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| A Multiresolution Formulation Ch. 2
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Figure 6.2. Daubechies Wavelets, N = 4,6,8,...,40

Examples of Daubechies scaling functions resulting from choosing different factors in the
spectral factorization of |H (w)[? in (6.18) can be found in [Dau92}.
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2.7 Examples of Wavelet Expansions

In this section, we will try to show the way a wavelet expansion decomposes a signal and what
the components look like at different scales. These expansions use what is called a length-8
Daubechies basic wavelet (developed in Chapter 6), but that is not the main point here. The
local nature of the wavelet decomposition is the topic of this section.

These examples are rather standard ones, some taken from David Donoho’s papers and web
page. The firstis a decomposition of a piecewise linear function to show how edges and constants
are handled. A characteristic of Daubechies systems is that low order polynomials are completely
contained in the scaling function spaces V; and need no wavelets. This means that when a section
of a signal is a section of a polynomial (such as a straight line), there are no wavelet expansion
coefficients d;(k), but when the calculation of the expansion coefficients overlaps an edge, there
is a wavelet component. This is illustrated well in Figure 2.6 where the high resolution scales
gives a very accurate location of the edges and this spreads out over k at the lower scales. This
gives a hint of how the DWT could be used for edge detection and how the large number of small
or zero expansion coefficients could be used for compression.

Skyline ———“-\__F—LJ¢ —\_/\ mﬁd

do(k) C , L |
ds(k) N e .
da(k) Y PR . . . :
ds(k) . SUUUURT . L
da(k) . T T
di(k) .
do(k) . | A , . - |

co(k) 1 ‘ . | | ‘ . |

Figure 2.5. Discrete Wavelet Transform of the Houston Skyline, using ¥pg with a Gain of V2
for Each Higher Scale

Figure 2.6 shows the approximations of the skyline signal in the various scaling function spaces

V;. This illustrates just how the approximations progress, giving more and more resolution at
higher scales. The fact that the higher scales give more detail is similar to Fourier methods, buf
the localization is new. Figure 2.7 illustrates the individual wavelet decomposition by showing
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the components of the signal that exist in the wavelet spaces W; at different scales 5. This shows
the same expansion as Figure 2.6, but with the wavelet components given separately rather than
being cumulatively added to the scaling function. Notice how the large objects show up at the
lower resolution. Groups of buildings and individual buildings are resolved according to their
width. The edges, however, are located at the higher resolutions and are located very accurately.
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Q.04 0.04
0.02] 0.02]

-0.02| -0.02|

i
3
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[+] 200 400 600 800 1000 [o] 200 400 600 800 1000
(a) Projection onto Vo (b) Projection onto V;
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0.04 0.04/
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0 0|
-0.02| -0.02
-0.04 -0.04|
-0.06 —0.08
0 200 400 600 800 1000 o 200 400 600 00 1000
(c) Projection onto V7 (d) Projection onto V3

0.08 0.08
0.06
0.04

0.02

(=]
66 o000
8 283 o R 2 8

-0.02
—0.04
-0.06
[ 200 400 600 800 1000 o 200 400 600 800 1900'
(e) Projection onto V4« (f) Projection onto Vs
0.08 0.08)

0.06
0.04

0.02

-0.02|

-0.04|

-0.06

200 400 600 800 1000 o 200 400 600 800 1600

o

(g) Projection onto Vs ' (h) Projection onto V7

Figure 2.6. Projection of the Houston Skyline Signal onto V Spaces using ¢ps/
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 VAVANY 2 N

ds(k) ==

ds (k) -
de(k) gt
ds(k)
. da(k) S
di(k)y - | o
do(k) - 1 |

co(k) - ' ! ‘ | 1 ’

Figure 2.8. Discrete Wavelet Transform of a Doppler, using ¥ pg: with a gain of V2 for each
higher scale.

2.8 An Example of the Haar Wavelet System

In this section, we can illustrate our mathematical discussion with a more complete example. In
1910, Haar [Haal0] showed that certain square wave functions could be translated and scaled to
create a basis set that spans L2. This is illustrated in Figure 2.11. Years later, it was seen that
Haar’s system is a particular wavelet system.

If we choose our scaling function to have compact support over 0 < ¢t < 1, then a solution to
(2.13) is a scaling function that is a simple rectangle function

1 if0o<t<l
t) = 2.42
w(t) { 0 otherwise ( )

with only two nonzero coefficients k(0) = h(1) = 1/+/2 and (2.24) and (2.25) require the wavelet
to be

1 for0<t<0.5
P(t) = { -1 for05<t<1 (2.43)

0  otherwise »
with-only two nonzero coefficients h;(0) = 1/v/2 and hy(1) = —1/V/2.

Vo is the space spanned by (¢t — k) which is the space of piecewise constant functions over
integers, a rather limited space, but nontrivial. The next higher resolution space V; is spanned
by ¢(2t — k) which allows a somewhat more interesting class of signals which does include Vy.
As we consider higher values of scale j, the space V; spanned by ¢(27t — k) becomes better able
to approximate arbitrary functions or signals by finer and finer piecewise constant functions.

1
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Figure 2.9. Projection of the Doppler Signal onto V Spaces using $ps’
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Figure 2.10. Projection of the Doppler Signal onto W Spaces using ¥'ps-
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