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WYX[Z]\-^�_`\-abX-X-^dc�_feFg-hiX-jlknmoeIp-cq^frts�u/^va)mo^whqXxZo^fmy^fzyZo^fg�hiX"Zom]abX-zyrvh{ZoZohiX-j|abX}^fci^drv^dX~Z,eb�
zo^�Z%eb��rv^dzozoabjI^fz

{1, . . . , M},
eR�b^fm�avkTeIzozyhip-c{�l�-Xn�:abh{Z]\n�U�ncLr�^fgnhi�-r�_fabcicq^fg�av_`\;a)X-X-^fcM�

� eIX-_dmo^�Z]^�^��-a)rvk-cq^fzLeb��_`\;abXnX-^fcqz�rva���pT^�knmoe��Fhig-^dgwp~� � ^fmyZo�fhiabX?_`\;a)X-X-^fcqzCZo\;a)Z�_deIX~�I^��
r�eIp-hicq^�k-\neIX-^fz�_febXx�b^fmyz]a)ZohieIX-zds5ebknZ]hq_��;p#^dmoz�_�abmymy�FhiXnj�_fabp-cq^ ��� s~_de5ebk#^dm�cqhiX-^dz�_�abmymy�FhiXnj
Z]^dci^dk-\-eIX-^�_feIX~�I^dmozoa)Z]hqeIX-z�eIm�W � Z]moa)��_�Z]\nmoeI�-jb\ �%�,�n� Z]^d_`\-X-hi�x�-^dzf� � z��:a)m�abz�u/^�abmy^
_febX-_f^dmoX-^dg8s�_`\;abX-X-^dciz
u
hicqc�pT^�r�eFg-^fcqci^fg�abz�Z]m]a)X-zoh{Z]hiebXlk-moeIp-abp-hicqhqZohi^fzd�
� _`\;abXnX-^fc�hqz�g-^d�;Xn^fg�px��abX�hiX-kn�nZ�abcikn\;abpT^dZ

X
abX-g�abX�eI�nZok-�nZ�abcqk-\;abpT^dZ

Y
s�abX-g

a�_deIX-g-h{Z]hiebX;abc�g-hiz0Z]myhip-�nZohieIX
QY |X ,

u
\-^dmo^
QY |X{y | x}

g-^fXnebZ]^dzwZ]\-^�knmoeIp;a)p-hicqhqZY�[eb�
mo^d_f^dhq�FhiX-j

y ∈ Y
u
\-^fX

x ∈ X
\;a)z?pT^f^fX�Zom]abXnzor�hqZoZo^fg8�=WYXPZo\-hiz�ci^d_dZo�-mo^)s

QY |X

u
hqcic
g-^dX-ebZ]^�a _`\;abX-Xn^fc¡��¢£^,u
hicqc8abzyzo�-r�^,Z]\;a)Z¤hqX-k-�nZ¤abXng�eI�5Z]k-�nZ¤a)cik-\;a)p#^�Z]z
abmy^��-X-hqZo^b�
� \;abXnX-^fcqz3a)mo^�X-ebZ��nzo^fg�hiX�alzohqX-jIcq^wzo\-e)Z,u�a��I� � zy^f�x�-^fXn_f^|e)�/hqX-k-�nZ�z0�Frwp#ebciz

xn
1

hqz
Z]moabX-zyrvh{ZoZ]^dg�abXngla?zo^d�x�-^fX-_d^�eb��eI�nZok-�nZ�zy�FrwpTeIciz

yn
1

hiz/mo^d_f^fh{�I^dg�¥:eIX-^�eI�nZ]kn�nZ�z0�5r?p#eIc
hiz�my^f_d^fhq�b^fg=�UeIm�^�a)_`\�hqX-k-�nZ
z0�5r?p#eIc§¦���¨;eIm�Zo\-^�z]ab©)^3e)�Czyhir�k-cihq_fh{ZY�Isxu�^,u
hicqc�^��n_dci�-zyhq�b^fcq�
g-^fabc5u
h{Z]\�r�^fr�eImy�Fci^dzozC_`\;abX-X-^dcizd� � \-^�k-myeIp;abp-hqcih{ZY��eb�Tmo^f_d^fh{�5hqX-j

yn
1

u
\n^fX
xn

1

\;abz�p#^d^fX
Z]moabX-zyrvh{ZoZ]^dg=hiz�jIh{�I^fX=p~�

n
∏

i=1

QY |X{yi | xi} .

	 �nabrvknci^fzdª � \-^?«�hiX;a)my� � �Fr�rv^�Z]mohq_ � \;abX-X-^dc�¥:« �-� ¦
abX-g[«�hqX;abm0� 	 moabzo�nmo^ � \-abX-X-^dc
¥M« 	/� ¦�knmoe��Fhig-^wZYu/e=zohir�k-cq^wabX-g[�nzo^d�U�nc�^��nabr�k-ci^dz%eb��_`\;abX-Xn^fcizd� � \-^ « �-� u
h{Z]\}k;a¬
m]a)rv^�Z]^fm

p ∈ [0, 1]
\;abz�hqX-k-�nZ
a)X-gleI�nZok-�nZ
abcqk-\;abpT^dZoz�^d�F�-abc�Z]e

{0, 1}.
� \-^%Zom]abX-zyhqZohieIX

k-myeIp;abp-hqcih{ZY�vhqz
g-^d�;Xn^fgtpx�Tª

QY |X{Y = x | x} = 1 − p .
¢®\-^dXv�:ab_dhiX-j�a�« �-� s~Z]\-^¤mo^d_f^dhq�I^dm/gne5^dz/X-e)Z/©xX-e�u¯u
h{Z]\�_f^dmyZ`a)hiX~ZY��u
\-hi_`\vzy�FrwpTeIc-u�abz
zo^dX~Z��
� \-^�p-hiX-abmy��^fm]a)zo�-my^v_`\;a)X-X-^fc�\;a)z�eb�nZ]k-�5Z?a)cik-\;a)p#^�Z

{0, 1, e}
abX-g}Z]moabX-zoh{Z]hqeIX[k-moebp;a¬

p-hqcihqZY�vg-^��;X-^fg�p~�

QY |X{Y = x | x} = 1 − p
abX-g

QY |X{Y = e | x} = p
�UeIm

x ∈ {0, 1}.
°



±³²�´Uµx¶M·%¸�¹]º»µ5²?¼
½R¾fµ~¶i¿�À
±Á±Á± Â�½¸~²~²R¾)Ã5Ä�µnÅI¾dÆ
¸x²Å�ÇT¶¡¶iµ~¶§Æ
¢®\-^dX£�:ab_dhiX-jta=« 	�� sAhq��Z]\-^ mo^d_f^dhq�I^dm3my^f_d^fhq�b^fz�^fh{Z]\-^dm

0
eIm

1
sL\n^v©xX-e�u
z��UeIm,_f^dmyZ`a)hiX

Z]\-a)Z�Z]\-hqz�u�a)z¤Zo\-^,Z]m]a)X-zor�hqZyZ]^fglz0�Frwp#ebc¡�
� \-^/_`\;abX-X-^dc5_de5gnhiX-j¤k-moebp-ci^drÈ_feIXnzohiz0Z]zChiX�^fX;abpncihiXnj¤my^fcqh§abp-cq^�Z]moabX-zyrvhqzozohqeIX�eb�-r�^fzyz]abjI^dz
e��I^dm��nX-mo^dcih§a)p-ci^v_`\;abX-X-^dcizd��WYX�eImog-^dmwZ]e[^dX;abp-cq^lmo^fcqh§abpnci^|hqXn�UeImyr|a)ZohieIX}Z]moabX-zyrvhqzozohqeIX8s
u/^vu
hicqc��-zo^v�UeImyu�abmogF¬Y^fmymoeIm�¬Y_deImomy^f_dZohiX-jt_feFg-^dzl¥M¨ 	/� ¦��L¨ 	�� abg-g�my^fg-�-Xng;abX-_��£Zoe�Z]\n^
r�^fzozoabjI^�zoevabz�Zoev\-^dciklZ]\n^�my^f_d^fhq�b^fm
É?Ê�Ë-ÌÁÍLÌ§ÎAÌÁÏ�Í  �qÐb�qÐxÑ�Ò{Ó�ÔAÕ�ÍLÍCÊ�Ö�×�Ï�ØCÊ-Ù � _`\;abXnX-^fc/_feFg-^|u
hqZo\Pp-cqe5_`©I¬'ci^fXnjbZ]\

n
hiz3a

k;abhqm�e)��r|a)k-k-hiXnjIz
(f, φ)

u
\-^fmy^wZ]\-^3_feFg-^fm
f
rvabk-z
Z]\-^wzy^dZ�eb��rv^dzozoabjI^fz

{1, . . . , M}Z]e�u�abmog
X n

abX-g�Zo\-^�g-^d_feFg-^fm
φ
r|abknz

Yn
Z]e�u�a)mog

{1, . . . , M}.
� \n^�m]a)Zo^[ÚÛe)�¤Zo\-^

_feFg-^�hiz�gn^d�;X-^dg"abz
1

n
log|X | M =

Ú
.

� \-^
zo^�Z�eb�Tzo^d�F�n^fX-_d^fz
f({1, . . . , M})

hqz�eb�ÁZo^fX _�abcqci^dg?Z]\-^�_de5gn^fpTe5eI©3eIm�^��I^fX Z]\n^¤_de5gn^b�

� \-^�m]a)Zo^3ÚÜeb�Aa�¨ 	�� _feFg-^�hqz�zorvabcicq^fm�Z]\-abX
1,
hqZ�r|a���pT^¤_feIX-zyhig-^dmo^dglabz�Z]\-^
�Um]ab_�Z]hqeIX

eb�ChiXn�Uebmorva)Z]hqeIX|_fabmom0�5hqX-j zy�FrwpTeIciz¤abr�eIX-jwZom]abXnzor�hqZoZo^fglz0�5r?p#eIcqzf�
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WYX�eImyg-^fm�Z]e?abzozy^fzoz�Zo\-^�Zom]abXnzor�hizozyhieIX�_�a)k;abp-hqcihqZohi^dz�eb�A_`\;abX-Xn^fcizds5u/^�u
hicqc;g-^�a)cTu
h{Z]\vZYu/e
_fmyhqZo^fmohia%Z]\;a)Z�_fabknZ]�nmo^
Z]\-^
^fmymoeIm�¬Y_deImomy^f_dZohiX-j�_�a)k;abp-hqcihqZohi^dz�eb�8¨ 	�� _feFg-^fzd� � \-^
�;moz0Z�eIXn^
u
hicqc�k-mye��I^��-zo^��U�-c�u
\-^fXtk-moe��FhiXnj�kTeIzyhqZ]h{�I^,my^fzo�ncqZ]zd�
É?Ê�Ë-ÌÁÍLÌ§ÎAÌÁÏ�Í  �âá5�{ÐxÑ,Òâã�ä�Ê�å�Õ�æ�Ê�ÊTåAå#Ï�åçÏ�Ë[ÕèÓ�ÔAÕ�ÍLÍLÊTÖ�×�Ï�Ø�Ê-Ù � ^�Z

(f, φ)
g-^fX-e)Z]^

a��UeIm0u�abmyg�^fmymoeIm?_feImymo^f_�Z]hqX-j[_feFg-^|u
h{Z]\�p-cqe5_`©I¬'ci^fXnjbZ]\
n,
Zo\-^la��I^dm]abjI^le)�

(f, φ)
e��b^fm

_`\;abXnX-^fc
QY |X

hqz
^f�x�;abc8Zoe
∑

ω∈{1,...,M}
1

M
⊗n

i=1 QY |X {ω 6= φ(Y m
1 ) | xn

1 = f(ω)} .

«��nZ�_deIr�rw�-X-hq_�a)ZohieIX�^fX-jIhqX-^f^dmoz,_fabX-X-ebZ�pT^�\;abknkx��u
hqZ]\}a=¨ 	�� _feFg-^wZ]\-a)Z,\;abz,ebX-cq�
cie�uéa��I^dm]abjb^?^fmymoeImd� � \-^?_feIr�rw�-X-hq_�a)ZohieIX=^dX-jIhiXn^f^fm�\;abz%Xne�_feIX~ZomoeIcLeIX�Zo\-^?r�^fzyz]abjI^dz
Z]\-a)Z3abmo^vab_dZo�;abcqcq��Zom]abXnzor�hqZoZo^fg[Z]\nmoeI�-jb\£Z]\n^v_`\;a)X-X-^fcM�l¨;moeIrêatmy^�abcqhizyZohi_?�Fhq^du
kTeIhiX~Z�s
u
\;a)Z¤rva)ZoZo^fmyz�hiz�Z]\n^��Uebcicie�u
hqX-jw_fmyhqZo^fmohqeIX8�
É?Ê�Ë-ÌÁÍLÌ§ÎAÌÁÏ�Í  �âá5�âá-Ñ¤ëíì£ÕAî�ÌÁï%ÕCÖ�Ê�åAå�Ï�åÛÏ�Ë"ÕèÓ�ÔAÕ�ÍLÍCÊ�Öt×�Ï�Ø�Ênð � ^dZ

(f, φ)
g-^fX-e)Z]^

a��Uebmyu�abmog�^fmomyeIm�_deImomy^f_�Z]hiXnjv_de5g-^�u
hqZo\�p-cqe5_`©I¬Ycq^fX-j)Z]\
n,
Z]\-^�r|aR�nhqr|a)c8^fmymoeIm�eb�

(f, φ)e��I^dm�_`\;a)X-X-^fc
QY |X

hiz�^f�x�;a)c8Z]e

max
ω∈{1,...,M}

⊗n
i=1QY |X {ω 6= φ(Y m

1 ) | xn
1 = f(ω)} .

� \-^lrvabhiXPjIe~abc/eb�
_`\;abX-Xn^fc�_feFg-hqX-j"hiz3Z]e[g-^dzohijbX�_de5gn^fzwu
hqZo\�\-hijb\�m]a)Zo^fz abXng�zorvabcic
rva�5hirvabc#^dmomyeIm��UeIm�jIhq�b^fX=_`\;abXnX-^fcqzf�
ÂCÃ»¸RÆyÆ%²Rµb¹�¾dÆ
ñ8ò�ó8µnôÄR½R¾)¶§µ5² á õ ¸x²~ô¸)¶q¿|öböI÷;øIùIù)ú



±³²�´Uµx¶M·%¸�¹]º»µ5²?¼
½R¾fµ~¶i¿�À
±Á±Á± Â�½¸~²~²R¾)Ã5Ä�µnÅI¾dÆ
¸x²Å�ÇT¶¡¶iµ~¶§Æ
É?Ê�Ë-ÌÁÍLÌ§ÎAÌÁÏ�Í  �íáF�âû;Ñ�Òíã�×�ÔLÌÁÊ-äFÕ�ü#Ö5Ê[å�Õ-ÎAÊ�Ï�ä�Ê�åPÕ�×�ÔLÕCÍLÍCÊ�Ö~Ù � aZ]^wÚthiz�ab_`\-hi^��)abp-ci^
e��I^dmw_`\;abX-Xn^fc

QY |X

h{�
abX-g�ebX-cq�}h{��Z]\-^dmo^�^��5hizyZozwa�zy^f�x�-^dX-_f^
(fn, φn)

e)�¤¨ 	�� _feFg-^fzds
^�a)_`\®u
h{Z]\àp-cqe5_`©I¬'ci^fXnjbZ]\

n
s�cqhir�hqZohiX-j}m]aZ]^�ÚÈabXng¯�ba)X-hizy\-hiX-jPr|a�5hqr|abc
^dmomoebmf� � \-^

zo�nk-mo^drw�-rýe��b^fm�abcic5ab_`\-hq^d�)abp-cq^�m]aZ]^fz�gn^d�;X-^dz�Z]\-^�cqhir�hqZ]hqX-j�mo^dcihiabp-ci^�Z]moabX-zor�hizyzohqeIXwm]aZ]hie
eb�LZ]\-^�_`\;a)X-X-^fcM�

� \-^�cqhir�hqZohiX-j�my^fcqh§abp-cq^�Z]m]a)X-zor�hizyzohiebX?m]aZ]hie¤e��I^dm�a�_`\;abXnX-^fc5hiz�gn^d�;X-^dg�hiX�a)X?eIkT^fmoa)Z]hqeIX;abc
u�a��b� � z,�-zy�;abc�hiX}WYXn�Uebmorva)Z]hqeIX � \-^deImy�bsAu/^ u
hicicA�;myzyZ3a)ZoZo^fr�knZ,Z]e=_`\;a)m]ab_�Z]^fmyhi�d^wZ]\-hqz
eIkT^fmoa)Z]hqeIX;abcqcq�lg-^��;X-^dg£�x�;abX~ZohqZY�[a)z%Z]\-^�zyeIci�nZohieIX�eb�/abX}eIknZohir�hi��aZ]hiebXtknmoeIp-cq^frt� � \-^
�x�;abX~Z]h{ZY��Z]\;a)ZCu
hicqcxabmohqzo^/�UmyeIrÈZ]\nhizL^fX-g-^fa��IeIm�hqzLZo\-^�_fabk;ab_dhqZY��eb�-Zo\-^�_`\;a)X-X-^fcM� � \-^/mo^fz0Z
eb�LZ]\-hqz � ^f_dZo�-mo^�hiz�gn^fg-hq_�a)Zo^fg=Z]e�Z]\-^�k-mye5e)��eb�LZ]\n^3þ¤eIhiz0� � \;a)X-X-^fc � eFg-hiXnj � \-^feImy^frt�
É?Ê�Ë-ÌÁÍLÌ§ÎAÌÁÏ�Í  �âá5� ÿ�Ñ3Ò{Ó�Õ � Õ8×�Ì§Î�� Ï�Ë¯Õýï,Ê�ï,Ï�å���ÖFÊ�����×�ÔAÕCÍCÍLÊ�ÖxÙ � ^dZ a"r�^fr�eIm0�x¬
ci^dzoz�_`\;a)X-X-^fc�u
h{Z]\�hiXnk-�nZ abcqk-\;abpT^dZ

X
abX-g�eI�5Z]k-�nZ�a)cik-\;a)p#^�Z

Y
p#^lgn^d�;X-^dgçp~��Zo\-^

Z]moabX-zyhqZ]hqeIXlk-myeIp;abp-hqcih{ZY�
QY |X ,

Zo\-^fX=Z]\-^�_fabk;ab_dhqZY�leb�LZ]\n^�_`\-abX-X-^dcLhqz�g-^d�-X-^fg�abz

C
∆
= sup

QX∈M1(X )

I
(

QX ; QY |X

)

= sup
QX∈M1(X )

EQX

[

D
(

QY |X‖EQX

[

QY |X

])]

.

� ^f_�a)cic�Z]\;aZ�s#abz�a �U�-X-_�Z]hiebX�eIX�Zo\-^�_feIX~�I^��}abXng"_feIr�k;ab_�Z�zy^dZ
M1(X )

sTZo\-^3�U�-Xn_dZ]hqeIX;abc
I
(

·; QY |X

) hiz�_feIXn_�a��I^}abXng¯_feIX~ZohiXx�-eI�-zd� � ^fX-_d^�Z]\-^�zo�-knmo^fr?�-r hqXÛZo\-^�g-^��;X-h{Z]hiebX
eb� Â hiz?ab_`\-hi^��I^dg�p~�£zoeIr�^|gnhizyZomohqp-�nZ]hqeIXç¥:zoebrv^�Z]hir�^fz�_�a)cici^dg£Zo\-^�_�a)k;ab_fh{ZY�~¬�ab_`\-hq^d�FhiXnj
g-hqzyZ]myhip-�5Z]hiebX8snzy^f^ � ^fr�r|a  �âá5�	�w�UeIm
a�_`\-abm]ab_�Z]^dmohi�fa)Z]hqeIX�¦��
WYX�ebmog-^dm¤Zoe|^fX-abp-ci^,�U�-cqc�_feIr�k;abmyhizyeIXtu
h{Z]\=Z]\-^3m]a)Zo^�
)gnhizyZoeImyZohieIXl�U�-Xn_dZ]hqeIXteb��a�zoeI�-my_f^)s
u/^�rva���g-^d�-X-^¤Zo\-^¤_�abk;a)_fhqZY�w�-X-g-^dm/hqX-k-�nZ�_febX-zyZom]abhqXxZozf� � ^�Z

ρ
g-^fXnebZ]^�a��U�nX-_dZohieIX�Z]\-a)Z

rvabk-z
X
ebXtZo\-^�mo^�a)cizf�

É?Ê�Ë-ÌÁÍLÌ§ÎAÌÁÏ�Í  �íá5��-Ñ�Ò{Ó�Õ � Õ�×�Ì§Î����CÍLØ�Ê�å�ÌÁÍ � �AÎ�×�Ï�Í��RÎAå�ÕCÌÁÍLÎ���Ù � ^dZ¤a�r�^fr�eImy�Fcq^fzoz
_`\;abXnX-^fc8u
h{Z]\=hiX-kn�nZ
abcqk-\;abpT^dZ

X
abX-g=eI�nZok-�nZ¤abcqk-\;abpT^dZ

Y
pT^,g-^��;X-^fgtp~��Z]\n^%Z]m]a)X-zoh ¬

Z]hqeIX"k-myeIp;abpnhicih{ZY�
QY |X ,

Zo\-^fX"Zo\-^w_�a)k;ab_fh{ZY��e)��Z]\-^w_`\-abX-X-^dc��-X-g-^dm
ρ
¬'_feIX-z0Z]moabhiX~Z

B
hqz

g-^��;X-^fg�abz

C(B)
∆
= sup

QX∈M1(X ),EQX
[ρ(X)]≤B

I
(

QX ; QY |X

)

= sup
QX∈M1(X ),EQX

[ρ(X)]≤B

EQX

[

D
(

QY |X‖EQX

[

QY |X

])]

.

� \-^,�UeIcqcie�u
hiX-j � ^drvrvaw_`\;abmoab_dZo^fmyhi�f^dz¤Zo\-^�_�abk-ab_fh{ZY�=ab_`\-hq^d�FhiX-j hqX-k-�nZ
g-hqzyZomohipn�nZ]hqeIX8�
��Ê�ï,ï%Õ  �âá5��-Ñ%Ò{Ó�Õ � Õ�×�Ì§Î��çÕ�×�ÔCÌÁÊ-ä�ÌÁÍCæ®ÌÁÍ � �LÎÛØ�Ì���ÎAåAÌÁü��AÎAÌÁÏ�Í���Ù������������! #"$�#%'&( #�*),+
QX -/. �/�*�!0��1� .2-!34-/. �� #5 C

),0��!"6 ���� . � - +�+��!7 QY |X

� 8 - +9�:),+�7;5<� 8>=

∀x ∈ X : D
(

QY |X=x‖EQX

[

QY |x

])

{

= C
� 8

QX{x} > 0

≤ C
� 8

QX{x} = 0 .

ÂCÃ»¸RÆyÆ%²Rµb¹�¾dÆ
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� \-hqz � ^drvrva[abzozy^fm0Z]z Z]\;a)Z��-Xng-^fm�Z]\n^�_fabk;ab_dhqZY��ab_`\nhi^d�FhqX-j}hiX-k-�5Z g-hiz0Z]mohqp-�nZohieIX-zds�abcic
_febX-g-hqZohieIX-abc�eI�5Z]k-�nZ gnhizyZomohqp-�nZ]hqeIX-z�a)mo^=a)Z�Zo\-^lz]abr�^FE�WYX5�UeImorva)Z]hqeIX�g-hqzyZ]abX-_f^$Gleb�¤Z]\n^
rvabmojIhqX;abc8eb�nZ]k-�5Z%g-hqzyZ]myhip-�5Z]hiebX-zf� � \nhiz�hqz¤u
\~�tZ]\-^�_�a)k;ab_fh{ZY�thiz¤zoeIr�^dZohir�^fz
_�abcqci^dg�Z]\n^
��+H8H),"$I -  J�*),+K" - ����&���eb�LZ]\-^�_`\;a)X-X-^fcM�
� \-^�knmoeFeb�;eb�;Zo\-^ � ^fr�rva�mo^dcihq^fzLeIXwzoebrv^/eb�-Z]\n^�abmojb�-rv^dX~Z]zCZo\;a)Z�ci^fg�Z]e�Zo\-^�a)cijIeImyhqZo\-r
�UeIm¤_feIr�k-�nZohiX-j�Z]\-^3m]a)Zo^�¬'g-hiz0Z]eIm0Z]hiebX=�U�nX-_dZohieIX�eb��avr�^fr�eImy�Fcq^fzoz¤zoeb�-mo_d^b� � z%a|rva)ZyZ]^fm
eb�L�:ab_dZfs-Z]\-^,_`\-abX-X-^dcL_fabk;ab_dhqZY�l_fabX�abcizye�p#^�_`\;abmoab_dZo^fmyhi�f^dg�a)z�a�zoabg-g-cq^fkTeIhiX~Z��

L�å�Ï�Ï�Ë8Ñ � z
I(QX ; QY |X) = inf

QY ∈M1(Y)
EQX

[

D
(

QY |X | QY

)]

u/^�jI^�Z�¥U�UeIm�^��-a)rvk-cq^��UmoeIr � hieIXFM�hqX-rva� � \-^deImo^dr�¦�Zo\-^¤�Uebcicie�u
hqX-j%z]a)g-g-ci^dk#ebhiX~Z�_`\;abm�¬
ab_�Z]^fmyhi�fa)Z]hqeIX

C = sup
QX∈M1(X )

inf
QY ∈M1(Y)

EQX

[

D
(

QY |X | QY

)]

= inf
QY ∈M1(Y)

max
QX∈M1(X )

EQX

[

D
(

QY |X | QY

)]

.

M�eImy^fe��I^dmfsAabz�Z]\-^wzy^dZoz
M1(X )

abX-g
M1(Y)

abmy^?_febrvk;a)_dZ ¥Á�UeIm%a)cicL�-zo�;a)cCZ]ebk#eIcqeIjIhq^fz`¦
Z]\n^�hqXn�;rw�nr hiz
aZoZ`a)hiX-^dg=�Uebm�zoeIr�^,k-moebp;abp-hqcihqZY�

Q∗
Y ∈ M1(Y).

� \n^fX

EQX

[

D
(

QY |X | Q∗
Y

)]

hiz/r|aR�nhqrvhq�f^dgvp~�v_`\-e5ebzohiXnj
QX

hiX|zy�-_`\ta3u�a��vZ]\;aZ
QX

k-�nZoz�abcqcTh{Z]z�u�^dhijI\~Z�eIXvZ]\-eIzy^
x ∈ X

Zo\;a)Z,rva�5hir�hi�d^
D
(

QY |X(· | X = x) | Q∗
Y

) � � \-^ c§aZoZ]^dm ¥:moabX-g-ebr�¦
�F�-abX~Z]hqZY�
hiz/_feIXnzyZ`a)XxZ,¥MabXng�^f�x�;abcTZ]e

C
¦�ebX|Z]\-^�zo�-knk#eIm0Z�zo^�Z�eb��Zo\-^�ebknZ]hqr|abc;hqX-k-�nZ�g-hiz0Z]myhip-�nZohieIX

Q∗
X

�
�

6�7ON87l<w>A@;BLBLDFE�GIH�JLK:BLNQPR>LDxH�QRDFV�RTSýDx@VUÛGIHTBXWTDxQ)ÞdD
� z��-zy�;abc¡sAZ]\n^v_`\;a)X-X-^fc�_feFg-hqX-jlZ]\-^deImo^dr hiz�r|a)g-^ eb��ZYu/e�k;abm0Z]zdª?atg-himy^f_dZ�k;a)myZ�Z]\;aZ
abzyzo^fm0Z]z�Z]\;a)Z�k-mye��5hqg-^fg�Z]\n^�_de5g-^tm]aZ]^=g-eF^fz�X-ebZ�^��5_f^d^fgçZo\-^t_`\;abX-X-^dc
_�abk;a)_fhqZY��a)X-g
p-cqe5_`©I¬Ycq^fX-j)Z]\}hiz�zo�5�v_dhi^dXxZfs�abmyp-hqZom]abmyhic{��cqe�u g-^d_feFg-hiX-jt^fmymoeIm�_fabXPpT^�ab_`\-hi^��I^dg�Y�abX-g£a
_febXx�b^fmyzo^�k;abm0Z�abzyzo^dmyZ]hqX-j?Zo\;a)Z�s5hq�8Zo\-^�_de5gn^%m]a)Zo^�^��n_d^f^dg-z�Z]\-^�_`\;abX-X-^dc�_fabk;ab_dhqZY�IsFu
\;a)Z0¬
^d�b^fmLZ]\-^�p-cieF_`©I¬Ycq^fX-jbZo\8sabmopnhqZ]moabmohqcq�¤cie�uPg-^f_de5g-hqX-j¤k-moeIp-abp-hicqhqZY��_�abX-XnebZLp#^/ab_`\-hq^d�I^dg8� � z
a�r|a)ZyZ]^dm�e)���:ab_�Z�s~Z]\-^dmo^�abmo^�ZYu/e?©xhiX-gnz/eb�8_feIX~�I^dmozy^fzfs-a�u/^�ab© _deIX~�I^fmyzo^�u
\nhi_`\vu/^�\-a��b^
Z �-z0Zwr�^fX~Z]hqeIX-^fg�s�abXng�a�z0Z]myeIX-j"_deIX~�I^fmyzo^|u
\nhi_`\�hqz3rw�n_`\�rvebmo^ zo�-p5Z]ci^)� � \-^|z0Z]moebX-j
_febXx�b^fmyzo^�abzyzo^dmyZ]z�Z]\;a)Z�hq��_feFg-^�m]a)Zo^3^��n_d^f^dg-z%_`\;abXnX-^fcC_�abk;a)_fhqZY�bs;Z]\-^dX[abz¤p-cieF_`©I¬Yci^dX-jbZo\
hiXn_fmo^fabzo^dzfs�g-^d_feFg-hiX-j ^dmomoebm�k-moeIp-abp-hicqhqZY��_febXx�b^fmyjI^fz¤Z]e

1
�

¢£^vu
hicqc��;moz0Zw^fz0Z`abpncihizy\£Zo\-^vu/^�ab©�_febXx�b^fmyzo^b� � \n^�c§a)ZyZ]^dm�hqz?hqXxZo^fmy^fzyZohiX-j�k#^dm?zy^|^d�b^fX
Z]\neI�-jI\3hqZChizAu�^fab©�sIrvebmo^fe��b^fm�h{Z]zLk-moeFeb�nmo^fcqhi^dzCeIX?a¤Zo^f_`\-X-hq_�abc � ^fr�r|a
©xX-e�u
X abzC¨Ta)X-eV[ z
hiXn^f�x�;abcqhqZY�I� � \-hqz � ^fr�rva�\;a)z�k-myeR�b^fg"Zoe�p#^?a��b^fmy��zohqrvk-cq^�abX-g��)abcq�;abp-cq^�Zoe5ebcAu
\n^fX
g-^fabcihqX-j"u
hqZo\Ûrw�ncqZ]hqk-ci^v\~�5kTebZo\-^fzyhiz�k-moeIpnci^fr�z abX-g�r�eImo^=jI^dX-^fmoabcic{�£u
\n^fXÛZomy�FhiXnj}Zoe
k-myeR�b^�X-^dj~a)Zohq�I^=my^fzo�ncqZ]z�hiX�z0Z`a)ZohizyZohi_fabc�hiXn�U^dmo^dX-_f^)�¯¨;eIm ^��nabr�k-ci^)s/h{Z�_�abX�p#^t�-zy^fgÛZoe
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±Á±Á± Â�½¸~²~²R¾)Ã5Ädµ5Å5ºí²�?�¹`½R¾dµx¶i¾)·�@BA}¾�¸�C�Ädµn²�DR¾¶§Æ0¾
k-myeR�b^=cie�u�^dm p#eI�nX-g-z eIX�mo^dg-�-X-g;a)X-_d��hqX��-X-hq�b^fmyz]abc�zyeI�-mo_d^�_de5gnhiX-j-� � ^dmo^l�UeIcicqe�u
z�a
zohqrvknci^��b^fmozyhieIXteb�LZ]\-hqz � ^fr�r|an�
��Ê�ï,ï%Õ  � ûn�{ÐxÑ,Ò]\�ÕCÍLÏ_^]ÍLÊ�`a�LÕCÖFÌ§Î���Ùcb��! 

X - +9� Y
�/�!+�), d�� Jef)g" - +9�/),Ih0 - "$� - %'7��1�ei�� ��kjl+��� d�T�!& 3�3 ),"$ l���! X m  ����!+nef�T� - 0��

H(X | Y ) ≤ P {X 6= Y } log(|X | − 1)| + h (P {X 6= Y })
eB���!"o�

h(x) = −x log x − (1 − x) log(1 − x) .

L�å�Ï�Ï�Ë8Ñ � ^�Z
Z
g-^dX-ebZo^¤Zo\-^
p#eFeIci^fabX m]abXng-eIr �)abmyh§abpnci^�g-^��;X-^dg�p~�

Z = p X 6=Y .
� z

Z
hiz
a��U�-X-_�Z]hiebX=�UmyeIr

X
abXng

Y
ª

H(X | Y ) = H(X, Z | Y )

= H(Z | Y ) + H(X | Y, Z)

≤ H(Z) + P {Z = 0} × H(X | Y, Z = 0) + P {Z = 1} × H(X | Y, Z = 1)

≤ H(Z) + P {X 6= Y } × log(|X | − 1) ,
u
\-^dmo^�Z]\n^lzo^f_deIX-g�^f�x�;aZ]hiebX�_feIr�^fz?�UmyeIr Z]\-^l_`\;a)hiX�my�-ci^|�Uebmw^fX~Z]myeIk~�Is�Z]\n^��;moz0Z�hiX5¬
^f�x�;a)cihqZY���UmoeIr Z]\-^��:ab_�Z,Z]\;aZ�_feIX-gnhqZ]hqeIX-hqX-j�rva���eIX-c{�"g-^d_fmo^fabzo^�^fX~ZomoeIk~�IsAZ]\n^�zy^f_deIX-g
hiXn^f�x�;abcqhqZY�t_feIr�^fz¤�UmoeIr Z]\n^?�:ab_dZ�Z]\;aZ,_feIXng-hqZohieIX;a)cicq�|eIX

Z = 1,
Z]\-^?_feIX-gnhqZ]hqeIX;abcA^dX5¬

Z]myeIk~�leb�
X
u
hqZ]\tmo^dzokT^f_�Z¤Zoe

Y
hqz�ci^dzoz�Z]\;a)X

log(|X | − 1) �

��Ê�ï,ï%Õ  � ûn�âá-Ñ,ë � a)Z`a¬'k-moeF_f^dzozyhiX-j � ^fr�rva)ðrqs8
X, Y, - +9� Z - "1�t s�/"o�1�t" - +9�/),Iu0 - "$��v

- %'7��1�kei�� ��kwH),��+� x�����! J"$�#%'&/ J�*),+ P
�!& . �y s� -  PZ|X,Y = PZ|Y

 s���!+
I(X; Z) ≤ I(X; Y ) .

L�å�Ï�Ï�Ë8Ñ � ^�Z
X, Y,

abX-g
Z
pT^,Z]\-my^f^�m]a)X-g-eIr �)abmyh§abpnci^fz�zoa)Z]hqzy�Á�FhiXnj Zo\-^�_feIXng-hqZohieIX-z

eb�LZ]\-^ � ^fr�rvan��¢£^�u
hqcicT�;moz0Z�knmoe��I^�Z]\;aZ

PX|Y,Z = PX|Y .
¨;eIm�abX~�"Zo�-k-ci^

x, y, z
sAzo�-_`\�Z]\;a)Z

P{x, y, z} = P{X = x, Y = y, Z = z} > 0,
u/^

\;a��I^

PX|Y,Z{x | y, z} =
P{x, y, z}

P{y, z}

=
PX,Y {x, y}PZ|X,Y {z | x, y}

PY {y}PZ|Y {z | y}

=
PX,Y {x, y}

PY {y}

= PX|Y {x | y} .ÂCÃ»¸RÆyÆ%²Rµb¹�¾dÆ
ñ8ò�ó8µnôÄR½R¾)¶§µ5² � õ ¸x²~ô¸)¶q¿|öböI÷;øIùIù)ú



±³²�´Uµx¶M·%¸�¹]º»µ5²?¼
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±Á±Á± Â�½¸~²~²R¾)Ã5Ädµ5Å5ºí²�?�¹`½R¾dµx¶i¾)·�@BA}¾�¸�C�Ädµn²�DR¾¶§Æ0¾
� \-^�k-mye5eb�Ceb�LZ]\-^�g;aZ`a¬'k-moeF_f^dzozohqX-j � ^fr�r|awhqz�X-e�uÈzyZom]abhqjI\~Zo�UeIm0u�a)mog8�

I(X; Y ) =

= EPY
[D(PX|Y | PX)]

= EPY
[D(PX|Y,Z | PX)]

= EPY,Z
[D(PX|Y,Z | PX)]

= H(X) − H(X | Y, Z)

≥ H(X) − H(X | Z)

= I(X; Z) .

�

z�ÔCÊ�Ï�åAÊ�ï  �âû5�âû;Ñ�Ò{ýÊ;ÕB|�×�Ï�Í�ä�ÊTå��RÊ=ÎAÏ�ÎAÔLÊ�×�ÔAÕCÍCÍLÊ�Ö|×�Ï�ØCÌÁÍCæ�ÎAÔCÊ�Ï�åAÊ�ï�Ùib��! 
QY |X

�/�!+�), }� - I~�!I~),"!5,7��1�1� . � - +�+��!7�ei�� �� .2-!34-/. �� #5 C,
 ����!+F8H)," - +�5 ε > 0,

8H)," - +�58 - I���7;5 (fn, φn)
)d8 . � - +�+��!7 . )'�/�1��ei�� s�y" -  }��� > C m - +9�g%'7�) .1� v}7��!+/�� �� n m  ��/���x8 - I���7;5)d8 . )'�/�1� .2- +�+�), -/. �/�*�!0�� - ">%'�� #" - "!��7;5<7�),e - 0��!" - �/���/� . )'����+/�:�!"$"o)," 3 "o)�% - %'��7;�� J5��

L�å�Ï�Ï�Ë8Ñ � ^�Zl�-zl_febX-zohqg-^fm|Zo\-^"ZYu/e�moabX-g-ebr �)abmyh§abp-cq^fz
Xn

1

u
\-hq_`\®hiz|�nX-hq�UeImyrvc{�
g-hqzyZ]myhip-�5Z]^fgàe��b^fmlZ]\-^[_de5gn^fpTe5eI©

Cn

abX-g
X̂n

1
∆
= f(φ(Y n

1 )),
Zo\;a)Z=hqz|Z]\-^[_de5gn^du/eImog

_febmomo^dzokTeIX-g-hqX-jlZ]elZ]\n^�eI�nZ]kn�nZ�eb��Z]\-^ g-^d_feFg-^fmd� � \-^ g-^f_de5g-hqX-jl^fmymoeIm,_deIhiXn_fhign^fz%u
hqZo\
Z]\n^�knmoeIp;a)p-hicqhqZY��Z]\;a)Z

Xn
1 6= X̂n

1

�/¨;myeIr Z]\n^3¨�abXne�WYXn^f�x�;abcqhqZY�Is-u/^�\;a��I^|¥:mo^d_�abcqc�Z]\-a)Z ¾
g-^dX-ebZ]^dz¤Zo\-^�g-^f_de5gnhiX-j ^fmymoeIm�knmoeIp;a)p-hicqhqZY�n¦�ª

H(Xn
1 | X̂n

1 ) ≤ H(
¾
) +

¾
log |Cn| = H(

¾
) + n

¾ Ú
.

� XtZo\-^�ebZ]\n^fm�\;abXng

H(Xn
1 | X̂n

1 ) = H(Xn
1 ) − I(Xn

1 ; X̂n
1 )

= n
Ú
− I(Xn

1 ; X̂n
1 )
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u
\-hqci^

I(Xn
1 ; X̂n

1 ) ≤ I(Xn
1 ; Y n

1 )

= H(Y n
1 ) − H(Y n

1 | Xn
1 )

=
∑

i

H(Yi | Y i−1
1 ) − H(Yi | Xn

1 Y i−1
1 )

≤
∑

i

H(Yi) − H(Yi | Xn
i Y i−1

1 )

=
∑

i

H(Yi) − H(Yi | Xi)

=
∑

i

I(Xi; Yi)

≤ nC ,

u
\-^dmo^�Zo\-^��-mozyZ�hiX-^d�x�;abcih{ZY��_febrv^dz��UmyeIr Z]\-^�g;a)Z]a¬Yk-mye5_d^fzyzohiXnj � ^fr�r|a5sIZ]\-^¤�;moz0Z�^f�x�;aR¬
Z]hqeIX[rva)Z]_`\-^dz�Zo\-^ g-^d�-X-hqZohieIX[eb�/rw�nZo�;abc�^dX~Z]moebkx�bsLZo\-^ zo^d_feIX-g£^f�x�;a)ZohieIX�_febrv^dz%�UmoeIr
Z]\n^�_`\-abhiXtmo�-cq^bsnZo\-^�zo^d_feIX-g�hiX-^d�x�;abcih{ZY��_deIrv^dz��UmoeIr Z]\-^,�:ab_�Z¤Zo\;a)Z
_deIX-g-h{Z]hiebX-hiX-j�gne5^dz
X-ebZ�hqX-_fmy^�abzy^�^dX~Z]moebkx�bsLZo\-^ Z]\-hqmog}^f�x�;abcqhqZY���UmoeIr Zo\-^��:ab_dZ�Zo\;a)Z�_febX-g-hqZohieIX-abcic{��ebX

Xi,
Yi

hiz�hiXng-^fkT^fX-gn^fX~Z��UmyeIr
X i

1, X
n
i+1

abXng
Y i−1

1

�

� eIrwpnhiX-hqX-jwZ]\-^,Zo\-mo^d^�knmo^f_d^fg-hqX-j�mo^fzy�-cqZoz�u�^�jI^�Z

n(
Ú
− C) ≤ H(

¾
) + n

¾ Ú
,

Z]\-a)Z
hiz

1 −
CÚ ≤

¾
+

H(
¾
)

n
.

W'��Ú
> C,

Z]\n^fX Z]\-^�g-^d_feFg-hiXnj�^dmomyeIm�k-moebp;abp-hqcihqZY� ¾ \;a)z�Z]e�mo^dr|abhqXwpTeI�-X-g-^dg|a�u�a��w�UmoeIr
0. �

�/î�Ê�å#×�Ì��Ê  � ÿ�Ñ�Ò�z�ÔCÊ��,Ì��,��ÕCÍCÊ�Í�Ö5Ï��=Ê�å�ü�ÏB�CÍLØçÌÁÍ��CÍLÌiä�ÊTå���ÕCÖt×�Ï�Ø�ÌÁÍLæ�Ù � ^f_fabcic
Z]\n^?�-X-h{�I^dmoz]a)cC_de5g-hqX-j�k-moeIpnci^fr �UmyeIr � ^f_dZo�-mo^3WoW`� � ^dZ

Θ
g-^fX-e)Z]^wa�zo^�Z%eb��knmoeIp;a)p-hicqhqZY�

g-hqzyZ]myhip-�5Z]hiebX-z�eIX
X n

� � zyzo�-r�^
Θ
r|a��lpT^3knmoe��Fhig-^dg�u
hqZo\tZo\-^?z0Z]mo�n_dZ]�nmo^?e)��avknmoeIp;aR¬

p-hqcihqZY�|zok;a)_f^b� � \-^3rva�5hir�hiXlknmohiebm�g-hiz0Z]mohqp-�nZohieIX
µ̂
sThqz�Z]\-^�g-hiz0Z]myhip-�nZohieIX=e��I^dm

Θ
u
\-hi_`\

rva�5hir�hi�f^dz

inf
Qn

Eµ

[

Eθ

[

log
Pθ {X

n
1 }

Qn {Xn
1 }

]]

.

� \-^d_`©=Zo\;a)Z
µ̂
hiz�Z]\-^�g-hqzyZ]myhip-�5Z]hiebXleIX�k-abm]abr�^dZo^fm
zok-ab_f^�Z]\;a)Z¤rva�5hir�hi�d^fz�Zo\-^3r?�nZ]�;a)c

hiX5�UeImorva)Z]hqeIX|pT^dZYu/^f^dX"k;abmoabr�^dZ]^dm
abX-g=z]a)rvk-cq^b�
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±Á±Á± ÂC½¸x²~²R¾ÃnÄ�µnÅ5ºâ²�? ¼¤½R¾dµx¶i¾)·�@�Å5ºí¶§¾fÄ�¹T�¸¶i¹
6�7O�87t<?>A@;BLBLDFE�GIH�JLK:BLN��?>ADFH�QRDFV�R�JCKUQRDFG�P OC@-Q�P

�b�-z0Zwabz��UeIm%Zo\-^ � eIzyzy� � eI�nmo_f^ � \;abXnX-^fc � eFg-hiX-j � \-^deImo^dr�sAZ]\-^�k-mye5eb�/eb�/Z]\-^�g-himy^f_�Z
k;abm0Z�hiz�X-eIX5¬'_feIX-z0Z]my�-_dZohq�I^)s�hqZ�k-mye5_d^f^dg-z|p~��a£moabX-g-ebr zo^dci^f_�Z]hqeIX¯abmyjI�-r�^fX~Z�� � gnhiz0¬
Z]myhip-�5Z]hiebX�ebX�Zo\-^�hqX-k-�nZ|abcqk-\;abpT^dZ

QX

s�a}p-cqe5_`©I¬Ycq^fX-j)Z]\
n
a)X-g¯a}m]a)Zo^PÚ®abmy^�jbhq�I^dX

abX-gçaP_feFg-^dp#eFeI©
Cn

hqzvp-�nhicqZ p~�Ûk-hi_`©xhqX-j£hqX-g-^dk#^dX-g-^fX~Zocq�
M = |X |n � u�ebmog-z��UmoeIr

X n
ab_d_feImyg-hiXnjwZ]e

Q⊗n
X

snXnebZ]^%Zo\;a)Z�Z]\n^,_feIX-z0Z]my�-_dZohieIXlg-eF^fz�XnebZ
mo^d�F�nhimo^�Z]\;a)Z
QX

_deIhiX5¬
_fhqg-^fz�u
hqZ]\tZ]\-^?_�abk;a)_fhqZY��ab_`\nhi^d�FhqX-j�g-hqzyZ]myhip-�5Z]hiebX8�
W'Z%hiz Z �-zyZ�eIknZohir�hi�f^dg�p~���-zohqX-j|Z]\n^
_�a)k;ab_fh{ZY�~¬�ab_`\-hq^d�FhiXnj�gnhizyZomohqp-�nZ]hqeIX8�

� X-_f^}Z]\n^�_de5gn^fpTe5eI©çhiz
Cn

hqzlp-�-hqcqZ�s
Z]\n^£^dX-_feFg-hiXnj�knmoeF_f^fgn�-mo^�hizlz0Z]m]a)hijI\~Zo�Uebmyu�abmog8ª
r�^fzozoabjI^

m ∈ {1, . . . , M}
hqz�^fXn_feFg-^fg=p~��Z]\n^

m
Z]\=_feFg-^du/eImyg�hqX�Z]\-^,_de5g-^dp#eFeI©�� � \-^

g-^d_feFg-hiX-j,knmoeF_f^fgn�-mo^�u/^
u
hqcicF_feIXnzohign^fm�hiz�_�abcqci^fg<M�a�5hirw�-r � hi©)^fcihq\-eFe5gwgn^f_feFg-hqX-j-��¨;eIm
^d�b^fm0�

yn
1 ∈ Yn,

h{�LZo\-^�_feFg-^fpTeFeI©|hqz
Cn

Zo\-^fXtZ]\-^�g-^d_feFg-^fgt_feFg-^du/eImyg�hiz

m̂
∆
=
abmyj

min
m∈Cn

⊗n
i=1QY |X{yi | mi} .

� ^dX-_f^��UeImyZo\8s;u�^,u
hqcic��nzo^�Z]\-^,�UeIcqcie�u
hiX-j?X-ebZ]hqeIX8�
É?Ê�Ë-ÌÁÍLÌ§ÎAÌÁÏ�Í  ���F�qÐxÑ�ë��,ÕCÍLØ�Ï�ïÈ×�Ï�Ø�ÌÁÍLæ£Ê-î � Ï�ÍCÊ�ÍAÎ�ð � \-^�moabX-g-ebré_de5gnhiX-j%^��5k#eIXn^fX~Z
�UeIm�_de5g-hqX-j g-hiz0Z]myhip-�nZohieIX

QX

a)Z¤moa)Z]^ Ú"hqz�g-^d�;Xn^fg"a)z

å�×
(QX ,

Ú
) = max

s∈[0,1]



− log





∑

y∈Y

[

∑

x∈X

QX {x}
{

QY |x {y}
} 1

1+s

]1+s


− s
Ú


 .

��Ê�ï,ï%Õ  ���F�íá-Ñ���)," - +�5 . )'����+/�������! J"$�#%'&/ J�*),+ QX

 s���y" - +9�/),I . )'����+/����� 3 ),+��!+� -  " -  d������� 3 )��!�� #��0��k� 8 - +9�:),+�7;5<� 8
I(QX {x} ; QY |x {y}) >

�
.

L�å�Ï�Ï�Ë8Ñ/¨Chimoz0Z�X-ebZo^,Z]\;a)Z��Uebm
s = 0,

− log





∑

y∈Y

[

∑

x∈X

QX {x}
{

QY |x {y}
}

1
1+s

]1+s


− s
Ú

= 0 ,

\-^dX-_f^�Z]\n^�m]abX-gneIrý_de5g-hqX-j%^��nkTeIX-^dX~Z/hqz�abc{u�a��Fz�X-eIX5¬'X-^fjIa)Z]h{�I^b��WYX�eImog-^dm�Z]e,k-mye��I^�Z]\;aZ
Z]\n^�m]abX-gneIrý_de5g-hqX-j,^��5kTeIX-^dXxZ�hqz�k#ebzohqZohq�b^bs~hqZ�hiz�^dX-eI�-jI\�Zoe,_`\-^f_`©wu
\-^dX�Zo\-^
g-^fmyhq�)a)Zohq�I^
eb�

− log





∑

y∈Y

[

∑

x∈X

QX {x}
{

QY |x {y}
}

1
1+s

]1+s




u
hqZo\=mo^fzyk#^d_dZ¤Z]e
s
hiz�ciabmojI^dm�Z]\-abXPÚ[aZ
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±Á±Á± ÂC½¸x²~²R¾ÃnÄ�µnÅ5ºâ²�? ¼¤½R¾dµx¶i¾)·�@�Å5ºí¶§¾fÄ�¹T�¸¶i¹
� ^dZ¤�-z
X-e�uÈ_deIr�k-�nZ]^,Zo\-hiz�g-^dmoh{�baZ]hq�b^bª

−
∑

y∈Y

[

∑

x QX {x}
{

QY |x {y}
}

1
1+s

]1+s

∑

y∈Y

[

∑

x∈X QX {x}
{

QY |x {y}
}

1
1+s

]1+s



log

[

∑

x

QX {x}
{

QY |x {y}
}

1
1+s

]

−
1

1 + s

∑

x QX {x}
{

QY |x {y}
}

1
1+s log QY |x {y}

∑

x QX {x}
{

QY |x {y}
}

1
1+s



 .

¨;eIm
s = 0,

Zo\-hiz�g-^dmoh{�baZ]hq�b^%Z]�-myX-z¤eI�nZ�Z]e pT^�^f�x�;abc8Zoe

−
∑

y∈Y

[

∑

x

QX {x}
{

QY |x {y}
}

]

(

log

[

∑

x

QX {x}
{

QY |x {y}
}

]

−
∑

x

QX {x}
{

QY |x {y}
}

∑

x QX {x}
{

QY |x {y}
} log QY |x {y}

)

=

∑

x

QX {x}
∑

y

QY |x {y} log
QY |x {y}

QY {y}

= I
(

QX ; QY |x

)

.

� ^dX-_f^)s8hq�
I
(

QX ; QY |x

)

>
ÚAs#Zo\-^?moabX-g-eIr _de5gnhiX-jv^��5k#ebX-^fX~Z�å#×

(QX ,
Ú
)
hqz�kTeIzoh{Z]hq�b^b�

WYX eImog-^dm�Z]e�zo\neRuÜZ]\;aZlZ]\-^}m]a)X-g-eIr _feFg-hiX-j�^��5k#eIXn^fX~Z�hqzlk#ebzohqZohq�b^"hq�3abX-g®eIXncq�¯h{�
I
(

QX ; QY |x

)

>
Ú
,
hqZ
hiz�^dX-eI�-jb\tZoe�_`\n^f_`©lZ]\;aZ

− log





∑

y∈Y

[

∑

x∈X

QX {x}
{

QY |x {y}
} 1

1+s

]1+s




hiz�_deIX-_fa��b^3u
h{Z]\=mo^dzokT^f_dZ¤Z]e
1 + s

s-ebm
Zo\;a)Z�Zo\-^�zo^f_deIX-g�g-^fmyhq�)a)Z]h{�I^�eb�LZ]\-hqz��U�-X-_�Z]hqeIX=hiz
X-^dj~a)Z]h{�I^)�

WYX�eImyg-^fm�Z]e3k-moe��b^�Z]\n^�_febX-_�a��FhqZY� u
hqZo\|my^fzokT^f_�Z�Z]e
s
sFh{Z�hqz�^fX-eI�njI\|Z]e3mo^dzoeIm0Z�Z]e ��� cqg-^dm

hiXn^f�x�;abcqhqZY�I��WYX-g-^f^dg�cq^dZ
s = θs1 + (1 − θ)s2

u
hqZo\
θ ∈ [0, 1]

abX-g
s1, s2 ∈ [0,∞].

� \-^fX

1

s
=

θs1

s

1

s1
+

(1 − θ)s2

s

1

s2

abX-gtci^�ZoZohiX-j
µ = θs1/s

snu/^3\;a��b^

1

s
= µ

1

s1

+ (1 − µ)
1

s2

.
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±Á±Á± ÂC½¸x²~²R¾ÃnÄ�µnÅ5ºâ²�? ¼¤½R¾dµx¶i¾)·�@�Å5ºí¶§¾fÄ�¹T�¸¶i¹
� ^dX-_f^��UeIm�^fab_`\

y ∈ Y
s;p~� ��� cig-^dm�hiX-^d�F�-abcih{ZY�

[

∑

x∈X

QX {x}
{

QY |x {y}
}

1
s

]s

=

[

∑

x∈X

QX {x}
{

QY |x {y}
}

µ
s1

+ 1−µ
s2

]s

≤

[

∑

x∈X

QX {x}
{

QY |x {y}
}

1
s1

]µs [
∑

x∈X

QX {x}
{

QY |x {y}
}

1
s2

](1−µ)s

=

[

∑

x∈X

QX {x}
{

QY |x {y}
}

1
s1

]θs1
[

∑

x∈X

QX {x}
{

QY |x {y}
}

1
s2

](1−θ)s2

.

� knk-cq�FhiXnj �r� cign^fm�hiXn^f�x�;abcqhqZY�|abj~abhqX8s

∑

y

[

∑

x∈X

QX {x}
{

QY |x {y}
}

1
s1

]θs1
[

∑

x∈X

QX {x}
{

QY |x {y}
}

1
s2

](1−θ)s2

≤

(

∑

y

[

∑

x∈X

QX {x}
{

QY |x {y}
}

1
s1

]s1
)θ (

∑

y

[

∑

x∈X

QX {x}
{

QY |x {y}
}

1
s2

]s2
)(1−θ)

.

� eIrwpnhiX-hqX-jvZo\-eIzo^3ZYu�e=hiXn^f�x�;abcqhqZ]hq^fzds�u/^�jI^�Z%�UeIm
s = θs1 + (1 − θ)s2

u
h{Z]\
θ ∈ [0, 1]abX-g

s1, s2 ∈ [0,∞].

− log





∑

y∈Y

[

∑

x∈X

QX {x}
{

QY |x {y}
}

1
1+s

]1+s




≥ −θ log

(

∑

y

[

∑

x∈X

QX {x}
{

QY |x {y}
}

1
s1

]s1
)

− (1 − θ) log

(

∑

y

[

∑

x∈X

QX {x}
{

QY |x {y}
}

1
s2

]s2
)

,

u
\-hq_`\�hqz�^��nab_dZocq��u
\-a)Z
u�^,u/^fmo^�cieFeI©xhiXnjw�UeImf�
�

z�ÔCÊ�Ï�åAÊ�ï  ��5� û;Ñ�Ò{É?ÌÁåAÊ�×8Î¯×�ÔAÕCÍCÍLÊ�Ö"×�Ï�Ø�ÌÁÍLæèÎAÔLÊ�Ï�åAÊ�ï�Ùcb��! � �����" - +9�/),I . )'�/�!v%!)�) � %!� . ),+4�! #"!& .  }�2��%'5g&��!��+/�������! J"$�#%'&/ J�*),+ QX

),+� s������+ 3 &( - 7 3 � - %!�! m %'7�) .1� v}7��!+/�� ��
n m - +9�<" -  }��� .��+9�/�!"� �����I - � ��I�&(I¡7;� � �!7;����)�)'�t�/� . )'����+/�F"$&(7��� ���� - 0��!" - �/���!"!"o),"�)d8 - " - +9�/),I . )'�/�ei�� ��y" -  }���¢����& 3�3 �!"$v£%!),&/+9�/�2�t%'5

exp (−n
å#×

(QX ,
�
)) .
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±Á±Á± ÂC½¸x²~²R¾ÃnÄ�µnÅ5ºâ²�? ¼¤½R¾dµx¶i¾)·�@�Å5ºí¶§¾fÄ�¹T�¸¶i¹
L�å�Ï�Ï�Ë8Ñ�WYX,Zo\-hiz8knmoeFeb�5abcic)cieIj~a)mohqZo\-r�z�abmy^�g-^��;X-^fg�u
hqZo\�mo^fzyk#^d_dZAZ]e�p-abzo^

|X |,log b
∆
=

log|X | b.

� zyzo�-r�^�Z]\-^��-mozyZAr�^fzyz]abjb^�hiz�Zom]abX-zyrvh{ZoZo^fg8s�Zo\;a)ZAhiz#Z]\-^�_`\;a)X-X-^fc~hqz��U^fg,u
h{Z]\
m1(1), ..., m1(n)

s
Z]\n^�r|a�5hqrw�-r®cihq©b^fcqhi\-eFeFg�g-^d_feFg-hiX-j�my�-ci^dz�^fmymoz�hq�xZo\-^fmy^�^��5hiz0Z]zLa�rv^dzozoabjI^

m`(1), ..., m`(n)u
hqZo\
` > 1

zo�-_`\tZ]\;a)Z
n
∑

i=1

log
QY |m`(i) {yi}

QY |m1(i) {yi}
> 0

Z]\-a)Z�hqzfsbh{�-r�^fzyz]abjI^
m`

cqe5eI©xzLrvebmo^�cihi©)^fc{�,Z]\;abX?rv^dzoz]a)jI^
m1

jIh{�I^dX3Z]\n^�_`\;abX-Xn^fcneb�nZ]k-�5Z

y1, ..., yn .
¥�Xng-^fm�Z]\-^¤r|aR�nhqrw�-r cihi©)^fcqhi\-eFe5g�gn^f_feFg-hqX-j3my�-ci^�Zo\-^%a��I^dm]abjb^�^dmomoebm/eb�8a3moabX-g-eIr1_de5gn^
hiz�^d�x�;abc8Z]e Z]\n^�gn^f_feFg-hqX-j ^fmomyeIm�k-myeIp;abp-hqcih{ZY�vu
\-^dXtZo\-^,�;moz0Z¤rv^dzoz]a)jI^�hiz�Z]moabX-zyrvh{ZoZ]^dg8ª

¾
= ECn





∑

yn
1 ∈Y

n

⊗n
i=1QY |m1(i)

{

max
`>1

n
∑

i=1

log
QY |m`(i) {yi}

QY |m1(i) {yi}
> 0

}



 .

¢£^�u
hicicFmo^��Um]abhqXw�UmoeIr abk-kncq�FhiX-j%a%X;abhq�b^��-X-hqeIX�p#eb�-X-g8��þ¤e�uçcq^dZ
s
g-^fXnebZ]^
abX~��Xx�-r?p#^dm

pT^dZYu/^f^fX
0
abX-g

1
s�abX-g

λ
g-^dX-ebZo^3a)Xx��k#eIzyhqZohq�I^,�x�;a)XxZohqZY�b� � \n^fX�u/^�\;a��I^

¾
=

∑

yn
1 ∈Y

n

∑

m1∈Xn

Q⊗n
X {m1} ⊗

n
i=1 QY |m1(i) {yi}

[

∑

m2,...mM

⊗M
`=2Q

⊗n
X {m`} p 

max`>1

⊗n
i=1

QY |m`(i){yi}

⊗n
i=1

QY |m1(i){yi}
>1

ff

]

≤
∑

yn
1 ∈Y

n

∑

m1∈Xn

Q⊗n
X {m1} ⊗

n
i=1 QY |m1(i) {yi}

[

∑

m2,...mM

⊗M
`=2Q

⊗n
X {m`} p 

max`>2

⊗n
i=1

QY |m`(i){yi}

⊗n
i=1

QY |m1(i){yi}
>1

ff

]s

≤
∑

yn
1 ∈Y

n

∑

m1∈Xn

Q⊗n
X {m1} ⊗

n
i=1 QY |m1(i) {yi}

[

∑

m2,...mM

⊗M
`=2Q

⊗n
X {m`}max

`>2

{

⊗n
i=1QY |m`(i) {yi}

⊗n
i=1QY |m1(i) {yi}

}λ
]s

≤ M s
∑

yn
1 ∈Y

n

∑

m1∈Xn

Q⊗n
X {m1}

(

⊗n
i=1QY |m1(i) {yi}

)1−λs

[

∑

m2

Q⊗n
X {m2}

{

⊗n
i=1QY |m2(i) {yi}

}λ

]s

u
\-^dmo^/Zo\-^�^d�x�;a)Z]hqeIX3�Uebcicie�u
z�p~��mo^fabmomoabX-jIhqX-j�zy�-r�r|a)ZohieIXnzfs�Z]\-^��;moz0Z�hqX-^f�x�;a)cihqZY���UeIcicqeRu
z
�Umoebr Zo\-^��:ab_�Z/Zo\;a)Z

x ∈ [0, 1]
hqrvk-cqhi^dz

xs ≥ x
abz

s ≤ 1,
Z]\n^�zo^d_feIXngthqX-^f�x�;a)cihqZY� _deIr�^fz

�Umoebr¡M�abmo©)eR�vhiXn^f�x�;abcqhqZY� abXng|Z]\-^��-X-hqeIX�pTeI�-X-g8sxZ]\n^�c§a)zyZ/hiX-^d�F�-abcih{ZY� _feIr�^fz��UmoeIr1Z]\n^
^��5_`\;a)X-jI^�a)p-hicqhqZY��e)��_de5g-^�u�ebmog-z

m2, . . .mM .

þ�e�u Z`a)©FhqX-j
λ = 1

1+s

a)X-gà�-zohqX-jP�;myzyZ�Zo\-^��:ab_�Z|Zo\;a)Z
m1

a)X-g
m2

abmo^�hig-^dX~Z]hi_fabcic{�
g-hqzyZ]myhip-�5Z]^fg�s;abX-g=Z]\-^dXtZo\-^,�:ab_dZ�Zo\;a)Z�u/^3gn^�abc8u
h{Z]\=k-moeFg-�-_�Z¤g-hiz0Z]mohqp-�nZohieIX-zdª
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¾
≤ M s

∑

yn
1 ∈Y

n

[

∑

m∈Xn

Q⊗n
X {m}

{

⊗n
i=1QY |m(i) {yi}

}
1

1+s

]1+s

≤ M s





∑

y∈Y

[

∑

x∈X

QX {x}
{

QY |x {y}
}

1
1+s

]1+s




n

.

WYXtebZ]\-^dm�Z]^fmyrvzdª

log
¾
≤ s log M + n log





∑

y∈Y

[

∑

x∈X

QX {x}
{

QY |x {y}
}

1
1+s

]1+s


 .

� ^��;X-^
Λ(s, QX)

p~�Tª

Λ(s, QX) = − log





∑

y∈Y

[

∑

x∈X

QX {x}
{

QY |x {y}
}

1
1+s

]1+s


 .

� \-^�c§a)zyZ
hiXn^f�x�;abcqhqZY�|Zom]abXnzoc§aZ]^fz�hqX~Z]e

log
¾
≤ −n sup

s∈[0,1]

(−s
Ú

+ Λ(s, QX)) = −n
å�×

(QX ,
Ú
) .

�

687O¦�7l<?>L@-BCBADFE�GIH�JCK:BAN�R�§XP�QRHTBLNPGIH#B9W#DxQÞfD

� \-^
�UeIcicqe�u
hiX-j�mo^fzy�-cqZ�_deIrvknci^dZo^fz�Zo\-^�u�^fab©�_feIX~�b^fmozy^�Zo\;a)Z�u�abz/gn^fmoh{�I^dg��UmyeIrýZ]\n^�¨�abXne
hiXn^f�x�;abcqhqZY�I�
z�ÔCÊ�Ï�åAÊ�ï  ��n�{ÐxÑ/Ò©¨�ÎAå�Ï�ÍCæ}×�Ï�Í�ä�Ê�å��RÊ�ª4{ Ï�ÖFËFÏ��=Ì§Î�«IÙ��¬)," - +�5TI~�!I~),"$57��1�1� . � - +�v+��!7�ei�� s� - 7 3 � - %!�! �� X - +9� Y - +9� .2-!34-/. �� #5 C m 8H)," - +�5®8 - I���7;5 (fn, φn)

)d8¯%'7�) .1��. )'�/�1�ei�� ���%'7�) .1� v}7��!+/�� s� n - +9�°" -  }��� > C,
 s����%'7�) .1� v2�!"!"o)," 3 "o)�% - %'��7;�� #5° d�!+9�,�k }) 1 - � - � n�/)��1�k })<��+Hjl+��� J5��

L�å�Ï�Ï�Ë8Ñ � ^�Z
ε
zoa)Z]hqzy�Á�

ε >
Ú
− C.

� ^dZ
QX

g-^fXnebZ]^�Zo\-^�hiX-kn�nZ�k-moebp;abp-hqcihqZY��Zo\;a)Z�ab_`\nhi^d�b^fz�_�a)k;ab_fh{ZY�I� � \n^fX �UeIm�abX~��z0�5r?p#eIc
x ∈ X

u/^3\-a��b^�¥Á�UmoeIr � ^fr�r|a  �âá5�	�~¦

EQY |x

[

log
QY |x{Y }

EQX
[QY |X{Y }]

]

≤ C .
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±Á±Á± ÂC½¸x²~²R¾ÃFÄdµ5Å5ºí²�?�@�ñF¹`¶§µn²�?vÄdµn²�DR¾¶§Æ0¾
¢£^=abzozy�-rv^lZo\;a)Z abcqc

M = |X |n � r�^fzyz]abjb^fz�\;a��I^=Z]\n^lz]abr�^lk-moebp;abp-hqcihqZY�b� Yn
hqzwg-h{¬

�Fhig-^dglhiX~Z]e
M = |X |n � g-^f_de5g-hqX-j�mo^djIhiebX-zfª E1, . . . , EM

¥:XnebZ]^�Zo\;a)Z/Z]\-eIzy^,mo^djIhieIXnz�abmy^
k;abhqmyu
hqzo^,g-hqz Z eIhqXxZ`¦���W'�

yn
1 ∈ Er

Zo\-^fX
φ(yn

1 ) = r.
� ^�Z

Ar

g-^fX-e)Z]^�Z]\-^,^��I^fX~Zfª
{

yn
1 :
∑

i

1

n
log

QY |x{yi|mr}

EQX
[QY |X{yi}]

> C + ε

}

.

� ^dZ¤�-z
g-^dX-ebZ]^�p~�
QY

Z]\n^�knmoeIp;a)p-hicqhqZY�vg-hiz0Z]mohqp-�nZohieIX�e��b^fm
Y
g-^��;X-^dg�p~�

QY {y} =
∑

x∈X

QX{x}QY |X{y | x} = EQX
[QY |X{y}] .

� eImymo^f_�Z|gn^f_feFg-hqX-j£eF_f_d�-moz�hiX�ZYu/ePzo^�ZoZohiX-jIzdª�hqX
Ar ∩ Er

abX-gçhqX
Ac

r ∩ Er

u
\-^dXçZ]\n^
rth
_feFg-^du/eImog

mr

hqz�Z]m]a)X-zor�hqZyZ]^fg��
þ�e)Z]^,�;moz0Z
Z]\;a)Z

∪rA
c
r ∩ Er

\;a)z¤knmoeIp;a)p-hicqhqZY�vci^fzyz�Z]\;abX
|X |(n(C+ε− � )).

∑

r

1

M

∑

y1,...,yn

Qn
Y |X {y1, ..., yn | fn(r)} 1Ac

r∩Er

≤
∑

r

1

M

∑

y1,...,yn

Q⊗n
Y {y1, ..., yn} |X |n(C+ε)

1Er

≤ |X |n(C+ε) 1

M

∑

y1,...,yn

Q⊗n
Y {y1, ..., yn}

[

∑

r

1

M
1Er

{y1...ym}

]

≤ |X |n(C+ε) 1

M

∑

y1,...,yn

Q⊗n
Y {y1, ..., yn}

= |X |n(C+ε) 1

M
= |X |n(C+ε− � ) .

� \-^/k-moeIp-abp-hicqhqZY��eb�
Ar

jbhq�I^dX�Zo\;a)Z
mr

hqzAZom]abXnzor�hqZoZo^fg�hizA�-k-kT^fm�¬YpTeI�-X-gn^fg?p~��Z]\n^/k-myeIp;a¬
p-hqcihqZY�,Zo\;a)Z�a%zy�-rýe)�

n
hqX-g-^dk#^dX-g-^fX~Z�moabX-g-eIr �)abmohiabp-cq^fzCu
h{Z]\�^��nkT^f_�Z`a)ZohieIX�cq^fzyz�Z]\;abX

CabX-gv�ba)moh§a)X-_f^
pTeI�-X-g-^dglp~�vzyeIr�^�_deIX-zyZ]abX~Z
v
hiz�c§a)mojI^dm�Zo\;abX

n(C + ε).
«/� � \-^dpx�Fzy\-^d�

hiXn^f�x�;abcqhqZY��Z]\-hqz¤hqz�ci^dzoz�Z]\;a)X
vε−2/n .� ^dX-_f^�Z]\n^�knmoeIp;a)p-hicqhqZY��eb�C_feImymo^f_�Z¤g-^f_de5g-hqX-j�hiz��-k-kT^fm�¬YpTeI�-X-gn^fgtpx�

v

nε2
+ |X |(n(C+ε− � )) .

� \-hqz¤�x�;a)XxZohqZY�ljbe5^dz�Z]e
0
abz

n
jIe5^dz�Z]e hiXn�-X-hqZY�b�

�

þ�e)Z]^wZ]\-a)Z,u�^�\;a��I^ Z �-z0Z�k-moe��I^dg£Zo\;a)Z�hq��Zo\-^�m]a)Zo^ eb�/al�:a)rvhqcq�teb�/_feFg-^fz�^��5_d^f^fgnz3Z]\n^
_`\;abXnX-^fc%_fabk;ab_dhqZY�bs�Z]\-^dX¯�UeIm|zy�n��_fhi^dX~Z]cq�Ûc§a)mojI^tp-cieF_`©I¬Ycq^fX-jbZo\8s��UeIm|a)Z�cq^�abz0Z�eIXn^�\;abc{�
eb�,Zo\-^"r�^fzozoabjI^dz|Z]\-^�_feIX-gnhqZ]hqeIX;abc
k-myeIp;abpnhicih{ZY��a�g-^d_feFg-hiX-jP^fmomyeIm[¥U_feIXng-hqZohieIX-hqX-j�eIX
Z]\n^%�:ab_dZ�Zo\;a)Z�Z]\n^,_`\;abX-X-^dc�hiz��U^dg=u
h{Z]\l_de5g-^�u�ebmogt_feImymo^fzyk#ebX-g-hiXnj Zoe�Z]\-eIzy^,rv^dzozoabjI^fz]¦
^��5_d^f^fgnz�eIX-^�\;a)cq���
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6�7³²#7l<w>A@;BLBLDFE�GIH�JLK:BLN�R�§�O�>ADxQD�OC@;G�U�K:BLNPD�´8O�H#BADFBXPRÞ

� X-_f^=^d�F�nhik-kT^fg�u
hqZo\�Zo\-^=zyZomoeIX-j�_febXx�b^fmyzo^bs�hqZ�hqz�k#eIzyzohqp-ci^�Zoe��nzo^ta}�b^fmyzohiebXÛeb�¤Z]\n^
_`\;abXnjI^3e)��r�^�abzy�-mo^�abmyjI�-r�^fX~Z
Z]e�g-^fmyhq�I^3a cie�u�^dm
p#eI�nX-g�ebX�Z]\n^�knmoeIp;a)p-hicqhqZY�veb��^dmomoebm
u
\-^dX�c§a)mojI^%pncieF_`©Fcq^fX-j)Z]\-z
abmy^�_feIX-zyhig-^dmo^dg8�
É?Ê�Ë-ÌÁÍLÌ§ÎAÌÁÏ�Í  � � �qÐ~Ñxµ,hq�b^fX"a u�ebmog

x1, ...xn

eIX"a)cik-\;a)p#^�Z
X
s;Z]\-^F J5 3 �?eb� x1, ..., xn

hqz
Z]\n^�knmoeIp;a)p-hicqhqZY�

P
eIX

X
gn^d�;X-^dg�p~�

P{a} =
1

n

n
∑

i=1

1xi=a

�UeIm
abcqc
a ∈ X .

� z/Z]\-^�ZY�FkT^%eb�La3u/eImyg�eb�Aci^dX-jbZo\
n
hiz�_febrvk-cq^dZo^fcq� gn^d�;X-^dg=px�|a?rvabk-k-hqX-j3�UmyeIr

X
eIX

{0, ..., n}
s8Zo\-^wu�ebmog-z�eb��ci^dX-jbZ]\

n
eIX

X
g-^d�;Xn^|a)Z�r�eIz0Z

(n + 1)|X | gnhO¶#^fmo^dX~Z�ZY�FkT^fzd�� ^dX-_f^|hq��u/^�_febX-zohqg-^fm?a�_feFg-^dp#eFeI©}eb�
zohq�f^
|X |n � s�Zo\-^fmy^�^��5hiz0Z�a)Z3ci^fabzyZ?eIX-^�ZY�5kT^ Pzo�n_`\�Z]\-a)Z
X-ebZ¤ci^dzoz�Z]\-abX

(n + 1)−|X | |X |n � _feFg-^du/eImyg-z�\-a��b^�ZY�FkT^ P
�

µ,hq�I^dX aP�:abrvhqcq��eb�3_feFg-^dz
(fn, φn)n

u
hqZo\®m]a)Zo^�Ú
,
h{ZlhizvZ]\x�-z=k#ebzozohqp-ci^�Z]e�g-^��;X-^�a

�:abr�hic{�çeb�3_feFg-^dz
(f ′

n, φn)n

zy�-_`\èZo\;a)Z=�UeIm=^�ab_`\
n
s%Zo\-^fmy^�^��5hizyZoz�a�ZY�Fk#^

Pn

u
\nhi_`\
hiz3Z]\-^l_deIrvr�eIXPZY�FkT^=eb��abcic/_feFg-^du/eImognz�e)��cq^fX-j)Z]\

n
s�abXng�u
h{Z]\�moa)Z]^lX-e)Z�ci^dzozwZ]\-abX

Ú
− |X | log|X |(n + 1)/n .

¥�zyhiX-j3Z]\-^,_deIrvk-ab_dZoX-^fzyz�eb�AZ]\-^�zo^dZ
e)�Ak-moeIp-abp-hicqhqZohi^fz�e��I^dm
X
snhqZ/hiz�k#eIzyzohqp-ci^¤Z]ew^��5Zom]ab_�Z

a�zo�-pF¬'�:abr�hic{�|eb�C_feFg-^dz¤u
h{Z]\£¥Mabz0�FrvknZoebZ]hq_�¦�moa)Z]^ Ú
,
_feFg-^du/eImognz�eb�Cci^dX-jbZo\

n
zy\;abmohqX-j�a

_febrvr�eIX�ZY�Fk#^
Pn

abX-g=Z]\-^,zy^f�x�-^fXn_f^
Pn

_feIX~�b^fmojbhiX-j Z]e zoebrv^�k-myeIp;abp-hqcih{ZY�
P.

z�ÔCÊ�Ï�åAÊ�ï  � � �âá-Ñ¤Ò©¨ � ÔCÊ�åAÊ4· � Õ�×¸|�ÌÁÍLæ�ü�Ïa�LÍCØAÙi¹¯�1�!&(I~�T s� -  QY |X

�/�sjl+��1� - I~�!I�v),"$57��1�1� . � - +�+��!74ei�� s� .2-!34-/. �� #5 C m 7��! (fn, φn)
�/�!+�), d� - ���2º'&��!+ . �T)d8 . )'�/�1�cei�� ��~%'7�) .1� v7��!+/�� ��

n - +9��7;��I��� #��+/��" -  d��� < C m - +9��7;��I��� #��+/� . )'�/�!ef),"��� #5 3 � P
 ����!+g s�������2º'&��!+ . �)d8kI - � ��I�&/I»�/� . )'����+/�:�!"$"o)," 3 "o)�% - %'��7;�� J�*�1�6¼ n � -  #���sj½�1�'=

lim
n

1

n
log

¼
n ≥ − inf

Q′
Y |X

EP

[

D
(

Q′
Y |X‖QY |X

)]

,

eB���!"o�
Q′

Y |X

��� . ��)����!+ - I~),+/� . � - +�+��!7�6ei�� s� .2-!34-/. �� #5<7��1�1�k s� - +¾� .

� \-^�k-mye5eb�Ck-mye5_d^f^fgnz¤p~�FEY_`\;abX-jb^�e)��_`\;a)X-X-^fc]G�abmyjI�-r�^fX~Z]z�Zo\;a)Z¤abmy^�_fciebzo^fc{�|my^fcia)Z]^dg=Zoe
Z]\n^�_`\;abX-jb^�eb��r�^�abzy�-mo^�abmojI�nrv^dXxZoz?�-zy^fg�u
\-^dX�k-moe��FhiX-jtZ]\-^|cie�u�^dm?pTeI�-X-g�hqXPciabmojI^
g-^��5hia)Z]hqeIX-zwknmohiXn_fhiknci^fzl¥MabX-g�Zo\;a)Z�abcqmo^�a)gn�Pknmoe��I^dgç�-zy^d�U�-c�u
\-^dXÛgn^fmoh{�FhiX-j"Zo\-^lg-himy^f_�Z
k;abm0Z
eb�LZ]\-^�ciebzozy��zoeI�-my_f^�_feFg-hiXnjwZ]\-^deImo^dr�¦��
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L�å�Ï�Ï�Ë8Ñ � ^�Z

Q′
Y |X

pT^�_`\-eIzy^fX3abr�eIX-j�r�^fr�eImy�Fcq^fzoz�_`\;abX-X-^dciz�u
hqZo\,_�abk-ab_fh{ZY�%zyZomohq_dZ]c{�
ci^dzoz�Z]\-abX�Ú

.
¨;eIm
^�ab_`\

n
s;ci^�Z

mn ∈ {1, . . . b|X |n � c}. � ^dZ An

g-^dX-ebZ]^�Z]\n^�^��I^dXxZ�Z]\;aZ
m
hqz�X-ebZ
my^f_fe��b^fmo^dg[a)�ÁZo^fm�Z]moabX-zyrvhqzozohqeIXleb�

fn(mn).

⊗n
i=1QY |X {φn(Y n

1 ) 6= mn | fn(mn)} = E⊗n
i=1Q′

Y |X

[

⊗n
i=1QY |X

⊗n
i=1Q

′
Y |X

p An

]

= E⊗n
i=1Q′

Y |X

[

exp

(

− log
⊗n

i=1Q
′
Y |X

⊗n
i=1QY |X

)

p An

]

.

þ�e�u®eIpnzo^fm0�I^�Zo\;a)Z/p~��Zo\-^�z0Z]myeIX-j?_deIX~�I^dmozo^%Zoe3Zo\-^%þ¤eIhiz0� � \;abX-X-^dc � eFg-hqX-j � \-^deImo^dr�s
�UeIm

n
zy�n��_fhq^fX~Z]c{��c§a)mojI^)s5�UeIm�aZ
ci^�a)zyZ�\;a)cq�Leb�AZ]\-^,_de5gn^du/eImog-zds;�-X-g-^dm

⊗n
i=1Q

′
Y |X

s
An

hqz
mo^fabcihq�f^dg=u
h{Z]\=k-myeIp;abp-hqcih{ZY�vciabmojb^fm�Z]\-abX

1/2.

� X�Zo\-^�ebZ]\-^dmA\;abX-g��-X-g-^dm
⊗n

i=1Q
′
Y |X , log

⊗n
i=1Q′

Y |X

⊗n
i=1QY |X

hqzCa
zo�nr eb�-hqX-g-^fkT^fXng-^fX~Z�¥:p-�nZLX-e)Z
X-^d_f^fzyz]abmyhic{��hign^fX~Z]hq_�abcqcq��g-hiz0Z]myhip-�nZo^fg�¦?pTeI�-Xng-^fg�m]a)X-g-eIr �ba)moh§a)p-ci^dzf��W'Z]z�¿;�-_�Z]�;a)ZohieIXnz
abmyeI�-X-g�h{Z]z3^��5k#^d_dZ]a)Z]hqeIX�_�a)X�p#^|\;abX-g-cq^fg��nzohiXnj[«�hi^dX;a��FrFÀd^�¬ � \n^fp~�F_`\-^d��hqX-^f�x�;a)cihqZY�Tª
�UeIm

n
zo�5�v_dhi^dXxZocq�lciabmojb^bs5u
h{Z]\tk-moebp;abp-hqcihqZY��ciabmojI^dm�Z]\-abX

1 − ε,

⊗n
i=1Q

′
Y |X

{

−
1

n
log

⊗n
i=1Q

′
Y |X

⊗n
i=1QY |X

≤ −EQX

[

D
(

Q′
Y |X | QY |X

)]

− ε

}

≤
V

nε2
≤

1

4u
\-^dmo^
V
hqz
a�_feIX-z0Z`abX~Z
Z]\-a)Z¤g-^fkT^fX-gnz�eIXncq��ebX

QX , Q′
Y |X

abX-g
QY |X

�

⊗n
i=1 QY |X {φn(Y

n
1 ) 6= mn | fn(mn)} ≥

(1/4) exp
(

−n
(

EQX

[

D
(

Q′
Y |X | QY |X

)]

+ ε
))

�
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