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cbYZv(P6UbgrSVYZ\_Q*r�SbN(P6Q YnQ��BP6cXSbYn[�g�SVP�SbN(PÆcb`8P6PRv*grS�o
N(Yn]�NHSVN�P{gBcXW ^a`�SV\BSbPÆYnc�gr`(`(Ub\_gB]�N(P6v)�
��Q�lD\_UX^�g�SVYn\BQ � N(PR\_UXWFcbP�SVc�SbN(P6\BUbPRSbYn]6gBf�fZYn^aYZSbcqSV\ISbN(P�`8P6U"lD\_Ub^4gBQ(]RP�\Bli]6\ v(YnQ([ SVPR]�N�s
Q(YZp j�P6c6�tsyj�SqY�Sqj(cXj0gBfZfZWÆv(\ P6ctQ(\BSt`(Ub\B`�\_cXP4P�Éa]6YnPRQ�SqSVPR]�N(Q(YZp j�P6cqSbN0grSt]�gBQügr`(`(Ub\_gB]�N
SVN�\_cbP�SVN�P6\_UXPRSVYZ]�gBf)fnYn^aYZSbc6k YZS+cX\_^aPRSVYZ^4PRc+[_YZ�BP6c
N(YZQ�Sbc6�

.0/vu¼/4w�5ACTx�>yH@J�P�zV=yH @_;#=¼E|{�JTH�@_;#=yH L

§0\_UA`(UVgB]�SVYZ]�gBf�`(j(UX`�\BcbP6cRk�gBQ(vqlD\BU�^4gBQ�W�SbN(P6\BUbPRSbYn]6gBf�`(j(Ub`8\_cXP6c�gBc?oyPRfnfÞk�YZS?Ync?Q(\BS�P6Q(\_j�[_N
SV\½gBcX�$g fZ\_cbcXfnP6cXc4]R\�v�P�Sb\½w8P�\_Q(P�sÞSV\rs�\_Q(Pr�FM½P�grfncb\{om\_j(fnvÅfnYZ�BP�YZShSb\½w8P�j(Q(Ynp�j(PRfZW
v(PR]6\ v0gBw(fZPB�
ýqþ2ñ(ïKõAï�ô¼ïKòeõ  � ¸(� �� ¿�}~õ?ï�~��?þ	������þ2î#ò���ì���� þ�î#ò���þ2í6Â � ]6\ v(P

(f, φ)
Ync�Q ø8�T�nQ2ä�àÁèq÷ ä��

��ê6÷�ß�ã6ànä�k<YZ»TlD\BU?grQ�W~]R\_fnfZP6]�SVYn\BQ
w1, w2 . . . wn

\Bl�om\_UXv(c6kBSbN(P6UXPmYZc#Q(\�]R\_fnfZP6]�SVYn\BQ
w′

1 . . . w′
m\BlAoy\BUbv(c&cbj(]�N�SVN0g�S�u

f(w1)f(w2) . . . f(wn) = f(w′
1)f(w′

2) . . . f(w′
m) ,

o
YZSbN
(w1, w2, . . . wn) 6= (w′

1, . . . w
′
m).

��l�g4]R\�v�PqYnc&j(Q(YZp�j(P6f�W�s�v(P6]R\�v(gBw(fnPrk8SbN(P6Q�lDUb\_^�SVN�Pq]6\BQ(]�grSbP6Q0g�SVYn\BQ�\Bl�]R\�v�PRom\_Ubv(cRk�YZS&YZc
cXSbYnfZf)`8\_cbcXYnw(fZPiSV\zUbPR]6\:�_PRU&SbN(P~\_UbYZ[_YnQ0grf)]6\BfnfnPR]RSbYn\_Q}\rl?om\_Ubv�c6�
�k� ì?ï��  �°¸(�ë¶ ��� j(Q(YZp�j(P6f�Wiv(PR]6\ v0gBw(fZP�]6\ v(P�v(PRd0Q�P6c?g
\BQ(P�sÞSV\rs�\_Q(Pe^4gB`(`(YZQ([�lDUb\B^

(X ∗)∗\_Q
Y∗.

��lAQ(\z]6\ v(PRom\_UXv�YZc+gT`(UXPRd�±}\Bl?gBQ(\BSbN(P6U+]R\�v(P�oy\BUbv�k�SbN(P6Q�SbN(P�]6\ v(P�Yncyj(Q(Ynp�j(PRfZW4v(P6]R\�v s
gBw(fZPB�
ýqþ2ñ(ïKõAï�ô¼ïKòeõ  � ¸��ë² � ¿���ó¼þ2ñ(ïD�*î#ò���þ2í6Â � cbPRSi\Bl�oy\BUbv(c

A ⊆ X ∗ Ync&á8æVäDúAû{YZl�Q�\�oy\BUbv
YnQ

A
Ync
gh`(UXPRd�±�\Bl�gBQ(\rSVN(PRU�oy\_UXv�YZQ

A.

� �BP6U"W v(PRcbYZUVgBw(fZP�`�Ub\_`8P6U"S�WF\rl~gI]6\ v(PruÆYnQ(c"S�gBQ�S�grQ(P6\_j�cbfZWÅv(PR]6\ v0gBw(YZfnY�S�W_� � ]6\ v(P�YZc
YnQ�cXS�grQ�SVgBQ(PR\_j(c6k�Y�l)PRQ(v4\rl)]R\�v(P�oy\BUbv(c�]�gBQaw8P&v�PRSVPR]RSbP6v4o
Y�SVN(\Bj�S�fn\ \_��YnQ([�Sb\�SVN(P
lDj�SVj�UbPB�
�k� ì?ï��  �°¸(� ¸ �)� ]R\�v�PmYZcAYZQ(cXSVgBQ�S�gBQ�P6\_j(cXfZW�v�P6]6\ v0gBw�fnP�YZl SVN(P�]6\ v(P6w8\ \_�

f(X ∗)
YZc¼`(UbP�d�±��
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��UVgrlKS"s"¦�gr]�s"¦�YnfnfngBQ}YZQ(P6p�j0gBfZYZSbYnP6c+UXP6fngrSVP~fnPRQ([BSbN�\Ble]6\ v(PRom\_Ubv�cigBQ(v�`(Ub\Bw0gBw(YZfnYZSbYnPRc6k�SbN(PRW
]6\BQ(cXSbYZSVj�SVP�SVN(P~w(UXYnv([BP�w�P�S�oyPRP6Q�cX\_j(UX]6P�]6\ v(YnQ([zgrQ(v�c"S�grSbYnc"SVYn]Rc6�
�eZ?þ2òeó¼þ	�  �ëµ�� ������ ó¼ì?ñ�ô��Iîy�Iï��@� ì?õ�ïKõ?þ	~��¼ì�� ï�ô������Aä�å

(f, φ)
÷ ä�ø)ê�å�äyßkQ ø8�T�nQ0ä�àÁè<�

÷ ä���ê6÷�ß�ã6ànäh��ê6÷ ä�iÄæ�ê�é
X ∗ ê�ø

Y∗ � åDâ0ä�øN�
∑

w∈X ∗

|Y|−`(f [w]) ≤ 1 .

� N(Pt]6\_UXP�\rleSVN(PtgBUX[_j(^aP6Q�S&w�\_YZfnc+v(\:o
Q�SV\zSVN(P~lD\_fnfZ\:o
YnQ([h\_w�cbP6U"�rgrSVYZ\_Q�u�YZl
s > 1

SbN(P6Q
sn

[_UX\<o
c
l1gBc"SVP6U�SbN0gBQ�gBQ�W�`8\_fZW Q(\_^aY�grf8o
Y�SVN�UbPRcb`8P6]RS&SV\
n
�

��ó)ò�òeñ � o&\BSVPiSbN0grS&YZS�Ync+P6Q�\_j([_N�SV\z]�N(PR]���SbN0grS
lD\_U
gBfZf
m
u

∑

w∈X ∗,`(w)≤m

|Y|−`(f([w]) ≤ 1.

§�Y ±
m ∈   k(fZPRS

p
∆
= maxw∈X ∗,`(w)≤m `(f [w]).

(

∑

`(w)≤m

|Y|−`(f [w])

)n
(a)
=

∑

w1...wn,`(wi)≤m

|Y|−
P

i≤n `(f [wi])

(b)
=

∑

l≤np

∑

w1,wn:
P

i `(f [wi])=l

|Y|−l

(c)

≤
∑

l≤np

|Y|l|Y|−l

(d)

≤ np ,
o
N(PRUbP½¾Ñg�Ã~lD\_fnfZ\<o
c�lDUb\_^ `�\:omP6UhPÄ±�`(gBQ(cbYZ\_Q�k�¾1w2Ã~lD\_fnfZ\<o
ctlDUb\_^ UbPR\_Ubv(PRUbYZQ([�SVN(P}d(Q(YZSbP
cbj�^�k�¾D]:Ã&lD\Bfnfn\:o
c&lDUb\_^ SVN(Phj�Q(Ynp�j(PTv�P6]6\ v0gBw�YnfnY�S�W�\Bl�SVN(PT]R\�v�PBk¼gBQ�W�om\_UXvÆ\Bl�fnP6Q�[BSVN

l\_Q
Y

]�grQ�w�P�`0gBUXcbPRv�YnQ�Sb\}grS&^a\_cXS&\_Q(P�]6\BfnfnPR]RSbYn\_Q�\Bl�]R\�v�PRom\_Ubv(cRk)grQ(v�SbN(P6UXPTgBUXP
|Y|lom\_Ubv(c&\Bl?fnPRQ([BSVN

l
� � N(Ync
P6c"S�gBw�fnYncXN(P6c+SbN0grS

∑

`(w)≤m

|Y|−`(f [w]) ≤ 1.
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£�þN�iì?óK
 ��� N(P¤��UVgrlKS"s"¦�gr]:¦�YZfnf�grQ YZQ(P6p�j0grfnYZS�W `8\_YnQ�Sbcq\_j�SqSVN(P�lD\Bfnfn\:o
YZQ([�]R\_UbUXP6cX`�\_Q s
v(PRQ(]6Pzw8PRS�omP6P6Q j(Q(YZp�j(P6f�W�v(PR]6\ v0gBw(fZPh]6\ v(P6c~grQ(vÆ`(Ub\Bw0gBw(YZfnYZSbYnPRc�\_Q

X ∗.
�#PRS

Q
w�Phv(PÄs

d0Q(PRv�\BQ
X ∗ ∪ {⊥}

w�W

Q(w)
∆
= |Y|−`(f [w])

lD\_U
w ∈ X ∗,

grQ(v
Q(⊥)

∆
= 1 −

∑

w∈X ∗ Q(w).

� N(P�UbPRf�grSbYZ�_P�PRQ�SVUb\B`�W�w8PRS�omP6PRQ�S�om\4`(UX\_w0gBw�YnfnY�S�W�v�YncXSbUbYZw(j�SVYZ\_Q(cyo
YZfnf�w�P�gz]6\_UXQ(P6UXcXSV\BQ(P
\Bl8��Q�lD\_UX^�g�SVYn\BQ � N(PR\_UXW�¾ÑgBQh\Bl8^4gBQ�Wq\rSVN(PRU�gBUbP6gBce\Bl8`(UX\_w0gBw(YZfnY�S�W�gBQ(vhcXSVgrSVYZcXSbYn]6cVÃ�� � N(P
��UVgrlKS"s"¦�]�¦�YnfZf�gBQqYnQ(PRp j(gBfnY�S�Wqo
YnfZf�w8P
j(cbP�lDj(f2YnQa]6\_Q(Q�P6]RSbYn\_Qzo
YZSbNhSVN(P
Q(\BSbYn\_Qz\Bl)UbPRf�grSbYZ�_P
P6Q�SbUb\_`�W_�

.0/�¥�/�¦4H§JDE�7<CKJNH�H 5�7�9�;	F�P

ýqþ2ñ(ïKõAï�ô¼ïKòeõ  � ¹�� �� ¿�£�þ	� ì�ô¼ïDVeþÅþ2õAô¼ó�ò��.�eÂ � N(P�æ�ä�à�ßBåT��"Bä}ä�ø0å1æVê�á8è�w�P�S�oyPRP6Qü`(UX\_w0g�s
w(YZfnYZS�W4v(YZcXSVUXYnw(j�SVYn\BQ(c

P
gBQ�v

Q
\_Q�SVN(P~]6\Bj(Q�S�gBw(fZP~cbPRS

E
Ync+v�PRd0Q(PRv�w�W8u

D(P ‖Q)
∆
=

{ \
P

[

log P (w)
Q(w)

] Y�l
P (w) > 0 ⇒ Q(w) > 0,

∞
\rSVN(PRUXo
YncXPB�

� P6]�grfnf
SVN0grS�gIlDj(Q(]RSbYn\_Q
f

\_QOgI�_PR]RSb\_U�cb`0gr]6P
F

YZc�]R\_Q��_P�±HYZl�gBQ(vH\BQ(fZWFYZl�lD\_U�gBfnf
x, y ∈ F,

lD\_U
gBfnf
λ ∈ [0, 1] :

λf(x) + (1 − λ)f(y) ≥ f (λx + (1 − λ)y) .

smW�YZQ(v(j(]�SVYZ\_Q�\_Q�SVN(P~Q�j(^Tw8P6U
\Bl?cbj(^a^4gBQ(v(cRk(YZS+lD\_fZfn\:o
c6u
�eZ?þ2òeó¼þ	�  �ë¹��ÿ¶ �¨��© þ2õAí�þ2õïKõAþ	~��¼ì�� ï�ô�����ª�i

f
�nç�ßX��ê�ø8"BäXû«i�Q ø���åT�Þê�ø ê�ø

R,
ßBø8÷

P÷ ä�ø)ê�å�ätß�á8æVêBã�ß�ãn�Kà��KåÑè4÷��nç�å1æ��1ãnQ åT�Þê�øIê�ø{ß�÷��nç���æVä�å�äiç�Q�ã�ç:ä�å+êli
R,

åDâ0ä�ø

EP [f(X)] ≥ f (E [X]) .
f�â0ä�åKâ0ä�ê�æVä�é ß@��åTQ�ßBàKàÁèqâ0ê�à�÷�ç�i�ê�æ~ßBàKà�á8æ�êBã�ß�ãn�Kà��Kå1èz÷��nç�å1æ��1ãnQ�åT�Þê�ø�çqê�ø

R
ßBø8÷4��ê�ø8"BäXû(i�Q ø����

åT�Þê�ø�çnm

� N(P~lD\_fnfZ\:o
YnQ([T`�Ub\_`8\_cbY�SVYZ\_Q�Ync
gzv(YnUXP6]�S�]R\_Q(cXP6p�j(P6Q�]6PT\BlASVN�P�c"SVUXYn]RS&]R\_Q(]�g�� YZS�W�\rl�fZ\_[�g�s
UbY�SVN(^ac+gBQ�v¬BPRQ(cbPRQ�YnQ�P6p�j0gBfZYZS�W8u
��ó)ò��2òeí<ï�ô¼ïKòeõ  �ë¹��ë² �

D(P ‖Q) ≥ 0 � ßBø8÷�ä®�nQ�ßBà��Kå1è��nçhê�ø0àÁèiá0ê:ç�ç��1ã6ànä~ö�â0ä�ø
P = Q

m
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��ó)ò�òeñ ��� N�P6UbP�Ync
Q(\rSVN(YZQ([hSV\a`(Ub\:�_P�YZlASVN�P6UbP�P�±�YZcXSVc&cb\B^4P
x
cXj(]�N�SbN0grS

P (x) = 0gBQ(v
Q(x) > 0.

�¼P�S
P

gBQ(v
Q
v(PRQ(\BSVPmS�oy\�`(UX\_w0gBw�YnfnY�S�W~v(Ync"SVUXYnw(j�SbYn\_Q�c?cXj(]�NTSVN0g�S

P (x) >
0 ⇒ Q(x) > 0.

D(P ‖Q) =
∑

x

P (x) log
P (x)

Q(x)

=
∑

x:P (x)>0

P (x)

(

− log
Q(x)

P (x)

)

≥ − log





∑

x:P (x)>0

P (x)

(

Q(x)

P (x)

)





= − log





∑

x:P (x)>0

Q(x)





≥ − log (1) .

�

²j�eþ2ó�î#ïKí�þ  �ë´ � ¿�³eò�Y�´bíµ���ÈïKõAþ	~��Aì�� ï�ô��eÂ � N(PR]��}SVN(P�lD\_fZfn\:o
YnQ([qYnQ(PRp j(gBfnY�S�W�u

n
∑

i=1

ai log
ai

bi

≥

(

n
∑

i=1

ai

)

log

∑n

i=1 ai
∑n

i=1 bi

.

²j�eþ2ó�î#ïKí�þ  � · � ¿��iò�õKV�þ|�eï�ô��½òeñ�óAþ	��ì(ô¼ïDV�þ}þ2õAô¼ó�ò��.�eÂ|¶�P6UbY��_P�lDUX\_^ SVN(P+`(UXP6]RP6v(YZQ([
YnQ�P6p�j0gBfZYZS�WaSVN0grS&UXP6f�g�SVYZ�BPiP6Q�SbUb\_`�W�Ync+]R\_Q��_PÄ±�o
Y�SVN�UbPRcb`8P6]�S�Sb\aY�SVc�S�om\�grUb[_j(^aP6Q�Sbc6�

� N(P^��UbgrlKSXs�¦�]:¦�YZfnfngBQ�YnQ(PRp�j0gBfnY�S�W�gBQ(v�SbN(Pq`8\_cXYZSVY�� YZS�W�\Bl�SbN(PqUXP6fngrSVY��_P�P6Q�SVUX\_`�W�PRQ0gBw(fZP
SV\zv(PRv(j(]RPqgzfn\:omP6U+w8\_j(Q(v�\_Q�SVN(P~]R\_^4`�UbP6cXcbYZ\_Q�UbgrSVPr�

.0/D·�/�¸¹JD;§ºhH�9�{�;8>A5?=H;85H@_;8G�F?9µH L�L�CD;85F9<E�7�H

�eZ?þ2òeó¼þ	�  �ëº�� �� ¿���òeõ,V�þ8ó¼í<þ»� òeíµ� þ8í<í½î#ò���ïKõyY ôKZAþ2òeó¼þ	��Â¼�¼ä�å
Pn

÷ ä�ø)ê�å�ä�åKâ0ä
á8æVêBã�ß�ãn�Kà��KåÑè�÷��nç�å1æ��1ãnQ�åT�Þê�ø�ê�ø

X n
÷ äDú�ø)äb÷tã6è�ßiç:ê#Q�æR��ä � åKâ0ä�øgi�ê�æ+ßBø0è�Q�ø8�T�nQ0ä�àÁèt÷ ä���ê6÷�ß�ã6ànä��ê6÷ ä

(f, φ)
öI�KåKâ��ê6÷��Kø ù}ßBà á0â�ß�ã�ä�å

Y
�

¾  �ëº��  Ã \
Pn

[`(f [w])] ≥
1

log |Y|

\
Pn

[− log Pn(w)] .
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��ó)ò�òeñ � §0UX\_^ SbN(P¼�~UbgrlKSXs�¦�]:¦�YnfnfngBQ�YZQ(P6p�j0grfnYZS�W�YZS+YZc+Yn^a^4PRv(Y�g�SVP�SbN0grS

∑

w∈X ∗

|Y|−`(f [w]) ≤ 1.

� PRQ(]6P{Y�S�Ync}`8\_cXcbYnw�fnP�Sb\üv(PRd0Q�P½gü`(UX\_w0gBw�YnfnY�S�W
Qn

\_Q
X n ∪ {⊥}

o
YZSbN
Qn(xn

1 )
∆
=

|Y|−`(f [xn
1
]).

¦�\_UXP6\:�_PRU

D(Pn ‖Qn)
(a)
=

\
Pn

[log Pn(Xn
1 )] −

\
Pn

[− log Qn(Xn
1 )]

(b)
=

\
Pn

[log Pn(Xn
1 )] +

\
Pn

[log |Y| `(f [Xn
1 ])] .o�\:o SVN(P~`8\_cbY�SVYZ� Y�S�W�\Bl?UbPRf�grSbYZ�BP�P6Q�SVUX\_`�W�Yn^a`(fnYZP6cmSbN(P�SVN(PR\_UbPR^��

�

.0/Ñ.�Â#/ÄÃ�>KÅ�G½E05x@_;#=ACÑ5KÆIE(5?=ÇH 5�7:9<;	F�P
.0/1.�Â¼/1.0/ÄÈh>ACTJÑ=ACÑ5KÆTE05�;	FA7<C1GIE8J8FA9µH�LyÉ�@_;#=KH2/ Ç�\�\BQtg�lKSVP6U#Ç�N0gBQ(Q�\_QtPRcXSVgBw(fnYZcbN(PRv

SVN�P�Q(\BYncbPRfnPRcbc�cb\_j�Ub]6P�]6\ v(YnQ�[~SbN(P6\BUbP6^�¾  ºB¸�·_Ã�k � j�»)^4gBQa`(Ub\_`8\_cXP6v}g�SVPR]�N(Q(YZp j�P�SV\�v(PÄs
cbYZ[_Q�YnQ(c"S�gBQ�SVgBQ(P6\Bj(cbf�W�v(P6]R\�v(gBw(fnP4¾D`(UbP�d�±(Ã+]R\�v�P6c
lD\_U�d0Q(Y�SVP~cb\_j�Ub]6PRc6k2YÞ�°PB��`(UX\_w0gBw�YnfnY�SVYZP6c
\_Q�d0Q(Y�SVP~cbj(w�cbPRSbc�\Bl

X ∗ � � N�Ync&^4P�SVN(\ v�Ync
YnQ�SVPRUbPRcXSVYZQ([zlD\_U+cbP��_P6UbgBfAUbP�grcb\_Q(cRuyY�S
Ync
cbYZ^zs
`(fZPBk�Y�S�UVgBYZcbP6c�YnQ�SbP6UbPRcXSbYnQ([�gBfn[_\BUbYZSbN(^aYn]qYZcbcXj(P6cRk�gBQ(v ^a\_UXP6\:�_PRUtY�StYZctj�cbPRlDj�fycbYZQ(]6PaYZS�YZc
cXSbYnfZf)j(cXP6v�YZQ�v0grS�gh]R\_^4`�UbP6cXcbYZ\_Q�cXS�grQ(v0gBUXv(c
cbj(]�N�gBcgÊn�2þ	Y$\_Ug���2þ	Y �

 �  ³��  �  �OË ç��Ké�á8ànäTßBø8÷ÄQ�ç:ä�i�Q à2á8æVê�á0ä�æÄå1è�êli�ç:ê�é�äzê�á8åT�KéaßBà(á8æ�äDúAû��ê6÷ ä�çnm
§2\BU�SVN�P
cVgr�BP�\Bl�w�UbPR� Y�S�WÆk(oyP�gBcXcbj(^aP�SVN0g�S

Y = {0, 1}.

� cXcbj(^aP
A ⊂ X ∗ Ync&d0Q(Y�SVPhgBQ�vÆ`(Ub\:� Ynv(PRv�o
YZSbN�`(Ub\Bw0gBw(YZfnYZS�W

P
� � N(PRUbPhP�±�YZcXSVc~g}]R\�v�P

o
YZSbN�^4YZQ(Yn^4gBf�g:�BP6UbgB[_P~fnPRQ([BSVN)k(w�PR]�gBj�cbP�\Bl?SbN(P~d0Q(YZSbP6Q(PRcbc
\BlASVN(P�Q�j(^Tw8P6U
\Bl?`�\BcbcbYZw(fnP
fnPRQ([BSbN��BP6]�SV\_UXc�cX^�gBfZfnPRUySVN0grQ

|A|
�

��ó)ò��2òeí<ï�ô¼ïKòeõ  �  ³�� 2� f�â0ä�æVäÅäXû:�nç�åDçüßIá8æ�äDúAû���ê6÷ ä
(f, φ)

öI�KåKâ é^�Kø8�KéaßBàtß�"Bä�æXß:ù ä
ànä�ø ùBåKâ}ç�Q	��â�åKâ�ßBå�åDâ0ä�i�ê�àKànê�öI�Kø ùzåÑöyê�á8æVê�á0ä�æÄå��Þä�ç�â0ê�à�÷2�

¾  ÃÀª�i
w1

ßBø8÷
w2

ßBæ�ä�åKâ0ä~ànäbß�ç�å8iÄæVä®�nQ2ä�ø0å�öyê�æX÷�ç��Kø
A,

åKâ0ä�ø
`(f [w1]) = `(f [w2])ßBø8÷

f [w1]
ßBø8÷

f([w2])
÷�� Ìiä�æqê�ø0àÁèG�KøÆåKâ0ä�à�ß�ç�å�ç�è�éaã�ê�àvm

¾Ñ¶_ÃÀª�i
P{w1} ≤ P{w2}

åKâ0ä�ø
`(f [w1]) ≥ `(f [w2]).

o�\rSVPzSVN0grS~SbN(\_cbPaS�oy\�`(Ub\B`�PRUXSVYZP6c�Yn^a`(fZW�SVN0g�S�SbN(P4S�om\�fZ\_Q([_PRcXS�]6\ v(P�oy\_UXv(cqN(g:�BP�SVN�P
cVgr^4P�fZP6Q([BSbN��

��ó)ò�òeñ ��� N�P�`(UX\�\Bl)cXSVgBUXSbcmo
YZSbN}gBQ4\_`�SbYn^4gBf0`(UbP�d�±4]6\ v(P
(f, φ)

k gBQ�v}`(Ub\ ]6PRP6v(cmw�W
UbP6gBUbUbgBQ([_PR^4PRQ�S�u�YZl

(f, φ)
cVgrSbYncXd(P6c+SVN(P�S�om\4`�Ub\_`8P6U"SVYnPRc6k(omP�gBUbP~v(\_Q�PB�

� cXcbj(^aPzSVN(PacbPR]6\_Q(v½`(Ub\B`�PRUXS�W{Ync�� Yn\Bf�grSbP6v{w�W
w1

gBQ(v
w2

k¼SVN(PRQIw�W{P�±�]�N0grQ([_YnQ�[�SVN�P
Ub\BfnP6cy\Bl

f [w1]
gBQ(v

f [w2]
k�omP�[_PRS+gBQ(\BSbN(P6U+`(UXPRd�±}]6\ v(Pio
YZSbN}cXSbUbYZ]RSVf�W�cX^�grfnfnPRUyg��BP6UVgr[_P

fnPRQ([BSbN�k(]6\BQ�SbUVgBv�Yn]RSbYnQ([TSbN(P~\_`�SbYn^4gBfnY�S�W�grcbcbj�^4`�SbYn\_Q)�
%�& Ò<ÛXÛiÌ<ÎBÓ�ØRÛ('*),+�Î.-#/<×<ØrÏ�Î�Ì Í 1<Ò�Ì2-�ÒrÏZÙ4365.785:9:9<;
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� cXcbj(^aP�SVN(P�d0UXcXSz`(UX\_`8P6UXS�W YncT� Yn\_fngrSVPRv�k�fnP�S

w1

v�P6Q(\BSbP�SVN(P�fZP�gBc"ShlDUbP6p�j(PRQ�S�c"W�^qw�\_f
gBQ(v

w2

SbN(PqcXP6]6\BQ(v�fnP6gBcXS&lDUbPRp�j(P6Q�Sic"W ^Tw�\BfÞ����leSbN(P6UXPqPÄ±�YZcXSbc
w3

cXj(]�N�SbN0grS
f [w1]

grQ(v
f([w3])

v�YZ»�P6U�\BQ(fZW�YnQ�SVN(Pqf�gBc"SicXW ^Tw8\_fÑk8SbN(P6Q{gBc
`(f [w1])

Ync�^�g<±�YZ^�grf�¾1`(UX\_`�PRUXS�W�¶_Ã�k
`(f [w3]) ≥ `(f [w2])

gBQ�v�omPt^4g�W}PÄ±�]�N(gBQ([_P~SVN(P�Ub\BfnP6c+\rl
f [w2]

gBQ�v
f([w3])

o
Y�SVN(\_j�S
v(PRcXSVUX\:W�YZQ([�PRYZSbN(P6UiSbN(P4`�UbPRd�± `(Ub\_`8P6U"S�W{\_U�SVN(Pz\_`�SVYn^4gBfZYZS�WI¾1N(PRQ(]6P4`(Ub\B`�PRUXS�W½¶_ÃÄk?grQ(v
SVN�P6Qü`(UX\_`�PRUXS�W

1
YnctcVgrSbYnc"d0P6v��Æ��l+SbN(P6UXP}YnctQ(\

w3

cbj�]�N$SbN0grS
f [w3]

gBQ(v
f [w1]

v(YZ»�P6U
\_Q(f�W�YnQ�SVN(Ptf�gBc"S�c"W ^Tw�\BfÞk2SVN(PRQ�oyPt]�gBQ�[_PRS�UbYnv�\Bl�SbN(PqfngBcXS&cXW ^Tw8\_fAYnQ

f [w1]
grQ(v�[_P�S

gBQ�cbN�\_UXSbP6U&`(UbP�d�±�]6\ v(Prk0]6\_Q�SVUbgBv(YZ]RSVYZQ([TSVN�P�\B`�SVYZ^�gBfZYZS�W4gBcXcbj(^a`�SVYZ\_Q
�

 �  ³��  �ë¶��kÎkQ�Ì
éaßBø�Ï ç!��ê�ø�ç�å1æ�Q	��åT�Þê�øNm � \Iv(PRcb]RUbYnw8P � j�»�^�gBQ�Ð ca]6\_Q�cXSVUXj(]RSbYn\_Q)k�YZSzYZc
`(UX\Bd(S�grw(fnPiSb\4j(cXP�SbN(P~]6\_UXUbPRcb`8\_Q(v(PRQ(]6Ptw�P�S�oyPRP6Q�`(UXPRd�±�cXPRSbc�\:�_PRU

{0, 1}
gBQ(v�f�grw�PRfnfnPRv

¾1`�f�gBQ0grU�Ãmw(YZQ0gBU"W�SVUXP6PRc6�

� `(UXYn\_UXYZS�W}p�j(PRj(P~Ync
gBQIß�ã�ç�å1æbß@��åm÷�ßBåÞß�åÑè�á0ä�`0gBUbgB^aPRSVUXYn¯RP6v�w�W�ghcbPRS
E

gBQ(v�gh`(UXYn\_UXYZS�W
lDj(Q(]�SVYZ\_Q!Ñ ØRÙ
cbj�]�N lD\_UagBQ�W ¾1`8\_cbcXYnw(f�WüP6^a`�S�W�Ã"]R\_fnfZP6]�SVYn\BQÅ\rli`0gBYZUbc

(xi,
Ñ ØRÙ

(xi))
ky\BQ(P�^4g�Wüw(j(YZfnvÅg

`(UXYn\_UXYZS�W4p j�P6j(P �ÓÒ cbj(]�N�SVN0g�S�u

¾  ÃtP6gB]�N�Y�SVP6^ YnQ �ÓÒ YZc
gBcbcX\�]RY�grSbP6v�o
YZSVN�PÄ±(gr]RSVf�W�\_Q(P~`0grYnU
(xi,

Ñ Ø�Ù
(xi)

k
¾Ñ¶_Ãt\_Q�P�^4g�W�SbP6cXS&o
N(P�SVN(PRU
SbN(P~p�j(P6j(P�Ync
PR^4`�S�W}\_U+Q(\BS6k
¾1²�Ãt\_Q�Pt^4g�W�P�± SVUbgB]RS&SVN�PtY�SVP6^

(xm,
Ñ Ø�Ù

(xm))
o
YZSbN�^aYnQ(YZ^�grfyÑ Ø�Ù k2\_w�S�grYnQ(YZQ([h\_Q

\_Q�PiN0gBQ(v)k
(xm,

Ñ Ø�Ù
(xm))

gBQ(v�gT`(UXYn\_UXYZS�Wzp�j(PRj(P�]6\_Q�SVgBYnQ(YZQ([Tgrfnf2\BSVN�P6U�Y�SVP6^ac6k
¾D¸�Ãt\_Q�P�^4g�W}j(`8v0grSbP�SVN(P~`(UXYn\_UXYZS�W4\BlegrQ�Y�SVP6^ YnQ�SVN�P�`�UbYn\BUbYZS�W4p�j(P6j�PB�

� j�»)^4gBQ(Q�]6\BQ(cXSbUbj(]�SVYn\BQ�YZc+v(P6cX]6UbYZw�PRv�grc
lD\Bfnfn\:o
cRu

¾  Ãhsyj�Ynfnv�gz`(UXYn\_UXYZS�W4p j�P6j(P �ÓÒ gBcbcX\�]RY�grSbP6v�o
YZSbN�gBfnf�`(gBYnUXc
(〈wi, ε〉, P{wi})¾Ñ¶_Ã�MON(YZfnP �ÓÒ ]R\_Q�S�gBYZQ(c&grS
fnP6gBcXS+S�om\�Y�SVPR^4c�v�\aSbN(P�lD\_fnfZ\<o
YZQ([qc"SVPR`(c6u

•
PÄ± SVUVgr]RSzSVN(P�Y�SVPR^ o
Y�SVNü^aYnQ(YZ^�gBf�`(UXYn\_UXYZS�W

(Ti, Pi)
gBQ�vüfnPRS

〈Tj, Pj〉
v�P6Q(\BSbP

SbN(P~YZSVPR^ Ô Ó o
YZSbN�^4YZQ(Yn^4gBf8`(UbYZ\_UbY�S�W�YZQ}SVN(P~UbPRcbj(f�SVYZQ([z`(UbYZ\_UbY�S�W�p�j(PRj(PB�
•
� P6`�f�gB]RP

Tj

w�W
((Ti, 1), (Tj, 0))

YnQ�SVN(P~Y�SVP6^ Ô Ó k2gBQ(v�UbPR`(f�gB]RP~`(UbYZ\_UbY�S�W
Pj

w�W
Pj + Pi

YnQ�SVN(YZc+YZSbP6^�k(j(`8v0grSVPiSbN(P~`(UbYZ\_UbY�S�W}p�j(PRj(PB�

¾  ÃÀÔij�Sb`(j�ShSVN�P}]6\ v(P}v(P�d0Q(PRvFw�WISbN(P�SbUbP6P
T

YnQ½SVN(P}YZQ�lD\_UX^�grSbYn\_Q{d0PRfnvü\Bl
SVN�P
¾Dj(Q(Ynp�j(P�Ã�UbP6^4gBYZQ(YnQ([qYZSVPR^��

�eZ?þ2òeó¼þ	�  �  ³��ë¶ � ¿ � j�»�^4gBQ(Q}]R\�v(P�\_`�SVYZ^�grfnYZS�W�Â,ÎkQ�Ì
éaßBø�Ï ç¨��ê6÷ ä�ç�â�ß�"Bä�ê�á8å��KéaßBà�ß�"��
ä�æXß:ù ä~ànä�ø ùBåKâ�ßBé�ê�ø ù�á8æVäDúAû���ê6÷ ä�çnm�m
%�& Ò<ÛXÛiÌ<ÎBÓ�ØRÛ('*),+�Î.-#/<×<ØrÏ�Î�Ì Õ 1<Ò�Ì2-�ÒrÏZÙ4365.785:9:9<;
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��ó)ò�òeñ ��� N�Pt`(UX\�\rle`(UX\�]RP6P6v�c�w�W�YnQ(v�j(]RSbYn\_Q�\_Q�SVN(PtQ j�^Tw�PRU
\Bleom\_Ubv(c
SVN(grS�N(g:�BP

SV\qw�PiPRQ(]6\ v(PRv�����l¼SVN(PRUbP�gBUXP�S�om\Toy\BUbv(cRk�SVN(P�]6\_Q(c"SVUXj(]RSbYn\_Q}YZcmSbUbYZ� YngBfnf�Wh\_`�SbYn^4gBfÞ�yo�\:o
gBcXcbj(^aP&SbN0grS�YZS�YZc�\_`�SVYZ^�grf�o
N(P6QaSVN(PRUbP�gBUbP&fnPRcbc�SVN0grQ

n
oy\BUbv(cRk�gBQ�vaSbN0grS

|A| = n+1.

�#PRS
wn

gBQ(v
wn+1

v�P6Q(\BSbPtSbN(P�S�om\�fZP�gBc"S�lDUXP6p�j(PRQ�S�cXW ^Tw8\_fncR�
f [wn]

grQ(v�gBQ�v
f [wn+1]N0g��_P½P6p�j0gBf~fZP6Q([BSbN*grQ(v SbN(PRW v(Y�»)PRU�\_Q(fZW YnQOSVN(P f�grcXS�cXW ^Tw8\_fÞ�

A′ Ync�v(P�d0Q(P6v*w�W
A′ = A \ {wn, wn+1} ∪ {wn+2}

k�gBQ(v�PRp�j(Yn`(`8P6v�o
YZSVN�g4`(UX\_w0gBw(YZfnY�S�W�v(Ync"SVUXYnw(j�SbYn\_Q
P ′

v(P�d0Q(P6vÆw�W
P ′{wj} = P{wj}

lD\_U
j < n

grQ(v
P ′{wn+2} = P{wn} + P{wn+1}.

� N(P
]6\ v(Pz`(UX\�v(j�]6P6v w�W � j�»�^4gBQ*Ð°c�]6\_Q(c"SVUXj(]RSbYn\_Q \_Q

A′ gBcbcXYn[_Q(c~]R\�v(P�oy\BUbv f [wj]
Sb\�grQ�W

wj

o
Y�SVN
j < n

gBQ(v�gBfnf�w�j�S�SbN(P~f�gBc"S&cXW ^Tw8\_fnc
\Bl
f [wn]

SV\
wn+2

�m��S�Ync
gz`(UbP�d�±�]6\ v(PBk
w�W�SbN(PqYZQ(v(j(]�SVYZ\_Q�N�W `�\rSVN(PRcbYncRk)Y�S�N0grc�\_`�SbYn^4gBf#fnPRQ([BSbN�� � cbcXj(^4PtQ(\:o©SVN0grS

f ′ v(PRd0Q�P6c
gBQÆ\_`�SVYn^4gBf#`(UXPRd�±�]6\ v(PTcbgrSVYZcXlKW YnQ([�`(Ub\_`8P6U"SVYZP6c

. . .
gBQ�v

. . .
k
f ′ v�PRd0Q(PRc~g�]6\ v(PT\BQ

A′

YnQ�SbN(P~cVgB^aPio�g�WB�Ö�#PRS
j�c�]R\_^4`(gBUbPiSbN(P�g:�BP6UbgB[_P~fnPRQ([BSVN�\BlASVN�\_cbP�S�om\�]6\ v(PRc6u

\
P ′[`(f [w])]

(a)

≤
\

P ′[`(f ′[w])]
(b)

≤
\

P [`(f ′[w])] − P{wnwn+1}
(c)

≤
\

P [`(f [w])] − P{wnwn+1}ÔiQ�SbN(P~\BSVN�P6U+N0gBQ�v
\

P ′[`(f [w])] =
\

P [`(f [w])] − P{wnwn+1},SVN�j(c
\

P [`(f [w])] =
\

P [`(f ′[w])] .

�

.0/1.2.2/�×hØKHÆ@_;85�JNH�9�LnH�7:; 7µØyHÙ��9<E|MÞ7qz��©@2�©C�JTJDE05 C15yH@x�>¼E8J1CD7�P
� N(P�\_`�SbYn^4gBfnY�S�W4\rl � j�»)^4gBQ(Q�]6\ v(PRc�gB^a\_Q([h`�UbPRd�±�]6\ v(P6c&fnP6g:�BP6c&\_`8P6Q�SVN(P~lD\_fnfZ\:o
YnQ([
p�j(P6c"SVYZ\_Q(c6u

¾  Ã � UbP~`(UbP�d�±�]6\ v(PRc&\B`�SVYZ^�gBf)gB^a\_Q([hj(Q(YZp�j(P6f�W�v(P6]R\�v(gBw(fnP�]R\�v�P6c�|
¾Ñ¶_Ã � \<o�]6fZ\_cbP}YZcqSVN�P�YnQ�d0^qj(^ \:�BP6UagBfnfygB]�N(YZPR�rgBw(fZP}]6\_^a`(UXP6cbcXYn\_QüUbgrSVPRcTSV\ÆSVN�P

PRQ�SbUb\_`�W�UbgrSVPt|
�eZ?þ2òeó¼þ	�  � B � 2� ¿���òeõKV�þ2ó¼í�þ � ó¼ì?ñ�ô�´��Iï��@� ì?õ ïKõAþ	~��Aì�� ï�ô��eÂIª�i

λ : A ⊆ X ∗ →
  ç6ßBå��nçDú�ä�ç

∑

w∈A

|Y|−λ(w) ≤ 1,

åKâ0ä�øÆåDâ0ä�æVäTäXû:�nç�åKçqß�á8æVäDúAût��ê6÷ ä
(f, φ)

ê�ø ßBà á0â�ß�ã�ä�å
Y � ç�Q8��â�åDâ�ßBå

`(f [w]) = λ(w).%�& Ò<ÛXÛiÌ<ÎBÓ�ØRÛ('*),+�Î.-#/<×<ØrÏ�Î�Ì ÊÛÚ 1<Ò�Ì2-�ÒrÏZÙ4365.785:9:9<;
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��ó)ò�òeñ ��� \�gBfZfnP���YngrSVP~Q(\rS�grSbYn\_Q(cRk�fZPRS�j(c�gBcXcbj(^aPtSbN0grS

Y = {0, 1}.
MOY�SVN(\_j�S�fZ\_cbc

\Bly[_P6Q(PRUVgBfZYZS�WBk?grcbcbj�^4P
A = {w1, . . . wm}

k?gBQ(v{SVN0grS
λ(wi) < λ(wj) ⇒ i < j

�4�#PRS
SVN�PtPRQ(]6\ v(YnQ�[�\Bl

wi

w8Ptv�P6Q(\BSbP6v�w�W
f(wi)

gBQ(v�w�P�v(PRd(Q(P6vÆgrc&SbN(P
λ(wi)

d(UbcXS�w(Y�SVc
\Bl
SVN�P�w�YnQ0gBU"W}PÄ±�`(gBQ(cbYZ\_Q�\Bl

∑

j<i

2−λ(wj) + 2−λ(wi)−1,

o
N(YZ]�N�gBfZcb\z]6\BYnQ(]RYnv(PRc�o
YZSVN�SbN(P~w(YnQ0grUXW}PÄ±�`0gBQ(cXYn\_Q�\Bl�u
∑

j<i

2−λ(wj).

��SmYnc�P6Q(\Bj([_N4Sb\q]�N(PR]��aSbN0grS�SVN�Ync�v(PRd0Q�P6c�g�`(UbP�d�±�s�lDUXP6P&]6\ v(PB� � cbcbj�^4P�\_QaSbN(P&]6\_Q�SVUbgBUXW
SVN(grS

f(wi)
Ync
gz`(UbP�d�±�\Bl

f(wi′)
o
N�YnfnP

i 6= i′.
� N�Ync
P6Q�S�grYnfnc

i < i′
� � N(PRQ�omP~N0g��_PBu

∑

i≤j<i′

2−λ(wj) < 2−λ(wi),

o
N(YZ]�N�YZc+Yn^a`�\_cXcbYZw(fnPr�
�

��òeó)ò��§��ì�ó2�  � _ �ÿ¶ �¨� ýqïKó¼þ2î�ôÝ��ò�í#� þ2í<í î#ò���ïKõyY ôKZ?þ2òeó¼þ	�k�¼ÞAê�æ�ßBø0è
A ⊆ X ∗ �

á8æVê#"��1÷ äb÷�öI�KåKâIßaá8æ�êBã�ß�ãn�Kà��Kå1è�÷��nç�åÑæ��1ãnQ å��Þê�ø
P,

åDâ0ä�æVä�äXû:�nç�åKç4ßaá8æVäDúAû���ê6÷ ä
(f, φ) � ç�Q	��âåKâ�ßBå

`(f [w]) = d− log P{w}e,
é�ê�æ�ä�ê#"Bä�æq�

\
[`(f [w])] ≤ H(P ) + 1 .

� \:o�PR»�P6]�SVY��_P�YZc4SVN�P�]6\_Q��BP6UbcXPÆSV\ISbN(P!��UVgrlKS"s"¦�gr]:¦�YZfnf�grQ � N�P6\_UXP6^ | � Ub\:� Ynv(P�gBQ
PRÉa]RYnP6Q�S&]6\ v(YZQ([rs�v�P6]6\ v(YZQ([h`(Ub\ ]6PRv(P6j�UbPB�

.0/1.�Ü�/�¸}9�CD7µØAG�H�7<C1@}@_;#=ACÑ5KÆ

.0/1. Ü#/1.0/tß*Ø¼E05?5¼;85,zRà#E05¼;8z®á�J1C1E(L�@_;#=KH LB/ ��lyN0grQ(v(fnYZQ([�fn\BQ([�w(fn\ ]���c�Ync�Q(\rS�gBQ{Ync"s
cbj�PBk � j�»�^�gBQ ]6\ v(YZQ([�Ync~p�j(YZSbPacbgrSVYZcXl1gB]�SV\_U"W8u�SbN(P4UXP6v(j�Q(v0gBQ(]�W \Bl � j�»)^4gBQ{]6\ v(PRctYZc
j(`(`8P6U&w8\_j(Q(v(PRv�w�W

1/n
k0]6\ v(YZQ([z]6\_Q(cXYnc"SVc&YnQ�S�gBw(fZP�fn\ \_��j(`�gBQ(v�v(P6]R\�v(YZQ([aYnQ�SVUbg:�BP6UXc"s

YnQ�[�g�SVUXP6PB�¤smj�StSbN(PacbYn¯RP4\rl�]6\ v(YZQ([�SVgBw(fZPa[BUb\:o
ctPÄ±�`�\_Q�P6Q�SVYngBfnf�W�o
YZSbN
n
� � PRQ(]6P�gBQ

gBfZ[_P6w(UbgBYn]�YZ^4`(UX\:�_P6^aP6Q�S�\Bl2UbPRv(j(Q(v0grQ(]RWq]6\_c"SVc�gBQqP�±�`�\BQ(P6Q�SVYngBf(gr^4\_j�Q�S?\Bl2cX`0gB]6Pr� � N(YZc
Ync&\_Q(P�UbP6gBcb\BQ�SV\4fn\ \_��grS�\BSVN�P6U&fn\_cXcbfnPRcbc�]6\ v(YnQ([zSVPR]�N(Q(YZp j�P6c6� � N(Ync
d0UXcXS�SbP6]�N(Q�Ynp�j(PtSb\
w8PhP�±�`�\BcbP6v½N0gBc�Q(\rS~w�PRP6Q{SVN(Pz^a\_cXS�j�cbPRlDj�f�YZQÆ`(UVgr]RSVYZ]�gBf�Yn^a`(fnPR^4PRQ�SVgrSVYZ\_Q(c
SVYZfnfAQ(\:o~k
w(j�SyYZS�N0gBcygtSVYZ[_N�S�]6\_Q(Q�P6]RSbYn\_Q4o
YZSVN4cXSVgrSVYZcXSVYZ]�gBf0^a\ v(P6fZYnQ([�gBQ(v�N0gBcyN(gBv�gBQ4Yn^a`�\_U"S�gBQ�S
Yn^a`0gB]�SzYnQÅQ(\_Q�s�`0gBUbgB^4P�SVUXYn]�cXSVgrSVYZcXSbYn]6cRkyY�S4YZcz]�gBfZfnP6v ßBæ��KåKâ é�ä�å��â�!��ê6÷��Kø ùB� � UbY�SVN(^aPRSbYn]
]6\ v(YZQ([}cXSbP6^ac�lDUb\B^ grQÆgBQ(]RYnP6Q�S�YZv(P�g4v(PR�BP6fn\B`�PRvÆw�WÆÇ�N0gBQ�Q(\_Q{gBQ(v{§2gBQ�\}grS�SVN(Pq�BP6U"W
w8P6[_YZQ(Q(YnQ�[h\Bl���Q�lD\_Ub^4grSVYZ\_Q � N(PR\_UXWB�
%�& Ò<ÛXÛiÌ<ÎBÓ�ØRÛ('*),+�Î.-#/<×<ØrÏ�Î�Ì ÊbÊ 1<Ò�Ì2-�ÒrÏZÙ4365.785:9:9<;



ËÁÌ:ÍDÎ�ÏÑÐiÒ:ÓVÔÕÎ�ÌqÖ
×<Ø6Î�ÏnÙ�Ë °yÏÑÔ Ó�×�Ð�Ø�ÓVÔÜ/¼/RÎ ? ÔÿÌµÁ
.0/1. Ü#/ZÜ�/tãt;#=AC15yÆ EIL�C15yÆNJ�H�LqP¼G!{�;NJ�/ �#PRS

A = X
���#PRS

P{w}
v(PRQ(\BSVP

P{X1 =
w}

YnQ�SVN(YZc�`(gBUVgB[BUVgB`(N)� � PR^4PR^Tw�PRU&SbN0grS&lDUb\_^ SbN(Pq]R\_Q��_PRUbcbPq\BleSVN�PÀ��UVgrlKS"s"¦�]�¦�YnfZf�gBQ
YnQ�P6p�j0gBfZYZS�W_k_gBc ∑

w∈X 2−d− log P{w}e−1 ≤ 1
k_SbN(P6UXP+P�±�Ync"SVc�gi`(UXPRd�±z]R\�v�P

f, φ
SVN0grS�gBcbcXYn[_Q

SV\zP6gB]�N�c"W�^qw�\_f
x
gz]6\ v(P�s�fnP6Q�[BSVN�PRp j(gBf#SV\

d− log P{x}e + 1
�

Ç�j(]�N�g�]6\ v(P+]�gBQaw8P&v�P6cbYZ[_Q(PRvaYZQhSVN(P+lD\_fZfn\:o
YnQ([�o�g�W_� � N(\�\BcbP&gBQa\_Ubv(PRUbYZQ([�\_Q
A = X

�
¶�P�d0Q(P�fn\:o gBQ(v�j(`�lDUb\_^�gBc6u

fn\:o
(x)

∆
=

∑

x′<x

P{x′}

j(`
(x)

∆
=

∑

x′≤x

P{x′} .

¶�P�d0Q(P
f(x)

gBc�SbN(P
1 + d− log P{x}ew(Y�SVc+\BlASVN(P~w(YZQ0gBU"W}P�±�`0grQ(cbYZ\_Q�\rl

1

2
[
fZ\:o

(x) +
j(`

(x)] =
fn\:o

(x) +
P{x}

2
.

�#PRS
j(c
]�N(PR]��}SVN0g�S�SVN(YZc+v(PRd(Q(P6c&gh`(Ub\B`�PRU+`(UbP�d�±�]6\ v(Pr� � cbcXj(^4PiSbN0grS
f(x)

Ync�gz`�UbPRd�±
\Bl

f(x′)
grQ(v ¾

x < x′)
k SVN(YZc�Yn^a`(fZYnP6c�SVN(grS�SVN�Piw(YnQ(gBUXW4P�±�`0gBQ�cbYn\BQ(c+\BlAfn\:o

(x) + 1
2
P{x}gBQ(v�fn\:o

(x′) + 1
2
P{x′}

v(\}Q(\rS�v(Y�»)PRU�YZQ�SbN(P6YZU&d0UXcXS
1 + d− log P{x}e

`�\BcbYZSbYn\_Q�c6�+YÞ�°PB�
SVN�PRW�v(Y�»)PRU+w�W�fnP6cXc+SVN0gBQ

2−1−d− log P{x}e ≤
P{x}

2
,

w(j�S
fn\:o

(x′) +
1

2
P{x′} −

fZ\<o
(x) −

1

2
P{x} >

P{x}

2
.

� N(Pz]�grcbP
x > x′ YZc�SVUXP�grSbP6v{YnQ g}cbYZ^4YZf�gBU
oyg:W$¾1\_UiomPz^�g�W�YZ^4`8\_cXPqSVN0g�S�SVN(PhfZPRSbSbP6UXc

gBUXP�\BUbv(PRUbP6v�YnQ�ghQ(\_Q s�YnQ�]6UbP6gBcbYZQ([h^4gBQ(Q(PRU
gB]6]R\_Ubv(YZQ([hSV\hSVN�P6YnU+`�Ub\_w0grw(YnfZYZSVYZP6cVÃ��

.0/1. Ü#/�C�/tãt;#=AC15yÆ E LnH@x�>yH 5A@:H�;	M&LqP¼G!{�;NJÑLr/ � N(Ync+]R\_Q(c"SVUbj�]RSVYZ\_Q�`(Ub\:� Ynv�P6c�o
YZSbN
gh`(UbP�d�±�]6\ v(P�lD\_U

X
o
N(P6UXPtP6gB]�N�]R\�v�PRom\_Ubv�N0gBc+Q(P6gBUbf�W�Ynv(P6gBf�]R\�v(PÄs�fZP6Q([BSbN{u

− log P{x}.
� ctcbj(]�N$Y�Sqv(\ P6ctQ(\BSqcbP6PR^ Sb\�`(UX\<� YZv(P}gBQIYn^a`(Ub\:�_PR^4PRQ�Sto
Y�SVN UXP6cb`8P6]�STSV\ � j�»�^�grQ
]6\ v(PRc6� � N(Pa^�gBYZQÆ^4PRUbY�S�\Bl�SVN(P4Ç�N0grQ(Q(\_Q�s�§2gBQ(\rs 	 fZY�gBc�]6\ v(YnQ�[�^4P�SVN(\ v{YnciSV\�w8Pz[_UVg�s
]6YZ\_j(cXfZW}PÄ± SVP6Q�v(Ynw(fZP�SV\hSVN(P~]R\�v(YZQ([h\Bl?cbPRp j�P6Q(]RP6ci\Bl?cXW ^Tw8\_fZc6�

�#PRS�j(c�]6\BQ(cbYZv(P6U�SVN�P PRQ(]6\ v(YZQ([$\Bl
X n

� � N(P \_Ubv(PRU�\_Q
X

YnQ�v(j(]6PRc�gÅj(Q�Ynp�j(P{fnPÄ± s
Yn]R\_[_UbgB`(N(YZ] \BUbv(PRU�\_Q

X n
� � Q(v

xn
1 ∈ X n

]�gBQ w8PIPRQ(]6\ v(PRv w�W SVgB��YnQ([$SVN(P d0Ubc"S
1 + d− log P n{xn

1}e
w(YZSbc+YnQ�SVN�P�w�YnQ0gBU"W}PÄ±�`(gBQ(cbYZ\_Q�\Bl

P n{Xn
1 < xn

1} +
1

2
P n{xn

1}.%�& Ò<ÛXÛiÌ<ÎBÓ�ØRÛ('*),+�Î.-#/<×<ØrÏ�Î�Ì Ê 0 1<Ò�Ì2-�ÒrÏZÙ4365.785:9:9<;



ËÁÌ:ÍDÎ�ÏÑÐiÒ:ÓVÔÕÎ�ÌqÖ
×<Ø6Î�ÏnÙ�Ë °yÏÑÔ Ó�×�Ð�Ø�ÓVÔÜ/¼/RÎ ? ÔÿÌµÁ
� N(P�^a\_cXS¼gr`(`�P6gBfnYZQ([+gBcX`�PR]RS¼\Bl SVN�Ync�PRQ(]6\ v(YnQ�[&YZc)SVN(grSAgBQ�Wi[_\ \ v�`(Ub\ ]6PRv(j(UbPeSb\
]6\_^a`(j�SbP
P n{Xn

1 < xn
1}

lDUX\_^
P n{Xn−1

1 < xn−1
1 }

UbP6cXj(fZSbc+YnQ�gh[_\ \�v�`�Ub\ ]6P6v�j(UbPiSb\aPRQ(]6\ v(P
xn

1

�
� c&gh^4grSbSbP6U+\BlAl1gB]RS6k0v(PRd(Q(P~w�W�PÄ± SVP6Q�cbYn\BQ�lD\_U
grQ�W

xn
1 ∈ X n

u
fn\:o

(xn
1 )

∆
= P n{Xn

1 < xn
1}

j(`
(xn

1 )
∆
= P n{Xn

1 ≤ xn
1}

〈
fZ\<o

(xn
1 ), ä xn

1 )〉
YZc�]R\_^a^4\_Q�fZW}]6gBfnfZP6v�SVN(P�S�gB[4gBcXcb\ ]6Y�g�SVP6v�o
YZSbN

xn
1

�+fZPRS�j(c�grfncb\4v(PRd(Q(P
o
Ynv�SVN

(xn
1 )

∆
= ä xn

1 )−
fZ\:o

(xn
1 )
�efn\:o

(xn
1 )

gBQ(v ä xn
1 )

grUbP
]6\_^a`(j�SbP6vzYnQhSbN(P�lD\_fnfZ\:o
YnQ([�oyg�W8u
fn\:o

(xn
1 ) =

fZ\:o
(xn−1

1 ) +
[ o
YZv�SVN

(xn−1
1 )

]

P
{

Xn < xn | Xn−1
1 = xn−1

1

}

j(`
(xn

1 ) =
fZ\:o

(xn−1
1 ) +

[ o
YZv�SVN
(xn−1

1 )
]

P
{

Xn ≤ xn | Xn−1
1 = xn−1

1

}

o
Ynv�SVN
(xn

1 ) =
o
YZv�SVN

(xn−1
1 )P n

{

Xn = xn | Xn−1
1 = xn−1

1

}

.
� N(P�S�gr[ ]R\_j(fZvÅw8P�P6p�j(Y��BgrfnP6Q�SbfZW ]�N�\_cbPRQxgBc

〈
fZ\<o

(xn
1 ),

o
YZv�SVN
(xn

1 )〉.
ÔiQ(]RP�SbN(P�S�gB[ÆYZc

��Q(\:o
Q�k0P6Q�]6\ v(YnQ([qYncyc"SVUbgBYn[_N�SXlD\_UXoygBUbv)��Ç�N0gBQ(Q�\_Q�s�§2gBQ�\rs 	 fnYngBc�]6\ v(YnQ�[T]6\ v(YnQ�[Tv(\ P6c�Q(\rS
UbPRp�j(YnUXP�P�±�`8\_Q(P6Q�SbY�gBfZfZW�f�gBUX[_PmSVgBw(fZP6c�gBQ�vaY�SVc?UbP6v�j(Q(v0gBQ�]RWh`8P6Uec"W ^Tw�\Bf(Ync?fnP6cXceSVN0grQ

2/n
�

o�P��_PRUXSVN�P6fnPRcbc&SVN(YZc+Ync+Q(\BS
PRQ(\_j([BN�Sb\4^4gB�BP�Y�S
`(UVgr]RSVYZ]�gBfÑ�

.0/1. Ü#/�u¼/4åt>¼9#H�E(9�CD7�Ø?G�H�7<C1@�@_;#=ACÑ5KÆ¼/ � PRUbP�Ync+fnYZcXS
\Bl?`(UX\_w(fnPR^4c�SbN0grS&N0g��_P~SV\aw8P
d�±�P6v�YnQ�\_UXv(P6U+Sb\a^4gB�rPqÇ N0gBQ(Q(\BQ�s�§2gBQ(\�s 	 fnYngBcy]R\�v(YZQ([zgz`(UVgB]�SVYZ]�gBf�YZv(P�g�u

¾  Ãt]R\�v(YZQ([hN0gBc�Sb\hw�P�`�PRUXlD\_UX^4PRv�YnQ�gBQ�YZQ(]6UXP6^aP6Q�S�gBf�^�grQ(Q(P6UR����S
Ync�v�P6cbYZUVgBw�fnP�Sb\
w8Pygrw(fnPeSb\�\_j�SV`(j�S¼SbN(Pm]R\�v�PRom\_Ubvtw�PR[_YnQ(Q�YnQ([
w8PRlD\_UXP�N(g:� YZQ([&Sb\BS�grfnfZW�`(UX\�]RP6cbcXP6v
SbN(P~YnQ(`(j�S+oy\_UXv��

¾Ñ¶_Ã�SVgB[½]R\_^a`(j�S�g�SVYn\BQ(cTcbN�\_j(fnvÅw8P�cXYn^a`(fnPr� � N(P�Ç�N0gBQ�Q(\_Q�s�§8grQ(\rs 	 fZY�gBcT^aPRSbN(\ v
UXP6fnYZP6ct\_QüP�±�gB]�SagBUbY�SVN(^aPRSbYn]Bk�gBQ(vü^Tj�fZSVYZ`(fnYZ]�grSbYn\_Q�c6����ShYncqv(P6cXYnUVgrw(fnPaSV\Æj(cXP6v
d�±�PRv�`(UXP6]6YZcbYZ\_Q�gBUbY�SVN(^aPRSbYn]igrQ(v�Sb\ag:�B\_Ynv�^Tj(f�SVYZ`(fnYZ]�grSbYn\_Q(cR�

� N(\_cXP�S�om\a`(Ub\_w�fnP6^ac+N0g��_P�w8P6P6QI¾Ñg�S
fnP�grcXS
`0gBU"SVYngBfnf�W(Ã�d�±�P6v�YnQ�SVN�P�fngrSVP�cXPR�BP6Q�SVYZP6c6�

� j(UbP�gBUbY�SVN(^aPRSbYn]�]6\ v(YnQ([½v(P�grfnc�o
Y�SVN SbN(P�d0UXcXS�p�j(PRcXSVYZ\_QOgBQ(vHfZP�g��_PRc�gBcbYZv(P�SbN(P�YZ^zs
`(fZP6^aP6Q�S�grSbYn\_Q(gBfiYncXcbj(PRc�UbgBYncXP6v w�W PÄ±(gr]RSÆgrUbYZSbN(^aPRSVYZ]B� §0Ub\_^ SbN(P v(PRd0Q�YZSVYZ\_Q \BlTSVN�P
Ç�N0grQ(Q(\_Q�s�§2gBQ(\rs 	 fZY�gBc8`(UX\�]RP6v(j(UXPBk�YZS�lD\Bfnfn\:o
c8SVN0grS#SbN(P�cbPRp�j(P6Q(]RPm\rl�YZQ�SVP6U"�rgBfnc

[
fn\:o

(xk
1), ä xk

1))Ync�v(PR]6UbP6gBcbYZQ([(��MIPao
Ynfnf�d0UXcXSqv(P6cX]6UbYZw�P�g�cbYZ^4`�fnPzcbP�ST\Bl
UXj(fnPRctSVN(grSto
YZfnf�UbPR`(f�gr]6PzSVN(YZc
cbPRp�j(P6Q(]RP�\Bl�YnQ�SbP6UX�rgBfZcTw�W$gÆcbPRp j�P6Q(]RP�\Bl�YnQ�SVPRUX�rgBfZcqo
N(Yn]�N$o
Ynv�SVN$UbPR^�gBYZQ(cTw8\_j(Q(v�P6v
lDUb\B^�w8P6fn\:o*w�W

1/4
�

� cXcbj(^aP4SbN0grS
k < n

grQ(v
[
fn\:o

(xk
1), ä xk

1)) ⊆ [0, 1/2)
SVN(PRQügBc

[
fZ\<o

(xk+1
1 ), ä xk+1

1 )) ⊆
[
fn\:o

(xk
1), ä xk

1))
kroyP&gBfZUbP�grv�Wq��Q(\:oÅSVN0g�SeSVN(P�d(UbcXSew(YZS�\rl0SVN(P+]R\�v(P�oy\BUbvagBcbcX\�]RY�grSbP6vTo
Y�SVN

xn
1

o
YZfnf)w8P
0
�eM½P~]6\_j�fnv}SVN�j(c
UXP6`(fngB]6P

[
fn\:o

(xk
1), ä xk

1))
w�W

[2×
fZ\<o

(xk
1), 2× ä xk

1))
gBQ(v

Yn^a^aP6v(YngrSVPRfZWz\_j�Sb`(j�S
0
�

��Q gBQ*gBQ0gBfZ\_[_\_j�c�oyg�W_k�YZl
[
fZ\<o

(xk
1), ä xk

1)) ⊆ [1/2, 1)
SVN(PRQ YZS�YZc�UXP6`(fngB]6PRv*w�W

[2 ∗
(
fZ\:o

(xk
1) −

1
2
), 2 ∗ ( ä xk

1) −
1
2
))

gBQ(v
1
YZc+Yn^a^4PRv(Y�g�SVP6f�Wz\_j�Sb`(j�S��

%�& Ò<ÛXÛiÌ<ÎBÓ�ØRÛ('*),+�Î.-#/<×<ØrÏ�Î�Ì Ê _ 1<Ò�Ì2-�ÒrÏZÙ4365.785:9:9<;



ËÁÌ:ÍDÎ�ÏÑÐiÒ:ÓVÔÕÎ�ÌqÖ
×<Ø6Î�ÏnÙ�Ë °yÏÑÔ Ó�×�Ð�Ø�ÓVÔÜ/¼/RÎ ? ÔÿÌµÁ
� N(PqSbN(YnUXv�Ubj�fnPqYZc�^a\_UbP�cbj�w�SVfZPB� � N(Ptd0Ubc"SiS�oy\�UXj(fnPRc�v(\�Q�\BSi`(UXPR�BP6Q�S

[
fZ\:o

(xk
1), ä xk

1))SV\�cbN(UXYnQ(� gBUX\_j(Q(v
1/2

fnYZ�BP
[1/2 − 1/2k, 1/2 + 1/2k)

����Q cbj(]�N$g�]�gBcXPBkeomP}gBUXP�Q(\rS
YnQ g�`�\_cXYZSbYn\_QISb\�v(PR]6Ynv�P}o
N(PRSbN(P6UhSVN�P�d0Ubc"Sz]6\ v(PRom\_UXvÅc"W ^Tw�\Bfmo
YnfZfmw8P

1
\BU

0
j(Q�SVYZf

SVN�Pif�gBc"S�YZQ(`(j�SycXW ^Tw8\_f�YZcyUXP�gBv���o&PR�BP6UXSbN(P6fZP6cXc6k2YZl
[
fn\:o

(xk
1), ä xk

1)) ⊆ [1
4
, 3

4
)
k oyP�grfnUbP6gBv�W

��Q(\:oÈSVN0grStSVN(Pad0Ubc"SzgBQ(v½SVN(P4cbP6]R\_Q(vüw(Y�Sq\rl+SVN(P4]6\ v(PRom\_Ubv o
YZfnf�w8P�v(Y�»)PRUbP6Q�S6� � N(YZc
`(UX\_^4`�SVc�j(cmSb\tlD\_fZfn\:o SbN(P�lD\_fZfn\:o
YnQ�[�Ubj(fZPBueUXP6`(fngB]6P

[
fZ\:o

(xk
1), ä xk

1))
w�W

[2× (
fZ\:o

(xk
1)−

1
4
), 2 × ( ä xk

1) −
1
4
)),

gBQ(vÆQ(\BSbPqSVN(grSiSVN�Pqd0Ubc"S~gBQ(vÆcXP6]R\_Q(v{w(YZSbci\Bl�SbN(PT]6\ v(P�oy\_UXvÆo
Ynfnf
w8P�v�YZ»�P6UbPRQ�S��
syP�o�gBUXP½SbN0grS�SVN(P{SVN�UbP6P Ubj�fnP6c�cXN(\_j(fZv w8P½j�cbP6v*YnQ gBQ*Y�SVPRUVgrSbYZ�_PÆ^4gBQ(Q�P6U6� � N(Ync�YZc
`0gB]���gB[BP6v�YnQ�SVN(P�lD\_fZfn\:o
YnQ�[hgBfn[B\_UbY�SVN(^��

%�& Ò<ÛXÛiÌ<ÎBÓ�ØRÛ('*),+�Î.-#/<×<ØrÏ�Î�Ì Ê � 1<Ò�Ì2-�ÒrÏZÙ4365.785:9:9<;


