Second Order Types
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Loss of information I

Consider the function
I = )\ajT.m T — T

By the rule for application

I:T—T M:U<T
I(M): T

T herefore

Ozfaint) 2y =1,6=2): (a: int))

Second orderl

I VX <T.X - X

Two ways: I

1. Implicit polymorphism

2. Explicit polymorphism
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Implicit polymorphism I

No types in terms

.z Va.a — o (Azx.x)3 :int

r.alkx:a
A r.xioa— (3 =3t
F(Az.x)3: 0

[ = 4]

[ = int]

Subtypingl

Ar.((Ay.x)(x.l+ 3)) : Va{{:int).a — «

T herefore

Ar.((Ay.z)(xl+3))(({ =1, m = true)) : (£ :int,m : bool))
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Inference with subtyping

.ol o
. ToyYYE Tl a3 int ot xl:e
rakAyx . vy—p raoFxl4+3:90

zatF (MNy.x)(xl+3): 0

Fe.((Ay.x)(xld+3)):a— 3

Resulting type
Ve<lint . Val{li€) . a — «
Simplified
Va<({(l:iint) . a — «

0 = int, e<int

o<y



Explicit polymorphism I

AX Xz 0 VX.X - X

The programmer specifies the type

(AX 2 zX.2)(@nt)(3) > (™ .2)(3)

Subtypingl

AX < ((atint) Az .z
T he application

(AX < {aint) Az .z)({azint, biint)
has type

{(a:int, biint)) — ((a:int, biint))
thus

(AX < {(arint) dzxz) ((atint, biint))({a = 1,b = 3))
has type

{(a:int, biint))
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T = X | Top | T —T | Y(X<T)T
Témﬂsl
a = z | (Mzl.a) | ala)

| top | AX<T.a | a(T)

ReducUonl

(B) A\zl.a)(b) > a[z! = 1]

(5e) (AX<T.a)(T") > alX :=T"]
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Subtypingl

(refl) C+HT<T
CFHT7<T CEFT, <T
(trans) L=72 2 =73
C+Ty<Ts
(taut) O+ X <C(X)
(Top) C+HT < Top
(=) CHT1<S; CF So<T5
.
CEFS1— 5<I] — 1>
) CHT1<S; C,(X<Ty) F So<T5

C FV(X<81)Sy < V(XSTY)T»
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Type system I

[\VVars] C;TFx:I(x)
C:l(z:T)Fa:T’
[—Intro] (@ T) Fa
C;rr-Wala):T — T
_ cC;I'ra:S—-T C;IFbLS
[—>El|m]
C;TIkFa(b): T
[Top] C; I+ top: Top
C,(X<T); T kFaT
[VIntro]  (X<T) “
C: T +AX<T.a:V(X<T)T'
I FaV(X<S)T
[VElim] Ci T Fav(X<S)
C;Tka(S): T[X := 5]
C;:TFa:T CFHT' LT
[Subsump] “ —

C:Ikta:'T
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Transitivity eliminationl

c .i= Idy| X7 | Topp|c— | V(X<Zc)d |ccd
(refl) CHIdy:A<A
CI—CZTlgTQ Cl—C/ZTQSTg,
(trans)
Ckde: 17 <13
(taut) CU{XT}HXp: X<T
(Top) C' = Topp: T < Top

Cl—cliTiSTl Cl—CQZTQSTé

(=) C|—Cl—>CQIT1—>T2§T{—>Té

V)CFcliT{ <1 CU{XST{}I—CQZTQSTé
C \V/(chl)CQZ V(XSTl)TQ < V(XST{)Té

Theorem 5 Thereisa 1-1 correspondence be-
tween well-typed coerce expressions and sub-
typing derivations.

Giuseppe Castagna: Foundation of OOP (Tutorial Slides) 76 0 O



(s8pIIS [oLOIND) dOO JO UoloPUNOL bUBDISLD eddsesnio)

0 0 9/

The rewriting system

(Asc) (cd)e

(=) (c—=ad)(d —d)
(=") (c—d)(( —d)e) ((c'e) — (dd))e

(V) (V(X<Ze)d) (V(X<)d') V(X< )(dd'[X1: = cXg])
(V") (V(X<Ze)d) (V(XZ)d) ey (VXS ) (dd'[Xri=cXg]))e

c(de)
(dc) — (dd)

¢ ¢ ¢ ¢

Normal forms are subterms of (¢ — d) ey ... ep Or Of (V(X<
c)d)eq ... en Wherec,¢;,d,d; arein normal form and eq,...,en
are either X; or Topy. They normal forms correspond to
derivations in which every left premise of a (trans) rule is
a leaf. Thus, the rewriting system pushes the transitivity
up to the leaves.



Examplel

(c—=d)(( = d)e)~ ((e) = (dd))e

Theorem 6 (Soundness) If ¢ ~ d and C F
c.:A then CHd. A

Theorem 7 (Weak normalization) Every in-
nermost strategy for ~» terminates.
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Coherence I

Let ¢c: ST

(Idl) IdTC ~> C
(id'r) CICZS > C
(top) Toprc ~ Topg

(varTop) X10p ~ Topyx

Consider the composition of the rewriting sys-
tems:

Theorem 8 (normal forms) Every well-typed
coerce expression in normal form has the form
cocy...cn With n > 0, where co can be any co-
erce expression different from a composition
(of other coerce expressions) whose subformu-
lae are in normal form, and cq1...cn are vari-
ables.

Theorem 9 For every provable subtyping judg-
ment, there exists only one coerce expression

in normal form proving it.
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Coherence I

Theorem 10 (coherence) Let 1y and N> be
two proofs of the same judgment C = A. If
c1 and co are the corresponding coerce ex-
pressions then ci1 and c» are equal modulo the
rewriting system.

Shape of NFs and the subtyping algorithml

The normal forms of Theorem 8 correspond
to derivations in which every application of a
(trans) rule has as left premise an application
of the rule (taut).
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Subtyping algorithml

(AlgRefl) CH X<X
- X)<T
(AlgTrans) CroX) <
CHFXIST
(Top) CHT < Top
CHT1<S; CF So<Ts
(—)
CEFS1— 5<I] — 15
) CFHT1<S1 C,(X<Ty) F So<T>»

C FV(X<81)Sy < V(X<TY)T»

Giuseppe Castagna: Foundation of OOP (Tutorial Slides) 76 0 O



Typing algorithml

[\Vars] C;TIkFx:IN(x)
C;rM(zxT)Fa:T’
[—1]
C:TFXxla):T — T
C:lTFa:U C;TEFb.S CF SKS
[—El Bc(U)=8—T
C:TFa(b): T
[Top] C:; I top: Top
C.(X<T): Tk a:T’
- (X<T):TFa

C: T AX<T.a:V(X<T)T'

C:la:U CES' S
[VE] Bo(U) =V(X<S)T
C;IMkFa(9):T[X = 5]

Definition 2

[ Bo(C(X)) ifT=X
Fo(T) = { T otherwise
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Typing and subtyping algorithms are sound and complete

Sound and complete does not mean decidable!!

let =T and V(X)T denote T'— Top and V(X<Top)T"

Xo <V(Y)~(V(Z <Y)~Y) - Xo < V(X1<Xo0)—Xo
by applying AlgTrans:

Xo <V(Y)~(V(Z <Y)~Y) = V(X1)-(V(X2<X1)-X1) < V(X1<X0)—Xo
by applying (V):

Xo <V(Y)~(V(Z <Y)Y), X1<Xo I —(V(X25X1)—-X1) < —Xo

by the contravariance of (—):

Xo <V(Y)=(V(Z <Y)Y), X1<Xo F Xo < V(Xo<X1)-Xa

the same judgement as the one we started from.

Just semi-decidability holds

Kernel-Fun: compare quantifications with equal bounds.



