ¢[x «— s(x)]) — Vx¢ for every formula ¢.

Note that Eg : Vx x # s(x) and E7: Vx x =0V Jy x = s(y) are
provable by induction.
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Godel's Incompleteness Theorem
Peano’s arithmetic contains moreover two axioms for x:
Mg: Vx xx0=0,
M7: ¥xVy x x s(y) =x Xy +x,

Theorem 12

Any consistent axiomatic extension of Peano’s arithmetic is
incomplete.

The idea of the proof, following the liar paradox of Epimenides (600 bc) which
says: ‘| lie", is to construct in the language of Peano's arithmetic 1 a formula
¢ which is true in the structure of natural numbers N if and only if ¢ is not
provable in 1. As N is a model of I1, ¢ is necessarily true in N and not provable

in I, hence I is incomplete. O

Corollary 13
The structure (N, 0,1, +, %) is not axiomatizable.
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Part II: Constraint Logic Programs

@ Constraint Languages
Decidability in Complete Theories

@ CLP(X)
Definition
Operational Semantics

O CLP(H)
Prolog
Examples

© CLP(R, FD,B)
CLP(FD)
CLP(B)
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Constraint Languages

Alphabet: set V of variables,
set Sg of constant and function symbols,
set S¢ of predicate symbols containing true and =.

We assume a set of basic constraints, supposed to be closed by
variable renaming, and to contain all atomic constraints.

The language of constraints is the closure by conjonction and
existential quantification of the set of basic constraints.
Constraints will be denoted by ¢, d, ...
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Fixed Interpretation X

Structure X for interpreting the constraint language.

We assume that the constraint satisfiability problem, X =7 3(c), is
decidable.

This is equivalent to assume that X’ is presented by an axiomatic
theory 7 satisfying:

@ (soundness) X =7

@® (completeness for constraint satisfaction) for every constraint
c, either 7+ 3(c), or 7 - —=3(c).
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Clark’s Equality Theory for the Herbrand
domain

E1 Vx x = x,

Ex V(x1=y1 Ao AXp=yn— F(x1,..,%n) = F(¥1, .., ¥n)),
Es Vx1=y1 A . AXp=Yn — p(X1, ey Xn) — P(V1, s ¥n)),
Eq V(F(x1, s xn) = F(¥1, 00 ¥n) = X1 = Y1 Ao AXn = Yi),

Es Y(f(x1,...,xm) # &(¥1, .., yn)) for different function symbols
f,g € Sg with arity m and n respectively,

Es ¥x M][x] # x for every term M strictly containing x.

Proposition 14
H = CET.

Proposition 15

Furthermore if the set of function symbols is infinite, CET is a

comp/ete theory. ZIINRIA



CLP(X) Programs

Alphabet V, Sg, S¢ of constraint symbols.
Structure X presented by a satisfaction complete theory 7

Alphabet Sp of program predicate symbols

A CLP(X) program is a finite set of program clauses.

Program clause Y(AV —c1 V ...mcm V 2AL V..V —AL)

A «— Clyeeny Cm‘Al, An

Goal clause Y(—¢1 V ...mcm V DAL V..V DAL)

Clyeees Cm|A1, ceey A,,
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Operational semantics: CSLD Resolution

(p(l’l, t2) — C”Al7 ...,An)9 epPp X ): E|(C NSt =t ANsH=1f A C,)
(cla, p(s1,2),0') — (¢, 81 = t1,5 = to, ¢’ | a, Ay, ..., Ap, @)

where 6 is a renaming substitution of the program clause with new

variables.

A successful derivation is a derivation of the form
G— G — G — ...—cl0
c is called a computed answer constraint for G.
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Prolog as CLP(H)

The programming language Prolog is an implementation of
CLP(H) in which:
e the constraints are only equalities between terms,

e the selection strategy consists in solving the atoms from left
to right according to their order in the goal,

e the search strategy consists in searching the derivation tree
depth-first by backtracking.
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Only constants: Deductive Databases

gdfather(X,Y) :-father(X,Z) ,parent(Z,Y).
gdmother(X,Y) : -mother (X,Z) ,parent (Z,Y).

parent (X,Y) :-father(X,Y).
parent (X,Y) :-mother(X,Y).
father (alphonse,chantal) .
mother (emilie,chantal).
mother (chantal, julien).
father(julien,simon).

| 7- gdfather(X,Y).
X = alphonse, Y = julien 7 ;
no

| ?- gdmother(X,Y).
X = emilie, Y = julien 7 ;
X chantal, Y = simon 7 ;
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Lists

member (X, cons (X,L)) .
member (X, cons (Y,L)) : -member (X,L) .

?- member(X,cons(a,cons(b,cons(c,nil)))).

|

X=a7;
X=b7;
X=c¢c7?;

no

| ?- member(X,Y).

Y = cons(X,_A) 7 ;

Y = cons(_B,cons(X,_A)) ? ;
Y = cons(_C,cons(_B,cons(X,_A))) ?
yes
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Appending lists

append([],L,L).
append ([X|L],L2, [X|L3]) :-append(L,L2,L3).

| ?- append([a,b], [c,d],L).
L = [a,b,c,d] 7 ;

no

| ?- append(X,Y,L).

X =1,

Y=L7;
L
X
L
X

[_AlYD,
[LA] 7
[_A,_BIY],

= [_A, Bl 7
yes
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Reversing a list

reverse([],[1).

reverse([X|L],R):-reverse(L,K) ,append (X, [X],R).

| ?- reverse([a,b,c,d],M).
M = [d,c,b,a]l ? ;

no

| ?- reverse(M, [a,b,c,d]).
M = [d,c,b,a] ?

rev(L,R):-rev_1lin(L, [],R).
rev_lin([],R,R).
rev_1in([X|L],K,R):-rev_1lin(L, [X|K],R).
| ?- reverse(X,Y).

X O,y=107;

X [LA], Y = [_A] 7 ;

ZIINRIA



Quicksort

quicksort ([1,[1).
quicksort ([XIL],R):-
partition(L,Linf,X,Lsup),
quicksort(Linf,L1),
quicksort (Lsup,L2),
append (L1, [XIL2],R).
partition([],[1,_,[]).
partition([YIL], [Y|Linf],X,Lsup):-
Y=<X,
partition(L,Linf,X,Lsup).
partition([Y|L],Linf,X, [Y|Lsup]):-
Y>X,
partition(L,Linf,X,Lsup).
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Parsing

sentence (L) : -nounphrase(L1), verbphrase(L2), append(L1,L2,L).

nounphrase(L) : - determiner(L1), noun(L2), append(L1,L2,L).
nounphrase (L) : - noun(L).

verbphrase(L) : - verb(L).
verbphrase(L) :- verb(L1), nounphrase(L2), append(L1,L2,L).

verb([eats]).
determiner ([the]).

noun ( [monkey]) .
noun([bananal) .
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Parsing /Synthesis (continued)

| ?- sentence([the,monkey,eats]).
yes

| 7- sentence([the,eats]).
no

?7- sentence(L).

|

L = [the,monkey,eats] 7 ;

L = [the,monkey,eats,the,monkey] 7 ;
L = [the,monkey,eats,the,bananal 7 ;
L = [the,monkey,eats,monkey] 7

yes
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Prolog Meta-interpreter

solve((A,B)) :- solve(A), solve(B).
solve(A) :- clause(A).
solve(A) :- clause((A:-B)), solve(B).

clause (member (X, [X|_]1)).
clause((member (X, [_IL]) :- member(X,L))).

| ?- solve(member(X,L)).

N

X|_A
ALK

[xI_
[_A
[_A,
[_A,

7 .

_Cl 7 ;

B]
I
_C,XI_D] 7

]
|
_B,X
_B,

| e
nnn
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Linear Programming

e Variables with a continuous domain RR.
Ax<B max c.x

Satisfiability and optimization has polynomial complexity
(Simplex algorithm, interior point method).

e Mixed Integer Linear Programming
Variables with either a continuous domain R or a discrete
domain Z
x € Ax<B max c.x
NP-hard problem (Branch and bound procedure, Gomory's

cuts,...)
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CLP(R) mortgage program
int(P,T,I,B,M):- T >0, T<=1, B+M=P * (1 + I).
int(P,T,I,B,M):- T > 1, int(P * (1 + I) - M, T - 1, I, B, M).

?- int(120000,120,0.01,0,M).
1721.651381 7

?- int(P,120,0.01,0,1721.651381).
120000 7
69.7005622xM ?

?7- int(P,120,0.01,B,M).

I

M=

yes

I

P =

yes

| ?- int(P,120,0.01,0,M).
P =

yes

|

P = 0.302995*B + 69.700522M 7
yes

|

7- int (999, 3, Int, 0, 400).
400 = (-400 + (599 + 999*Int) * (1 + Int)) * (1 + Int) ?
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CLP(R) heat equation

| ?- x=([o0,0,0,0,0,0,0,0,0,0,0],
_,100],
_,100],

[100 100 100 100 100 100 100 100,100,100,10011,
laplace(X).

x=((o0,0,0,0,0,0,0,0,0,0,0],
[100,51.11,32.52,24.56,21.11,20.12,21.11,24.56,32.52,51.11,100],
[100,71.91,54.41,44.63,39.74,38.26,39.74,44.63,54.41,71.91,100],
[100,82.12,68.59,59.80,54.97,53.44,54.97,59.80,68.59,82.12,100],
[100,87.97,78.03,71.00,66.90,65.56,66.90,71.00,78.03,87.97,100],
[100,91.71,84.58,79.28,76.07,75.00,76.07,79.28,84.58,91.71,100],
[100,94.30,89.29,85.47,83.10,82.30,83.10,85.47,89.29,94.30,100],
[100,96.20,92.82,90.20,88.56,88.00,88.56,90.20,92.82,96.20,100],
[100,97.67,95.59,93.96,92.93,92.58,92.93,93.96,95.59,97.67,100] ,
[100,98.89,97.90,97.12,96.63,96.46,96.63,97.12,97.90,98.89,100],
[100,100,100,100,100,100,100,100,100,100,100]] ?
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CLP(R) heat equation

laplace([H1,H2,H3|T]) :-laplace_vec(H1,H2,H3) ,1laplace([H2,H3|T]).
laplace([_,_1).
laplace_vec([TL,T,TRIT1], [ML,M,MR|T2], [BL,B,BR|T3]) :-
B+T+ML+MR-4x%xM=0,
laplace_vec([T,TRIT1], [M,MR|T2], [B,BR|T3]).
laplace_vec([_,_1,[_,_1,[_,_1).

| ?- laplace([[B11, B12, B13, B14],
[B21, M22, M23, B24],
[B31, M32, M33, B34],
[B41, B42, B43, B44]1).

B12 = -B21 - 4xB31 + 16xM32 - 8*M33 + B34 - 4%B42 + B43,
B13 = -B24 + B31 - 8*M32 + 16*M33 - 4xB34 + B42 - 4xB43,
M22 = -B31 + 4xM32 - M33 - B42,

M23 = -M32 + 4xM33 - B34 - B43 7
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CLP(FD)= over Finite Domains

Variables {xi,...,x,}
over a finite domain D = {ey, ..., e4}.

Constraints to satisfy:
e unary constraints of domains x € {e;, ¢, ex}

e binary constraints: c(x, y)
defined intentionally, x > y + 2,
or extentionally, {c(a, b), c(d, ¢), c(a, d)}.

e n-ary global constraints: c(xi, ..., Xn),
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CLP(FD) N-Queens Problem

| :g CLPGUI 2D Finite Domains Viewer
.

GNU-Prolog program:

queens (N,L) : -
length(L,N),
fd_domain(L,1,N),
safe(L),
fd_labeling(L,first_fail).
safe([1).
safe([XIL]):-
noattack(L,X,1),
safe(L).
noattack([],_,_).
noattack([Y|L],X,I):-
X#\=Y,
X#\=Y+I,
X+I#\=Y,
I1 is I+1,
noattack(L,X,I1).
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Search space of all solutions

St CLPGUI Search Tree Viewer

Display Trees

= E

<

safe [WO, VL1, VZ,y3,V4,¥5,VW6,VF])
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CLP(FD) send+more=money

send(L) :-sendc(L), labeling(L).
sendc([S,E,N,D,M,0,R,Y]) :-
domain([S,E,N,D,M,0,R,Y], [0,9]),
alldifferent([S,E,N,D,M,0,R,Y]), S#=/=0, M#=/=0,
eqln( 1000*S+100*E+10*N+D
+ 1000%M+100*0+10*R+E ,
10000*M+1000%0+100*N+10*E+Y) .

| ?7- send(L).

L = [9,5,6,7,1,0,8,2] 7 ;
no
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CLP(FD) send+more=money

| ?- send([S,E,N,D,M,0,R,Y]).

D=1,
0=0,
S =09,

domain(E, [4,7]),
domain(N, [5,8]),
domain(D, [2,8]),
domain(R, [2,8]),
domain(Y, [2,8]),
Y+90*N#=10*%R+D+91%E,

alldifferent([E,N,D,R,Y]) ?
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CLP(FD) scheduling

Simple PERT problem

| ?- minimise ((B#>=A+5,C#>=B+2,D#>=B+3,E#>=C+5,E#>=D+5), E).
Solution de cout 13

A=0,B=5,D=28, E=13, domain(C,[7,8]) 7

yes

Disjunctive scheduling is NP-hard

| ?- minimise ((B#>=A+5,C#>=B+2,D#>=B+3,E#>=C+5,
E#>=D+5, (C#>=D+5 ; D#>=C+5)), E).

Solution de cout 18

Solution de cout 17

A=0,B=5,C=7,D=12, E=17 7?7 ;

no
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Disjunctive scheduling: bridge problem
(4000 nodes)

— =

CLPGUI Search Tree Viewer SUELG

Geometry Tress Giice

restart
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Reified constraints in CLP(B, FD)

The reified constraint B < (X < Y)
associates a boolean variable B to the satisfaction of the
constraint X < Y

Cardinality constraint card(N, [Cy, ..., Cp]) is true iff there are
exactly N constraints true in [Cy, ..., Cy].

card(0,[1).

card(N, [CIL]) :-
fd_domain_bool(B),
B #<=> C,
N #= B+M,
card(M,L).
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Magic Series

Find a sequence of integers (ip, ..., in—1) such that
ij is the number of occurrences of the integer j in the sequence

n—1

\ card(ij, [io = j, --s in-1 = 1)
j=0

Constraint propagation with reified constraints by < iy = J,
Redundant constraints n = Zfz_ol i,

Enumeration with first fail heuristics,
Less than one second CPU for n = 50...
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Multiple Modeling in CLP(FD)

N-queens with two concurrent models: by lines and by columns

queens2(N,L) :-
list(N, Column), fd_domain(Column,1,N), safe(Column),
list(N, Line), fd_domain(Line,1,N), safe(Line),
linking(Line,1,Column),
append(Line,Column,L), fd_labelingff(L).
linking([1,_,_).
linking([XIL],I,C):~- equivalence(X,I,C,1),
I1 is I+1,
linking(L,I1,C).
equivalence(_,_,[1,.).
equivalence(X,I,[YIL],J):- B#<=>(X#=J), B#<=>(Y#=I),
J1 is J+1,
equivalence(X,I,L,J1).
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Programming in CLP(H, B, FD,R)

e Basic constraints on domains of terms H, bounded integers
FD, reals R, booleans B, ontologies H<, etc.

e Relations defined extensionally by constrained facts:
precedence(X,D,Y) :- X+D<Y.
disjonctives(X,D,Y,E) :- X+D<Y.
disjonctives(X,D,Y,E) :- Y+E<X.
and intentionally by rules:
labeling([1).
labeling([X|L]):- indomain(X), labeling(L).

e Programming of search procedures and heuristics:
And-parallelism (variable choice): “first-fail” heuristics min
domain
Or-parallelism (value choice): “best-first” heuristics min value
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Part Ill: Operational and Fixpoint
Semantics

@ Operational Semantics

@® Fixpoint Semantics
Fixpoint Preliminaries
Fixpoint Semantics of Successes
Fixpoint Semantics of Computed Answers

@® Program Analysis
Abstract Interpretation
Constraint-based Model Checking
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Operational semantics: CSLD Resolution

(p(tl, tz) — C,|A1, ...,A,,)9 eP X ): E|(C NSt =t Ass=bhA C,)
(C|Oé,p(51,52),0[/) — (Ca 51 = t1552 — t2a c ‘ aaA].)""AnaO/)

where 6 is a renaming substitution of the program clause with new

variables.
A successful derivation is a derivation of the form
G—>Gl—>G2—>...—>C||:|

c is called a computed answer constraint for G.
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A-Compositionality of CSLD-derivations

Lemma 16 (A-compositionality)

c is a computed answer for the goal (d|A1, ..., An)

iff

there exist computed answers c1, ..., ¢, for the goals
true|Aq, ..., true|A,, such that ¢ = d N \]_; ¢; is satisfiable.

Corollary 17
Independance of the selection strategy.
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A-Compositionality of CSLD-derivations

Proof.

(@) d‘Al, vy A = d A C1|AQ7 LA d A NN Cn‘[].
(=) By induction on the length / of the derivation.

If I/ =1 we have true|A; — |0

Otherwise, suppose Aj is the selected atom, there exists a rule
(A; < di|Ba, ..., Bk) € P such that

d|/£\17 e Ap — d A dl‘Bl, ey By, Az, oy Ay —F C||:|.

By induction, there exist computed answers ey, ..., €, C2, ..., C, for
the goals By, ..., By, Aa, ..., A, such that

c=dAdi A /\f:1 e A /\J’-’:2 ¢j. Now let ¢ = di A /\f:1 e, c1 is a
computed answer for true|A;. O
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Operational Semantics of CLP(X)
Programs

Observation of the sets of projected computed answer constraints
O(P) ={(3X ¢)|A : true|A —" c|O, X = 3(c), X = V(c)\V(A)}

Program equivalence: P = P’ iff O(P) = O(P’) iff for every goal
G, P and P’ have the same sets of computed answer constraints.

Finer observables: the multisets of computed answer constraints
or the sets of succesful CSLD derivations (equivalence of traces)

More abstract observable: the set of goals having a success
(theorem proving versus programming point of view).
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Operational Semantics of CLP(X)
Programs

Observation of computed answer constraints

Oca(P) = {c|A : true|]A —" ¢c|O, X = 3(c)}

P =, P’ iff for every goal G, P and P’ have the same sets of
computed answer constraints.

Observation of ground successes

Ogs(P) ={Ap € Bx : true|]A —" ¢c|O0, X = cp}

P =45 P iff P and P’ have the same ground success sets, iff for

every goal G, G has a CSLD refutation in P iff G has one in P’.
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Definitions

Let (S, <) be a partial order. Let X C S be a subset of S.

An upper bound of X is an element a € S such that Vx € X x < a.
The maximum element of X, if it exists, is the unique upper bound
of X belonging to X.

The least upper bound (lub) of X, if it exists, is the minimum of
the upper bounds of X.

A sup-semi-lattice is a partial order such that every finite part
admits a lub.

A lattice is a sup-semi-lattice and an inf-semi-lattice.

A chain is an increasing sequence x3 < xp < ...

A partial order is complete if every chain admits a lub.

A function f : S — S is monotonic if x <y = f(x) < f(y).
continuous if f(lub(X)) = lub(f (X)) for every chain X.
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Fixpoint theorems

Theorem 18 (Knaster-Tarski)

Let S be a complete partial order. Let f : S — S be a continuous
operator over S. Then f admits a least fixed point Ifp(f) = f T w.

Proof.

First, as f is continuous, f is monotonic, hence

1 < f(L) < f(f(L)) < ... forms an increasing chain. Let
a=lub({f"(L)|n € N}) =f T w. By continuity

f(a) = lub({f"*1(L) | n € N}) = a, hence a is a fixed point of f.
Let e be any fixed point of f. We show that for all integer n,
f"(L) < e, by induction on n. Clearly L < e. Furthermore if
f1(L) < e then by monotonicity, f™1( 1) < f(e) = e.

Thus f7(L) < e for all n, hence a < e. O
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Least Post-Fixed Point

Theorem 19

Let S be a complete sup-semi-lattice. Let f be a continuous
operator over S. Then f admits a least post-fixed point (i.e. an
element e satisfying f(e) < e) which is equal to Ifp(f).

Proof.

Let g(x) = lub(x, f(x)).

An element e is a post fixed point of f, i.e. f(e) < e, if and only if
e is a fixed point of g, g(e) = e.

Now g is continuous, hence /fp(g) is the least fixed point of g and
the least post-fixed point of f.

Furthermore, Ifp(g) = lub{f"(L)} = Ifp(f). O
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Fixpoint semantics of Oy

Consider the complete lattice of X-interpretations (28%, C)
The bottom element is the empty X-interpretation (all atoms false)
The top element is By (all atoms true).

A chain X is an increasing sequence ; C h C ...
lub(X) = U,-zl I;.

Define the semantics Ogs(P) as the least solution of a fixpoint
equation over 25%: | = T(/).
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T,f immediate consequence operator

T,;Y : 2Bx _, 2Bx s defined by:
Ts () = {Ap € Bx| there exists a renamed clause in normal form
(A — c|A1,...,An) € P, and a valuation p s.t.
X = cpand {A1p, ..., App} C 1}
Example 20

append(A,B,C):- A=[], B=C

append(A,B,C):- A=[X|L], C=[X|R], append(L,B,R).

TAH(0) = {append([). B, B) | B € H}
TH(TRH(0)) = THO)U {append([X] B,[X|B]) | X,B € H}
TH(TR(TH) = T (TE(0)) U

{append([X7 Y],B,[X,Y|B]) | X,Y,B e H}
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Continuity of T operator
y p Op

Proposition 21

T,f is a continuous operator on the complete lattice of
X-interpretations.

Proof.
Let X be a chain of X-interpretations. ~ Ap € T (lub(X)),
iff (A «— c|A1,...,An) € P, X |= cp and {Ai1p, ..., Anp} C lub(X),
iff (A<« c|A1,...,Ap) € P, X = cpand {Aip,...,Anp} C I,
for some | € X (as X is a chain)
iff Ap € TE(I) for some I € X, iff Ap € lub(TZ(X)). O

Corollary 22
TE admits a least (post) fixed point TX T w.
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Full abstraction

Let F(P) =Ifp(TE) =T Tw=...TX(TF(0))...

Theorem 23 ([JL87])

F1(P) = Ogs(P).

F1(P) C O,s(P) is proved by induction on the powers nof T5. n=0is
trivial. Let Ap € T3 T n, there exists a rule (A — c|Aq, ..., A,) € P,

st. {A1p, ..., Anp} C TE T n—1and X = cp. By induction

{A1p, ..., App} € Ogs(P). By definition of Ogs we get Ap € Ogs(P).
Ogs(P) C F1(P) is proved by induction on the length of derivations.
Successes with derivation of length 0 are ground facts in T3 T 1. Let
Ap € Ogs(P) with a derivation of length n. By definition of Ogs there
exists (A« c|A1,...,Ap) € P sit. {A1p,...,Anp} C Ogs(P) and X |= cp.
By induction {Aip, ..., A,p} C F1(P). Hence by definition of T3 we get
Ap € F1(P).
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TZ and X models

Proposition 24
I is a X-model of P iff | is a post-fixed point of Ty, TA (1) C I.

Proof.

| is a X-model of P,

iff for each clause A « c|Aq, ..., A, € P and for each X-valuation
p, if X =cpand {Aip,...,App} C I then Ap € 1,

iff TX(1)C 1. O
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TZ and X models

Theorem 25 (Least X-model [JL87])

Let P be a constraint logic program on X. P has a least X-model,
denoted by I\/I,? satisfying:

M = F(P)
Proof.
Fi(P) = Ifp( T,é() is also the least post-fixed point of Tﬁ(, thus by
Prop. 24, Ifp(T# ) is the least X-model of P. O
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Fixpoint semantics of O,

Consider the set of constrained atoms
"o ={c|A : Ais an atom and X |= 3(c)} modulo renaming.

Consider the lattice of constrained interpretations (25x, C).

For a constrained interpretation /, let us define the closed
X-interpretation:
[l]lx = {Ap : there exists a valuation p and c|A € | s.t. X = cp}.

Define the semantics Oc,(P) as the least solution of a fixpoint
equation over 2B%
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Non-ground immediate consequence
operator

Sy 2B% — 2B is defined as:

S¥(I) = {c|A€ B | there exists a renamed clause in normal form
(A~ d|A1,...,A,) € P, and constrained atoms
{c1|A1,....en|An} C I, sit. c =d AN AT ¢ is X-satisfiable}

Proposition 26
For any B'y-interpretation I, [S3 (I]x = Ta ([1x)-

Proof.

Ap € [SE(N]x

iff (A—d|A1,...,A))€EP, c=dAN_,c, X Ecpand

{CllAla ...,Cn|An} cl

iff (A« d|A1,..,An) €EP, c=dAN_;c, X cpand

(Aups s Aup) C N iff Ap € TE([1]). O
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Continuity of S& operator

Proposition 27
S,“}/ is continuous.

Proof.

Let X be a chain of constrained interpretations. c|A € SZ (lub(X)),

iff (A—d|A1,...,A))€eP, c=dAN_,c, X E3(c)and

{c1|A1, ..., cn|An} C lub(X).

iff (A—d|A1,...,A) €P, c=dAN_;c, X E3(c)and

{c1|A1, ..., cn|An} C I, for some | € X (as X is a chain)

iff c|A € Sg (/) for some I € X,  iff c|A € lub(S5 (X)). O

Corollary 28
S& admits a least (post) fixed point Fa(P) = Ifp(S5) = Sp T w.
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Example CLP(H)

append(A,B,C):- A=[], B=C.
append(A,B,C):- A=[XI|L], C=[X|R], append(L,B,R).

Example 29

SH10 =0

SH11 ={A=]],B = Clappend(A, B, C)}

SH12 =SH1T1U
{A=[X|L],C=[X|R],L=1],B = R|append(A, B, C)}
= SF 1 1U{A=[X], C = [X|B]lappend(A, B, C)}

SH13 =SKH12U
{A=1[X,Y],C=[X,Y|B]lappend(A, B, C)}

SH14 =SH13U
{A=[X,Y,Z],C=[X,Y,Z|B]lappend(A, B, C)}
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Relating S3 and T3 operators

Theorem 30 ([JL87])
For every ordinal o, T¢ T = [S§ T a]x.

Proof.
The base case o = 0 is trivial. For a successor ordinal, we have
[S¥Taly = [SE(SE1a-1)
= T5([SF Ta—1]x)
= TZ(TF T a—1) by induction
= T,ic T a.
For a limit ordinal, we have
[S8°Talx = [Useo SP T8l

= LJﬁ<oc[SI/3Y T ﬁ]X
Us<a T2 1 3 by induction
T8 T
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Full abstraction w.r.t. computed
constraints

Theorem 31 (Theorem of full abstraction [GL91])
Oca(P) = F2(P).
F2(P) C O (P) is proved by induction on the powers n of S&. n =0 is
trivial. Let c|A € S§ T n, there exists a rule (A < d|Ay, ..., A,) € P,
st. {c1|A1, ..., c|A} CSEF Tn—1,c=dAAL,c and X = 3c. By
induction {c1|A1, ..., ca|An} C O(P). By definition of O, we get
c|A € Oq(P).
O.2(P) C F,(P) is proved by induction on the length of derivations.
Successes with derivation of length 0 are facts in S5 1 1. Let
¢|A € O (P) with a derivation of length n. By definition of O, there
exists (A «— d|A1,...,Ap) € P sit. {c1|A1, ..., calAn} € Oca(P),
c=dA Al ¢ and X |= Jc. By induction {c1]A1, ..., co|An} C Fo(P).
Hence by definition of Sp we get c|A € F2(P).
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Program analysis by abstract
interpretation

5,7} T w captures the set of computed answer constraints with P,
nevertheless this set may be infinite and

it may contain too much information for proving some properties
of the computed constraints.

Abstract interpretation [CC77] is a method for proving properties
of programs without handling irrelevant information.

The idea is to replace the real computation domain by an abstract

computation domain which retains sufficient information w.r.t. the
property to prove.
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Groundness analysis by abstract
interpretation

Consider the CLP(H) append program

append(A,B,C):- A=[], B=C.
append(A,B,C):— A=[X|L], C=[X|R], append(L,B,R).

What is the groundness relation between arguments after a
success?

The term structure can be abstracted by a boolean structure which
expresses the groundness of the arguments.

We thus associate a CLP(B) abstract program:

append(A,B,C) :- A=true, B=C.
append(A,B,C) : - A=X/\L, C=X/\R, append(L,B,R).

Its least fixed point computed in at most 23 steps will express the

groundness relation between arguments of the concrete program. B inriA



Groundness analysis (continued)

SE10 =90

SE11 ={A=true, B = Clappend(A, B, C)}

SE12 =S511U
{A=XAL C=XAR,L=true,B= R|append(A,B,C)}
=S5 11U{C = AA B|append(A, B, C)}

S513 =S512U
{A=XAL C=XAR,R=LABJappend(A,B,C)}
= SE 12U {C = AA Blappend(A, B, C)}
=S512=S51Tw

In a success of append(A, B, C), C is ground if and only if A and
B are ground.
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Groundness analysis of reverse

Concrete CLP('H) program:

rev(A,B) :- A=[], B=[].
rev(A,B) :- A=[X|L], rev(L,K), append(X,[X],B).

Abstract CLP(B) program:

rev(A,B) :- A=true, B=true.
rev(A,B) :- A=X/\L, rev(L,K), append(K,X,B).

SE10 0

SE11 {A true, B = true|rev(A, B)}

S512 =S511 U{A X,B = X|rev(A, B)}
5,13’ T1IU{A= B|rev(A B)}

SE13 =SE12U{A=XALL=K,B=KAX|rev(A, B)}
=S5120{A= B|rev(A B)}=S512=S51w
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Constraint-based Model Checking [DP99]

Analysis of unbounded states concurrent systems by CLP programs.

Concurrent transition systems defined by condition-action rules
[Sha93]:

condition ¢(X) action X' = ¢(X)

Translation into CLP clauses over one predicate p (for states)
p(%) — ¢(X), (¥, %), p(¥).

The transitions of the concurrent system are in one-to-one

correspondance to the CSLD derivations of the CLP program.
Proposition 32

The set of states from which a set of states defined by a constraint
c is reachable is the set Ifp(Tp)

where P is the CLP program plus the clause p(X) « c(X).
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Computation Tree Logic CTL

Temporal logic for branching time:

e States described by propositional or E, A
first-order formulas

\4

e Two path quantifiers for
non-determinism:
e A “for all transition paths”
e E "for some transition path”

F, G
e Several temporal operators:

e X “next time",
e F “eventually”,
e G “always”,

e U “until”.
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Model Checking

Two types of interesting properties:
AG—¢ “Safety” property.
AF1) “Liveness” property.

Duality: for any formula ¢ we have
EFp = -AG—¢ and
EGp = -AF—¢.

Model checking is an algorithm for computing, in a given Kripke
structure K = (S,/,R), | C S,R C S x S (S is the set of states, /
the initial states and R the transition relation), the set of states
which satisfy a given CTL formula ¢, i.e. the set {s € S|K,s = ¢}.
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(Symbolic) Model Checking

Basic algorithm

When S is finite, represent K as a graph, and iteratively label the
nodes with the subformulas of ¢ which are true in that node.

Add A to the states satisfying A (=A, AA B,...)

Add EF¢ (EX¢) to the (immediate) predecessors of states labeled by ¢
Add E(pU) to the predecessor states of 1) while they satisfy ¢

Add EG¢ to the states for which there exists a path leading to a non
trivial strongly connected components of the subgraph restricted to the
states satisfying ¢

Symbolic model checking

Use OBDD's to represent states and transitions as boolean
formulas (S is finite).
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Constraint-based Model Checking

Constraint-based model checking [DP99] applies to Kripke
structures with an infinite set of states.

Numerical constraints provide a finite representation for an infinite
set of states.

Constraint logic programming theory:
EF(¢) = Itp(Tru{p(z)—0})

EG(¢) = gfp(Trng)

Prototype implementation DMC in Sicstus Prolog + Simplex,
CLP(H,FD,R,B)
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Part IV: Logical Semantics

@® Logical Semantics of CLP(X)
Soundness
Completeness

@ Automated Deduction
Proofs in Group Theory

® CLP())
A-calculus
Proofs in A-calculus

@ Negation as Failure
Finite Failure
Clark’s Completion
Soundness w.r.t. Clark’s Completion
Completeness w.r.t. Clark's Completion
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Logical Semantics of CLP(X) Programs

e Proper logical semantics
(1) P, 7T E3(G) (4) P, 7T =cDG,
e Logical semantics in a fixed pre-interpretation
(2) PEx3(G) (5) PFxcDG,
e Algebraic semantics

(3) M7 E3(G) (6) Mi Eco 6.

We show (1) < (2) < (3) and (4) = (5) < (6).
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Soundness of CSLD Resolution

Theorem 33 ([JL87])

If c is a computed answer for the goal G then My = ¢ D G,
PExcD>Gand P, 7T =cDG.

If G = (d|A4,...,As), we deduce from the A-compositionality lemma,
that there exist computed answers ¢y, ..., ¢, for the goals Ay, ..., A, such
that c=d A /\7=1 c; is satisfiable. Forevery 1 < i <n

ci|Ai € Sf T w, by the full abstraction Thm, 31,

[ci]Ailx € M7, by Thm. 30, and Prop. 24, hence M3 = V(¢ D A),

P Ex V(¢ D A;) as MY is the least X-model of P,

PExY(cDA)as X E=VY(cDg)foralli,1<i<n.

Therefore we have P l=x V(c D (d AN A1 A ... A Ap)),

and as the same reasoning applies to any model X of 7,

P, TEV(ED(ANAIAN..ANAY)
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Completeness of CSLD resolution

Theorem 34 ([Mah87])

If M3 =x ¢ D G then there exists a set {c;};>o of computed
answers for G, such that: X =Y(c D \/ ;5 3Yici).

Proof.
For every solution p of ¢, for every atom A; in G,
M = Ajp iff Ajp € T T w, by Thm. 23, iff Ajp € [SF T w]x, by
Thm. 30,
iff ¢; ,|A; € S§ 1T w, for some constraint ¢; , s.t. p is solution of 3Y; ,¢; ,,
where Y; , = V(c;,) \ V(A)),
iff ¢j , is a computed answer for A; (by 31) and X |=3Y] ,¢; ,p.
Let ¢, be the conjunction of ¢; , for all j. ¢, is a computed answer for G.
By taking the collection of ¢, for all p we get X' |=V(c D\ 3Y,c))
L]
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Completeness w.r.t. the theory of the
structure

Theorem 35 ([Mah87])

If P, T |=c D G then there exists a finite set {ci,...,cp} of
computed answers to G, such that:
T ': V(C O 3dYia V...V E|Y,,C,,).

Proof.

If P,7 = c D G then for every model X' of 7, for every X-solution p of
c, there exists a computed constraint cx , for G s.t. X |= cx ,p. Let
{ci}i>o be the set of these computed answers. Then for every model X
and for every X-valuation p, X = ¢ D /5, 3Yic;, therefore

T EcD Vi, B

As T U {3(c A —3Yic)}; is unsatisfiable, by applying the compactness
theorem of first-order logic there exists a finite part {ci}1<i<n,

st. T =cD Vi, Y. O
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First-order theorem proving in CLP(H)

Prolog can be used to find proofs by refutation of Horn clauses
(with a complete search meta-interpreter).
P,¥(—A) is unsatisfiable iff P |= 3(A) iff A —* 0.

Groups can be axiomatized with Horn clauses with a ternary
predicate p(x, y,z) meaning x x y = z.

clause(p(e,X,X)).

clause(p(i(X),X,e)).

clause((p(U,Z,W) :- p(X,Y,U0), p(Y,Z,V), p(X,V,W))).
clause((p(X,V,W) :- p(X,Y,U0), p(Y,Z,V), p(U,Z,W))).
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Theorem proving in groups

To show i(i(x)) = x by refutation,
we show that the formula =Vx p(i(i(X)), e, X) is unsatisfiable
By Skolemization we get the goal clause —p(i(i(a)), e, a)

| 7= solve(p(i(i(a)),e,a)).

depth 2

yes

| 7- solve(p(a,e,a)).
depth 4

yes

| ?- solve(p(a,i(a),e)).
depth 3

yes
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Theorem proving in groups (cont.)

To show that any non empty subset of a group, stable by division,
is a subgroup we add two clauses

clause(s(a)).
clause((s(Z) :- s(X), s(Y), p(X,1(Y),Z2))).

and prove that s contains e and i(a).

| 7- solve(s(e)).
depth 4

yes

| 7- solve(s(i(a))).
depth 5

yes
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Higher-order theorem proving in CLP()\)

Church'’s simply typed A-calculus
t = vt —t
e:t n=x:t|(Mx:tre:tr):ti > t|(er:ti1 = ta(ex:tr)): o

Theory of functionality

Ax.e1 =q Ay.eily/x] if y & V(e1),
(Ax.e1)e2 —p ei[er/x]

=o . —g Is terminating and confluent

e1 =qp € Iff |ger = lpge.

Equality is decidable, but not unification...
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Theorem proving in CLP(\)

Theorem 36 (Cantor's Theorem)

NN /s not countable.

Proof.

By two steps of CSLD resolution!

Let us suppose 3h: N —- (N—-N)Vf:N—N3n:N h(n)=f

After Skolemisation we get VF h(n(F)) = F, i.e. VYF —h(n(F)) # F.

Let us consider the following program G#H «— G(N)#H(N).
N # s(N).

We have h(n F) # F —° (h(n F))(I) # F(I) — O

where the unifier oo ={G=h 11, I =n(F), F=Xi.s(hii), H=F}

is Cantor's diagonal argument! L]
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Negation as Failure

A derivation CSLD is fair if every atom which appears in a goal of
the derivation is selected after a finite number of resolution steps.
A fair CSLD tree for a goal G is a CSLD derivation tree for G in
which all derivations are fair.

A goal G is finitely failed if G has a fair CSLD derivation tree to
G, which is finite and which contains no success.

p = p-

| ?- member(a,[b,c,d]).
no

| ?- p, member(a, [b,c,d]).
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Logical semantics of finite failure?

Horn clauses entail no negative information: the Herbrand's base
By is a model.

On the other hand, the complement of the least X'-model M,;Y is
not recursively enumerable.

Indeed let us suppose the opposite. We could define in Prolog the
predicates:

e success(P,B) which succeeds iff Mp = 3B, i.e. if the goal B
has a successful SLD derivation with the program P

e fail(P,B) which succeeds iff Mp = =3B
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Undecidability of M

loop:- loop.
contr(P) :- success(P,P), loop.
contr(P):- fail(P,P).

If contr(contr) has a success,

then success(contr, contr) succeeds,

and fail(contr,contr) doesn't succeed,

hence contr (contr) doesn't succeed: contradiction.

If contr (contr) doesn't succeed,
then fail (contr,contr) succeeds,
hence contr(contr) succeeds: contradiction.

Therefore programs success and fail cannot exist.
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Clark’s completion

The Clark’s completion of P is the set P* of formulas of the form
VX p(X) < (AY1ct ANATA L AAL)V .V (3Yiek ANAE A LA AR )
where the p(X) < ci|Al, ..., A;, are the rules in P and Y;'s the
local variables,

VX=p(X) if p is not defined in P.

Example 37

CLP(H) program p(s(X)):- p(X).

Clark’s completion P* = {Vx p(x) <> 3y x =s(y) A p(y)}-
The goal p(0) finitely fails, we have P*, CET = —p(0).
The goal p(X) doesn't finitely fail,

we have P*, CET (= —3X p(X) although P* =4 —3X p(X)
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Supported X-models

Proposition 38
i) | is a supported X-model of P iff ii) | is a X-model of P* iff iii)
| is a fixed point of TF),(.

Proof.

I is a X-model of P*

iff 1 is a X-model of V.X p(X) < ¢1 V ... V ¢ for every formula

VX p(X) < @1V ...V @y in P,

iff I is a post-fixed point of T2, i.e. . T3 (/) C .

| is a supported X-interpretation of P,

iff I is a X-model of VX p(X) — ¢1 V ... V ¢ for every formula

VX p(X) < @1V ...V @i in P*,

iff 1 is a pre-fixed point of T3, i.e. | C T (/).

Thus i) | is a supported X-model of P iff ii) | is a X-model of P* iff jii)
| is a fixed point of T2 . L]
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Models of the Clark's completion

Theorem 39

i) P* has the same least X-model than P, I\/If;( = /\/If;(*
i) PEx cDAIffP*=x c DA, forall c and A,

i) P,T =cDAIffP*,T EcDA.

Proof.

i) is an immediate corollary of full abstraction and least X-model
theorems.

For iii) we clearly have (P,7 |=c D A) = (P*,7 |= ¢ D A). We show
the contrapositive of the opposite, (P,7 £ c D A) = (P*,7 £ c D A).
Let / be a model of P and 7, based on a structure X, let p be a
valuation such that / = —-Ap and X = cp.

We have M7 = =Ap, thus M7, = —Ap, and as 7 |= cp, we conclude
that P*, 7 £ c D A

The proof of ii) is identical, the structure X being fixed. O
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Soundness of Negation as Finite Failure

Theorem 40
If G is finitely failed then P*,T = —G.

Proof.

By induction on the height h of the tree in finite failure for G = ¢|A, «
where A is the selected atom at the root of the tree.

In the base case h = 1, the constrained atom c|A has no CSLD transition,
we can deduce that P*,7 = —(c A A) hence that P*, T = —-G.

For the induction step, let us suppose h > 1. Let Gy, ..., G, be the sons
of the root and Yj, ..., Y, be the respective sets of introduced variables.
We have P*, 7 = G < 3Y; G V...V 3, G,. By induction hypothesis,
P*,T | —G; for every 1 < i < n, therefore P*, 7 E —G. L]
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Completeness of Negation as Failure

Theorem 41 ([JL87])
If P*,T |= =G then G is finitely failed.

We show that if G is not finitely failed then P*,7,3(G) is satisfiable. If
G has a success then by the soundness of CSLD resolution, P*,7 = 3G.
Else G has a fair infinite derivation G = ¢|Gy — ¢1|G1 — ...

For every i > 0, ¢; is 7 -satisfiable, thus by the compactness theorem,

Co = U i is T-satisfiable. Let X’ be a model of 7 s.t. X |=3(c,).
Let fo = {Ap | A€ G; for some i >0 and X |= c.p}. As the derivation
is fair, every atom A in Iy is selected, thus ¢,|A — ¢, |Aq, ..., A, with
[cu|A]U ... U[cu|An] C lo. We deduce that Iy € T (Ip). By
Knaster-Tarski's theorem, the iterated application up to ordinal w of the
operator Tx from I leads to a fixed point I s.t. o C /, thus [c,|Go] € .
Hence P*,3(G) is X-satisfiable, and P*,7,3(G) is satisfiable.
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The Paradigm of Constraint Programming

memory of values
programming variables

Vi

X

A

Q
&

memory of constraints
mathematical variables

X; € [3,15]
Za,-X,- > b
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Concurrent Constraint Programs

Class of programming languages CC(X') introduced by Saraswat
[Sar93] as a merge of Constraint and Concurrent Logic
Programming.

Processes P:=DA
Declarations D ::= p(X) =A,D | ¢
Agents Az=tell(c) |VX(c = A) |A||A| A+ A| 3xA | p(X)

CC agent CC agent

Constraint Store
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Translating CLP(&X) into CC(X)
Declarations

CLP(X) program:

A«—c|B,C
A—d|D,E
B«—e

equivalent CC(X’) declaration:

A = tell(c)||B||C + tell(d)||D||E
B = tell(e)

This is just a process calculus syntax for CLP programs. ..
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Translating CC(X’) without ask into
CLP(X)

(CC agent)’ = CLP goal

(tell(c))! =c

(Al B)f =Al BT

(A+B) = p(X) where X = fv(A) U fv(B) and
p(X) — Al
p(x) — BT

(3x AT = q(¥) where y = fv(A) \ {x} and
q(y) — AT

(PENT = p(X)

The ask operation ¢ — A has no CLP equivalent.

It is a new synchronization primitive between agents.
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CC Computations

Concurrency = communication (shared variables)
+ synchronization (ask)

Communication channels, i.e. variables, are transmissible by agents
(like in m-calculus, unlike CCS, CSP, Occam,...)

Communication is additive (a constraint will never be removed),
monotonic accumulation of information in the store (as in CLP, as
in Scott’s information systems)

Synchronization makes computation both data-driven and
goal-directed.

No private communication, all agents sharing a variable will see a
constraint posted on that variable,

Not a parallel implementation model.
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CC(X) Configurations

Configuration (X; c¢;I'): store ¢ of constraints, multiset I of agents,
modulo = the smallest congruence s.t.:

cFxd
c=d

z & fv(A)
JyA = 3zA[z/y]

X-equivalence

a-Conversion

Parallel (X ¢, Al B,T)=(X,c;A B,T)
Hiding - y ¢ fV(C;r) — y g fV(C7 E)
(X% cIVAT) =X,y AT) (Xy;alN)=(X¢T)
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CC(X) Transitions

Interleaving semantics

() =A)eD
(X% cip(y),T) — (X;c; AT)

Procedure call

Tell (X c; tell(d),T) — (X%;c A d;T)

chx d[?/?]
;C;V}_/’(d — A), F) — ()_f, C;A[?/y]’ r)

Ask

X1

(

Blind choice (X, c;A+ B, T) — (X, ¢, AT
(local/internal) (X;c;A+ B,T) — (X;¢; B, T

~_ —
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CC(X) extra rules

ckx g
e Xici — AT — (X ¢ A, T)

Guarded choice

x|

(

(global /external)

C l_X -d
X;c;Vy(d — A),IN) — (X, ¢;T)

AskNot

—
X

(X, e;T) — (X, d;T")
(X6 (M A), ) — (X:d; (I A),9)

Sequentiality

(X6, (0;1),A) — (X, d;T,A)
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Properties of CC Transitions (1)

Theorem 42 (Monotonicity)

If (X;¢;T) — (¥;d; A) then (X;cANe;T,X) — (V;d ANe; AX) for
every constraint e and agents A.

Proof.

tell and ask are monotonic (monotonic conditions in guards). [

Corollary 43
Strong fairness and weak fairness are equivalent.
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Properties of CC Transitions (2)

A configuration without + is called deterministic.

Theorem 44 (Confluence)

For any deterministic configuration x with deterministic
declarations,
if Kk — K1 and kK — ko then k1 — k' and ko — K’ for some K.

Corollary 45

Independence of the scheduling of the execution of parallel agents.
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Properties of CC Transitions (3)

Theorem 46 (Extensivity)
If (%;¢;T) — (V; d; A) then 3yd Fx 3Xc.

Proof.

For any constraint e, c Aely c. O
Theorem 47 (Restartability)

If (X, ¢;T) =* (v, d; A) then (X;3yd;T) —=* (v; d; D).

Proof.

By extensivity and monotonicity. [
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CC(X) Operational Semanticssss

observing the set of success stores,
Oss(D.A;c) ={3xd € X |(0; c; A) —" (X: d; €)}

observing the set of terminal stores (successes and
suspensions),

Ows(D.A c) ={3xd € X |(0; c; A) —* (X, d;T) +—}
observing the set of accessible stores,
Oa5(D.A;c) ={3Xd € X |(0;c; A) —™ (X, d; B)}
observing the set of limit stores?

Ox(D.A; o) = {U2{3Xici}ix0l(0; cos A) — (x1;¢1:T1) — ...}
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CC(H) 'append’ Program(s)

Undirectional CLP style

append(A, B, C) = tell(A = [])||tell(C = B)
+tell(A = [X|L])||tell(C = [X|R])||append(L, B, R)

Directional CC success store style
append(A,B,C) = (A= ] — tell(C = B))
+VX, L (A= [X]|L] — tell(C = [X|R])||append(L, B, R))

Directional CC terminal store style
append(A,B,C) = A= — tell(C = B)
VX, L (A= [X|L] — tell(C = [X|R])l|append(L, B, R))
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CC(H) 'merge’ Program

Merging streams
merge(A,B,C) = (A=]] — tell(C = B))
(B =] — tell(C = A))
+VX, L(A = [X|L] — tell(C = [X|R])||merge(L, B,
+VX, L(B = [X|L] — tell(C = [X|R])||merge(A, L,
Good for the Oss observable(s?)

R))
R))
Many-to-one communication:
client(C1,...)
client(Cn, ...)
server([C1,...,Cn],...) =
ST VX, L(Ci = [X|L] — ...||server([C1, ..., L,...,Cn], ...)
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CC(FD) Finite Domain Constraints

Approximating ask condition with the Elimination condition

EL: cAT — T
if 7D = co for every valuation o of the variables in ¢ by values of
their domain.

ask(X > Y + k) = min(X) > max(Y) + k

asknot(X > Y + k) = max(X) < min(Y)+ k

ask(X #Y) = max(X) < min(Y)V min(X) > max(Y)
a better approximation:

= (dom(X) N dom(Y) = 0)
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CC(FD) Constraints

Basic constraints
(X>Y+k)y= Xinmin(Y)+ k. ool Yin0. max(X)—k

Reified constraints

(B&X=A)= Bin0.1|
X=A—-B=1||X#A—=B=0]]
B=1-X=A||B=0—->X#A

Higher-order constraints
card(N, L) = L=[]—-N=0|
L=[C|S] —
AB,M (B< C || N=B+ M || card(M, S))
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Andora Principle

“Always execute deterministic computation first”.

Disjunctive scheduling:

deterministic propagation of the disjunctive constraints for which
one of the alternatives is dis-entailed:

card(L, [x > y + dy. y > x + )

before creating choice points:

(x>y+dy)+(y=>x+d)
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Constructive Disjunction in CC(FD) (1)

ckye dbye
cVdbkye

Intuitionistic logic tells us we can infer the common information to
both branches of a disjunction without creating choice points!

VL

max(X,Y,Z)=(X>Y||Z=X)+ (X <=Y||[Z=Y)
or
max(X,Y,Z)=X>Y 5 Z=X+X<=Y =Z=Y.
or
max(X,Y,Z)=X>Y > Z=X||X<=Y > Z=Y.
better?
max(X,Y,Z) = Z in min(X)..co || Z in min(Y)..00

|| Z in dom(X) U dom(Y')

ZIINRIA



Constructive Disjunction in CC(FD) (2)

Disjunctive precedence constraints

disjunctive(T1, D1, T2, D2) =
(T1>= T2+ D2)+
(T2 >= T1+ D1)

Using constructive disjunction

disjunctive(T1,D1, T2, D2) =
T1 in (0..max(T2) — D1) U (min(T2) + D2..00) ||
T2 in (0..max(T1) — D2) U (min(T1)+ D1..00)
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Deterministic CC

Agents:
Acz=tell(c) | c = A|A| A|3IxA | p(X)

e No choice operator

e Deterministic ask.

Replace non-deterministic pattern matching
VX(c — A)
by deterministic ask and tell:

(IXc) — Ix(tell(c)||A)
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Denotational semantics: input/output
function

Input: initial store ¢
Output: terminal store ¢ or false for infinite computations

Order the lattice of constraints (C, <) by the information ordering:
Ve, deCc<diffdFy ciff T d CT c where
Te={deC|c<d}

[D.A]:C—Cis
@ Extensive: Vc ¢ < [D.A]c
® Monotone: Vc,d ¢ < d = [D.A]c < [D.A]d
© Idempotent: Vc [D.A]c = [D.A]([D.A]c)

i.e. [D.A] is a closure operator over (C, <).
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Closure Operators

Proposition 48

A closure operator f is characterized by the set of its fixpoints
Fix(f).

Proof.

We show that £ = Ax.min(Fix(f)N T x).

Let y = f(x). By idempotence and extensivity, y € Fix(f)N T x.
By monotonicity y = f(x) < f(y’) for any y’ €7 x.

Hence, if y' € Fix(f)N T x then y <y’ O
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Semantic Equations

Let [] : D x A — P(C) be a closure operator presented by the set

of its fixpoints, and defined as the least fixpoint set of the
equations:
[D.tell(c)] =T¢c (= As.s A <)
[D.c = A] =(C\Tc)u(T cn[D.A])

(~ Xs. if s ¢ c then [D.A]s else s

)
[D.A||B] = [D.A]N[D.B] (= Y(As.[D.A][D.B]s)
[['D.HXAH = {d | cc [[D.A]], dxc = E|Xd} (=~ As.3x[D.A]3xs)
[D.p(X)] = [D.AX/Y]] if p(y) =AED (=457

Theorem 49 ([SRP91])

For any deterministic process D.A

[DANT c)} if[D.A] £ 0

otherwise

Ou(D.A;c) = { émi”(
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Constraint Propagation and Closure
Operators

An environment E : V —2P associates a domain of possible values
to each variable.

Consider the lattice of environments (£, C), for the information
ordering defined by E C E’ if and only if Vx € V, E(x) D E'(x).

The semantics of a constraint propagator ¢ can be defined as a
closure operator over £, noted ¢, i.e. a mapping £ — & satisfying
@ (extensivity) E C ¢(E),
® (monotonicity) if E C E’ then ¢(E) C ¢(E)
©® (idempotence) ¢(c(E)) = ¢(E).
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Example in CC(FD)

Let b= (x> y) and c = (y > x).
Let E(x) = [1,10], E(y) = [1, 10] be the initial environment

we have

bE(x) = [2,10]
- CE(x) = [1,9]
(bUT)E(x) = [2,9]

The closure operator b, ¢ associated to the conjunction of
constraints b A ¢ gives the intended semantics:

b, cE(x) = Y(As.b(e(s)))E(x) = 0
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Chaotic lteration of Monotone Operators

Let L(C, L, T,U,M) be a complete lattice, and F : L" — L" a
monotone operator over L" with n > 0.

The chaotic iteration of F from D € L" for a fair transfinite choice
sequence < J° : § € Ord > is the sequence < X% >:

X0 =D,
X0t = F(X0) if i € SO, X1 = X;° otherwise,
X% = Llp<sXi® for any limit ordinal 4.

Theorem 50 ([CC77])

Let D € L" be a pre fixpoint of F (i.e. D T F(D)). Any chaotic
iteration of F starting from D is increasing and has for limit the
least fixpoint of F above D.
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Constraint Propagation as Chaotic
lteration

Corollary 51 (Correctness of constraint propagation)

Let c = a1 A ... A an, and E be an environment. Then €(E) is the
limit of any fair iteration of closure operators ai, ...,a, from E.

Let F: L"T1 — [™1 be defined by its projections F;'s:

E :El(E) = Fl(Ela SRR Ena E)
E = 52(E) = Fg(El, .o, En, E)

E, = 3(E) = Fo(Ey, ..., Epn, E)
E:Elﬂ'--ﬂEn:F,H_l(El,...,E,,,E)

The functions F;'s are obviously monotonic, any fair iteration of
ai, ..., an is thus a chaotic iteration of Fq, ..., Fht1 therefore its

limit is equal to the least fixpoint greater than E, i.e. T(E).
ZIINRIA



Denotational Semantics of
Non-deterministic CC

Problem: the set of terminal stores of a CC process with one step
guarded choice (i.e. global choice) is not compositional:

A= ask(x = a) — tell(y = a)
+ ask(true) — tell(false)
B = tell(x =aNny = a)

A and B have the same set of terminal stores
T{x=aAy=a}
(with global choice C\ 1 (x = a) is not a terminal store for A)
but that is not the case for IxB and 3xA

y = ais a terminal store for 3xB and not for IxA...
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Non-deterministic CC(&X") with Local
Choice (1)

The set of terminal stores of a CC process with blind choice can be
characterized easily by adding the semantic equation:

[D.A+ B] = [D.AJU[D.B]

Theorem 52 ([dBGP96])

[D.A] = U.ee Ous(D.A; c)

but the input-output relation cannot be recovered from [D.A]:

[tell(true)] =C
[tell(true) + tell(c)] =C

Oqs(tell(true); true) = {true}
Oys(tell(true) + tell(c); true) = {true, c}

Idea: define [] : D x A — P(P(C)) to distinguish between

branches.
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Non-deterministic CC(&X") with Local
Choice (2)

Let [ : D x A — P(P(C)) be the least fixpoint (for C) of

[D.d = {1¢}

[D.c » A] = {C\1c}U{TcnX|X e [D.A]}
[DAIB] = {XNY|X¢e[DA], Y e[D.B]}

[D.A+B] = [D.AJU[D.B]
[D3xA] = {{d|3xc=3xd, c € X}|X € [D.A]}
[Dp(R)] = DA/

Theorem 53 ([MFP97])

For any process D.A,
Ots(D.A; ¢) = {d| there exists X € [D.A] s.t. d = min(T cN X)}.
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'merge’ Example Revisited

Merging streams
merge(A, B, C) =
(A=[ — tell(C = B)) |
(B=[- fe//(C A)) |l
(VX, L(A = [X|L] — tell(C = [X|R])||merge(L, B, R)) +
VX, L(B = [X|L] — tell(C = [X]|R])||merge(A, L, R)))

Do we have the expected terminal stores?
No!

for merge(X, [1|Y], Z) we don't get 1 in Z, the merging is not
greedy. . .

ZIINRIA



Sequentiality

Let us define a new operator, e, as follows:

(X;c;A) — (Y:d;B)

(X;c;AeC.,T) — (Y;d;Be C.,T) (X;c;0e0A) — (X; c; A)

We can characterize completely the observables of any CCseq
program, D.A, by those of a new CC (without e) program, D*.A®,
in a new constraint system, C*.
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Proof

Let ok be a new relation symbol of arity one. C® is the constraint
system C to which ok is added, without any non-logical axiom.
The program D*.A® is defined inductively as follows:

(p(y) =A)" =
A* =

X ® X0 X0 X0 X0 X0 X6e

p*(x,y) = A%

XA

tell(c A ok(x))

p*(x,¥)

Ay, 2(A} || B || (ok(y) A ok(z)) — ok(x))
A, + By

VZ(c[Z/y] — AlZ/Y]3) with x & Z
AzA[z/y]5, with z # x

Jy(AS || ok(y) — BR)
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Logical Semantics of CC?

e CC calculus is sound but not complete
w.r.t. CLP logical semantics (interpreting asks as tells)

e Interpreting ask(c — A) as logical implication leads to
identify CC transitions with logical deductions:

cked p(X) Fp Af
cA(d— At)F c A AT c A p(X)F cAAf

left —

(reverses the arrow of CLP interpretation...)

e To distinguish between successes and accessible stores
agents shouldn’t disappear by the weakening rule:

MN-c¢
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Linear Logic

Introduced by Jean-Yves Girard in 1986 as a new constructive
logic without the asymmetry of intuitionistic logic (sequent
calculus with symmetric left and right sides)

Logic of resource consumption
AR A }7/“_ A

A®(A—OB)|—LLB
A (A—B)l/LLA®B

IA provides arbitrary duplication (unbounded throwable

resource)
!A@(A—O B) Fii ' AR Bt B

Sequent calculus without weakening and contraction
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Intuitionistic Linear Logic

Multiplicatives

ABFC THFA AFB TFA ABFC T,AFB
ABFC T,AFA@B AT, A -BFC TFA B

Additives
NAEC I,B-C M= A r-B
NNMAeBEC Ao B FrFA9 B
NAEC BEC r'-A Ir-B
NA&BFEC NNA&BEC r-A&B
Constants
= A [
F1FA 1 1+ =T r=T oA
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Intuitionistic Linear Logic (cont.)

Axiom - Cut
FA AAFB
AF A )
ATFB
Bang
AFB  T,IAIAFB e M- A
MIAF B MIAF B LIAFB  ITHA
Quantifiers
M Alt/x]F B M- A
[VxAF B a7 0
rAFB [ Alt/x]
F3ar g <% (T B) [F 3xA
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Intuit. Linear Logic = the Logic of CC

agents
Translation:
(c—A)f=c—-A (A B) =A B! tell(c)t =lc
(A+ B)f = At & BT (3xA)t = IxAl p(X)T = p(*

(X; ;N =3X(lea T
Axioms: lc tld for all c k¢ d p(X) - Al for all p(X) = A€ D

Soundness and Completeness

If (¢;T) —cc (d: A) then ¢l @ T k0 py df @ AT

If Af FiLe(c,p) € then there exists a success store d such that
(true; A) —cc (d;0) and d ¢ c.

If Af FiLee,py € ® T then there exists an accessible store d such
that (true; A) —cc (d;T) and d ¢ c.
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Soundness

Theorem 54 (Soundness of transitions)

Let (X;c;T) and (Y; d; A) be CC configurations.

If (X;c;N) = (Y;d;A) then (X;c; I_)T—||—,LL(C7D)(Y; d; A)T.
If (X;c;T) — (Y;d;A) then (X;c; )t Fie,py (Yid; A

Proof.

By induction on =. Immediate.

By induction on —.

The choice operator + is translated by the additive conjunction &,
which expresses “may” properties: A& B+ Aand A& B+ B. [
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Completeness |

Theorem 55 (Observation of successes)

Let A be a CC agent and ¢ be a constraint.

If AT FiLL(c,p) € then there exists a constraint d such that
(0;1; A) — (X; d; D) and 3Xd ¢ c.

Proof.

By induction on a sequent calculus proof 7 of A;f, ..., A,
FiLe,p) ¢

where the A;'s are agents and ¢ is either a constraint or a
procedure name.

O
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Completeness ||

Recall that T is the additive true constant neutral for & .

Theorem 56 (Observation of accessible stores)

Let A be a CC agent and c be a constraint.

If Af FiLee,py € ® T, then c is a store accessible from A,

i.e. there exist a constraint d and a multiset [ of agents such that
(0;1; A) — (X;d;T) and 3Xd ¢ c.

Proof.

The proof uses the first completeness theorem, and proceeds by
an easy induction for the right introduction of the tensor
connective in c® T. O

ZIINRIA



Observing “must” Properties

Properties true on all branches on the derivation tree.
Redefine the operational semantics by a rewriting relation on
frontiers, i.e. multisets of configurations

Blind choice

(X;c;A+ B),®) = ((X;c;A),(X;c; B),d)
Tell
((X;c; tell(d),T),®) = ((X;cAd;T),d)

Ask
cked®e

(X;c;e—=AT),d) = ((X;d;AT), o)

Procedure calls

(p(Y)=A) €D
(Xieip(y), 1), ®) = (X AT), )
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Translating the Frontier Calculus in LL
with @

Translate
(A+ B)i = At @ B!

(X; c; A), ®)F = 3X(ct @ AY) @ o

same translation for the other operations

Theorem 57 (Soundness of transitions)

Let ® and V be two frontiers.
If® =V then (q>)i+,LL(C7D)(\u)1.
If ® = W then O by (c.py WE.
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Completeness Il for “must” Properties

Theorem 58 (Observation of frontiers’ accessible stores)

Let A be a CC agent and c be a constraint.

II‘-Ai l_ILL(C,D) cRT

then ((0;1; A)) = ((X1;d1;T1), ey (Xni dni Th)) with
Vj 3Xjdj Fc ¢

Theorem 59 (Observation of frontiers' success stores)
Let A be an CC agent and c be a constraint.
If:Ai l_ILL(C,D) c

then ((0;1; A)) = (X1; d1; 0), ..., (Xn: dn: 0)) with ¥j 3Xid; Fe ¢
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Logical Equivalence of CC programs

Let P =D.A be a CC(C) process.
Corollary 60

If Py iemy P
then Oss(P) = Oss(P’) (same set of success stores)
and O,s(P) = Oa5(P') (same set of accessible stores).

Corollary 61

If Py cmy P

then P and P’ have the same set of accessible stores on all
branches

and the same success frontiers.
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Proving Properties of CC Programs

e Proving logical equivalence of CC programs with the sequent
calculus of LL:
o focusing proofs (deterministic rules for the additives first)
e lazy splitting (input/output contexts for the multiplicatives)
e Proving safety properties of CC programs with the phase
semantics of LL [FRS98]
Soundness gives I ;1 A implies YPVn P,n = (I - A).
IP,n, st. P,n = (T A) implies T 7)1, A.

Corollary 62

To prove a safety property (c, A) + (d, B), it is enough to show
that 9 a phase space P, a valuation n , and an element
a € n((c, A)") such that a ¢ n((d, B)").
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Implementations of LL Sequent Calculi

e Forum [Miller&al.] specification languages based on LL
e LO [Andreoli] Property of “focusing proofs” in LL
e Lolli [Cervesato Hodas Pfenning] Search for “Uniform proofs”

e Lygon [Harland Winikoff] Linear Logic Programming language
Problem of lazy splitting:

FAT FB,A
FA®B.T,A

(®)

First idea:
FA—-(I,A),A +B,A

FA®B.T,A (®)

e problems with the rules for ! and for T...

e stacks are necessary
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Linear Constraint Systems (C, F¢)

C is a set of formulas built from V, ¥ with logical operators: 1, ®,
Jand I;

IFeC C x C defines the non-logical axioms of the constraint system.
Fc is the least subset of C* x C containing I-¢ and closed by:

NckHFd AbFc C 1 N-c
MNAFd MNikc

lFa AbFca Ta,aoFc TFEct/x] MNckd

NMAFag®eo T§NRa®obc TTHF3Ixec Tdxckd
MNNeHd THd MN-d MNlc,le-d
MNlekd ITHEld T,lcekd MNlckd

ckc

x ¢ fv(l,d)

A synchronization constraint is a constraint not appearing in IF¢

ZIINRIA



Linear-CC(C) Operational Semantics

XN =X, T — (Y d, M) = (Y d; D)
(X;cT)— (Y:d; A)

Equivalence

Tell (X;c; tell(d),T) — (X;c®d;T)

Ask ched[t/y]®e _
(X;e:Vy(d — A),IN) — (X; e Alt/y],T)

Hiding y & XU fv(c,IN

(X;c;3yAT) — (XU {y};c;AT)

(p(y)=A)eD
(X;cip(y),T) — (X;c; A T)

Procedure calls

Blind choice (X;c;A+B,T) — (X;c;AT)
(¥ -~ A LRT _ . (X -~RT) i INRIA



An LCC(FD) program for the dining
philosophers

Goal(N) = RecPhil(1,N).
RecPhil(M,P) =
M # P — (Philo(M,P) || fork(M) || RecPhil(M+1,P))

M =P — (Philo(M,P) | fork(M).

Philo(I,N) =
(fork(I) ® fork(I+1l mod N)) —
(eat(I) ||
eat(I) — (fork(I) || fork(I+1 mod N) ||
Philo(I,N))).

Safety properties: deadlock freeness, two neighbors don't eat at
the same time, etc.
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Encoding Linda in LCC(H)

Shared tuple space

Asynchronous communication (through tuple space)
input consumes the tuple, read doesn’t

One-step guarded choice

Conditional with else case (check the absence of tuple) not
encodable in LCC.
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Encoding the m-calculus in LCC(H)

e Direct encoding of the asynchronous 7-calculus:

[0] =1

[(v)P] = Jy[P]

[xy.0] = tell(c(x,y))
[x(y).-P] = Vyc(x,y)—[P]
[P|Q] = [PII[Q]
[x=y]P] = (x=y)—[P]
[P+Q = [PI+[Q]

e The usual (synchronous) m-calculus can be simulated with a
synchronous communication protocol.
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Producer Consumer Protocol in LCC

P = dem — (pro || P)
C = pro — (dem || C)
init = dem” | P™ || Cck

Deadlock-freeness: init +—;cc dem” || P™ || C¥' | pro’, with
either  =/'"=00orm =0or k=0

Number of units consumed always < number of units produced:
P = dem — (pro || P || VX (np=X — np=X+1))

C = pro — (dem || C || VX (nc=X — nc=X+1))

init = dem” || P™ || CX || np=0 || nc=0

init +—;cc dem” || pro’ || P™ || ¢ || np=np, || nc=ncg

with ncg > np,
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Tell

Ask

Hiding

Proc. call

Choice

Congy.

LCC Operational Semantics

(X;c; tell(d),T) — (X;c®d;TN)

cke d®e[t/y]
(X;c;Vy(e — A),T) — (X; d; Alt/¥],T)

y & XUfv(c,T)
(X;c; A T) — (XU {y};c; AN

(X5, A+ B,T) — (X; ;AT
B,T) — (X;¢; B,TN

z & fv(A)
JyA = 3zA[z/y]

AllB=B|A All(BIIC)=

(Al B)II €
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An LCC(FD) program for the dining
philosophers

Goal(N) = RecPhil(1,N).

RecPhil (M,P) =
M % P — (Philo(M,P) || fork(M) || RecPhil(M+1,P))
|

M =P — (Philo(M,P) | fork(M).

Philo(I,N) =
(fork(I) ® fork(I+1 mod N)) —
(eat (I) ||
eat(I) — (fork(I) || fork(I+1 mod N) ||
Philo(I,N))).
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CC(FD) in LCC(H)

fd(X) = tell(min(X,min_integer) ® max(X,max_integer))
Yx>1y+c’ (X,Y,C) =

min(X,MinX) ® min(Y,MinY) ® (MinX<MinY+C)

— (tell(min(X,MinY¥+C) ® min(Y,MinY))

|| ?x>1y+c’ (X,Y,C))

x>y+c (X,Y,0) = 2x>1y+¢’ (X,Y,0) || *x>uy+c’ (X,Y,0)
’ask(x>y)—a’ (X,Y,A) =

min(X,MinX) ® max(Y,MaxY) ® (MinX>MaxY)

— A || tell(min(X,MinX) ® max(Y,MaxY))

CC(FD) propagators, including indexicals, are now easily
embedded in LCC.

Imperative variables allow a finer control, which is necessary for
certain constraint solvers, see for instance the implementation of a

Simplex solver in LCC [Sch99].
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Logical Semantics

Simple translation of LCC into ILL:

tell(c)’ = ¢ p(X)" = p(x)
Vi(c — A)f =y (c — AT (A B)t = AT @ BT
(A+B) = AT & BT (IxA)T = IxAT

ILL(C, D) denotes the deduction system obtained by adding to
intuitionistic linear logic the axioms:

e ckd forevery clke din lFe,
o p(X) - AT for every declaration p(X) = A in D.

Same soundness/completeness as CC.
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Phase Semantics
A phase space P = (P, x,1,F) is a structure such that:

® (P, x,1) is a commutative monoid.

@ the set of facts F is a subset of P such that: F is closed by
arbitrary intersection, and for all A C P, for all F € F,

A—oF={xeP:VYac AaxxcF}is a fact.

We define the following operations:
A&B=ANB

ARB=({FEF:AxBCF} AeB=(){FeF:AUBCF}
A=({FeF:(JACF wA=({FeF:(()A)CF}

We'll note T the fact P, 0 = ({F € F} and

1=({FeF|leF}. —



Interpretation

Let 17 be a valuation assigning a fact to each atomic formula such
that: n(T) =T, n(1) =1 and n(0) = 0.
We can now define inductively the interpretation of a sequent:
n(lr'E A) =n(l) — n(A) n(l) =1if I is empty
n(F,A) =n(M) @n(d)  n(A® B) = n(A) @n(B)
n(A& B) =n(A) &n(B)  n(A— B)=n(A) —n(B)

We then define the notion of validity as follows:
P.n= (I A)iff 1 €n(E A), thus n(I') C n(A).

Soundness:

Iy Aimplies VP, Vn, P, n = (= A).
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Phase Counter-Models

We impose to every valuation 7 to satisfy the non-logical axioms of
ILLe p:

e n(c) C n(d) for every c k¢ d in I¢,
o 1(p) C n(A") for every declaration p = A in D.

The contrapositive of the two soundness theorems becomes:

Theorem 63
to prove a safety property of the form

(X;c;A) +— (Y d; B)
It is enough to show

3P, 3, Ja € n((X; c; A)Y) such that a & n((Y; d; B)T).
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Producer Consumer Protocol in LCC

P = dem — (pro || P)
C = pro — (dem || C)
init = dem” | P™ || Ck

Deadlock-freeness: init +— dem” || P™ || X' || pro’, with either
n=1"=0orm=00rk'=0

Let us consider the structure (N, x, 1, P(N)), it is obviously a
phase space.

Let us define the following valuation:

n(P) = {2} n(C) = {3} n(dem) = {5} 7n(pro) = {5}

n(init) = {2m-3kK. 5"}
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Proof

e We have to check the correctness of 7:
Vp1 € n(P),3p2 € n(P),dem - p1 = pro - pp, hence
n(P) C n(body of P).
The same for C, and 7(init) = n(body of init).

e Instead of exhibiting a counter-example, we will prove Ab
absurdum that the inclusion
n(init) C n(dem” || P™ || c¥' || pro") is impossible.
Suppose n(init) C {5”/ com' 3K 5"} Comparing the power
of 5, 3 and 2, anything else than: n’ + /' = n and m" = m and
k" = k is impossible, and therefore if there is a deadlock
(" +1"=0%#n,0orm =0+#m, or K =0# k) n(init) is
not a subset of its interpretation and thus init does not
reduce into it, qed.
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Automatization

The search for a phase space can be automatized, if one accepts
some restrictions:

e always use the structure (N, x, 1, P(N));
[be careful that integers are invertible]

e always look for simple (singleton/doubleton /finite)
interpretations.
[might lead to confusions]
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