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e Numerical linear algebra is a core subject in computational methods
e The two major themes within numerical linear algebra are
1. Solutions of linear system: Given matrix A and vector b, find vector
x such that Ax ~ b
2. Eigenproblems:

— Standard eigenproblem: Given matrix A, find scalar A and vector
x such that Ax = Ax

— Generalized eigenproblem: Given matrices A and B, find scalar
A and vector x such that Ax = ABx.



Eigenvalue problems is of major importance in many scientific and engineering
applications. Quoting verbatim from Saad’s textbook:

e Structural dynamics e Quantum chemistry
e Electrical networks e Markov chain techniques
e Combustion processes e Chemical reactions
e Macro economics e Magneto hydrodynamics

e Normal mode techniques e Control theory



e When the matrix is of moderate size, there are well established method
and robust software, such as LAPACK.

e When the underlying matrix is large and perhaps sparse, solving for part
of the spectrum is still an active research area

e Recently, a new type of methods have been proposed that involve the use
of analytic function theory and numerical integration

— Sakurai and collaborators used a pole finding technique (SS algo-
rithms)

— Polizzi and collaborators used an approximate subspace projector
(FEAST algorithm)

— Both use numerical integration

e [ will mainly use the FEAST algorithm to introduce these integration-
based methods



High-Level Outline

FEAST as filtered subspace iteration, for Hermitian problems
FEAST for non-Hermitian problems
SS method as filtered Krylov subspace method

Function approximation and computer arithmetic studies related to the
filter






FEAST for Hermitian Problems

e The approximate spectral projector filter

e Convergence analysis of filtered subspace iteration

e FEAST for generalized Hermitian problem



Review: Subspace Iteration for HEP

Recall the standard fact about Hermitian matrices.

For any Hermitian matrix M, n-by-n,
M can be diagonalized by a unitary matrix U:

M =UAUZ, A =diag(A\1, e, ..., \n), UHU=1

U consists of n orthogonal eigenvectors,
and the A\; € R are eigenvalues.
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Review: Subspace Iteration for HEP

Recall the standard fact about Hermitian matrices.

For any Hermitian matrix M, n-by-n,
M can be diagonalized by a unitary matrix U:

M =UAUZ, A =diag(A\1, e, ..., \n), UHU=1

U consists of n orthogonal eigenvectors,
and the A\; € R are eigenvalues.

Matrix A 10 1 1
4 3 3 1 1
3 4 3 1 0
3 3 4 1 —1
consider y = x; -+ + X3
Ay = 10x; + + X3

Ay is close to direction of x4



Review: Subspace Iteration for HEP
Matrix M, n-by-n
eigenvalues A, eigenvectors x
Mx = A\x

Subspace Iteration:
Random Qo = [y1, 2, .-, Yp), p <N
Loop k=1,2,3...
Yie = M Qg
Qy, < orthonormalize(Y},)
k<—k+1
End Loop:



Review: Subspace Iteration for HEP
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Mx = \x big
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End Loop:
Qi MQy, captures the “big”



Review: Subspace Iteration for HEP
Matrix M, n-by-n

eigenvalues A, eigenvectors x Informally:

IE [As] > | Apta]
then distance(x;, Qr) — 0
H Q. = subspace spanned by Q)

Mx = \x big

Subspace Iteration:
Random Qo = [y1, 2, .-, Yp), p <N
Loop £k=1,2,3...
Yie <= M Qi
Qy, < orthonormalize(Y},)
kE+—k+1

End Loop:
QZM (i captures the “big”



Review: Subspace Iteration for HEP
Matrix M, n-by-n

eigenvalues A\, eigenvectors x i?ﬁ‘(;\r]inal?;\: |
B ] il = [Ap+1
Mx = Ax big then distance(x;, Qr) — 0
HHHHHHH Q) = subspace spanned by Qx
Tap
Subspace Iteration: Eorflﬁlly{ _—
. il > p+1
Random Qo = [y1, 42, -- -, Y], p <1 Q;. = subspace spanned by Q.
Loop k=1,2,3... Py, is orthogonal projection to Q,
: _ H
Vi = M Qi h'((? ka;)gﬂQ’l | Ap1/ Nl
Qy, < orthonormalize(Y},) iz = T
k< k+1
End Loop:

QZM (i captures the “big”
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Matrix M, n-by-n
eigenvalues A, eigenvectors x
Mx = \x big

Tiop
Subspace Iteration:
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Review: Subspace Iteration for HEP
Matrix M, n-by-n
eigenvalues A, eigenvectors x
Mx = \x big

Teop
Subspace Iteration:

Random QO — [y17y27 <o 7yp]7 p<Ln
Loop k=1,2,3...
Y M Qr—
Qy, < orthonormalize(Y},)
k<« k+1
End Loop:
Qi MQy, captures the “big”

Only works for “big”
Speed at the mercy of “gap”
Can be VERY slow




Review: Subspace Iteration for HEP
Matrix M, n-by-n
eigenvalues A, eigenvectors x

Mx = A\x
LU A0 L L
IREIEIEEI

want

Subspace Iteration:
Random Qo = [y1,Y2,.-.,Yp), P KN
Loop £k=1,2,3...
Yie <= M Qi
Qy, < orthonormalize(Y},)
kE+—k+1

End Loop:
QZM (i captures the “big”

CANNOT give what you WANT



FEAST as subspace Iteration

Matrix M, n-by-n
eigenvalues A, eigenvectors x

Mx = A\x
LU A0 L L
IREIEIEEI

want

Subspace Iteration:
Random Qg = [y1,¥2, - - -
Loop £k=1,2,3...
i< M Qrp
Qy, < orthonormalize(Y},)
kE+—k+1

End Loop:
QZM (i captures the “big”

Ypl, DKM

CANNOT give what you WANT

FEAST:
Random QO — [y17 Y2, ..
Loop k=1,2,3...
Yi < pquad(M) Qr—1
Qy. < orthonormalize(Y},)

kE+—k+1
End Loop:

Ypl, DKM



FEAST as subspace Iteration
Matrix M, n-by-n
eigenvalues A, eigenvectors x

Mx = A\x
RN
want
Subspace Iteration: FEAST:
Random Qo = [y1, %2, -+, ¥p), D KN Random Qo = [y1, %2, -+, ¥p), D KN
Loop k=1,2,3... Loopk=1,2,3...
Vi M Qk—l heart of FEAST Y;, %,Oquad(M) Qk—l
Qr. < orthonormalize(Yy) Qr. < orthonormalize(Yy)
E+—k+1 k<—k+1
End Loop: End Loop:
QZM (i captures the “big” QgM (). captures WANT

CANNOT give what you WANT



FEAST as subspace Iteration
Matrix M, n-by-n

eigenvalues \, eigenvectors///\
function aimed at
Mx = A\x Paquad (M )X = pquad (A) X

.t
Rl (i
LIJ want \_Y_} 0 kﬂ/
Subspace Iteration: FEAST:
Random Qo = [y1,¥2,.--,yp/, p<n  Random Qo = [y1,42,..., 4|, p <10
Loop k=1,2,3... Loop k=1,2,3...
Y;c — M Qk—l )/k — pquad(M) Qk—l
Qr. < orthonormalize(Yy) Qr. < orthonormalize(Yy)
E+—k+1 k<—k+1
End Loop: End Loop:
QZM (i captures the “big” QfM (). captures WANT

CANNOT give what you WANT



FEAST as subspace Iteration
Matrix M, n-by-n

eigenvalues A, eigenvectors///\
Mx = A\x Paquad (M )X = pquad (A) X
LA

want

/\I L
———

Subspace Iteration: FEAST:
Random Qo = [y1,¥2,---,Yp], p<n  Random Qo = [y1,%2,---,¥%p, PN
Loop k=1,2,3... Loopk=1,2,3...
Y M Q- Yi < pquad(M) Qr—1
Qr. < orthonormalize(Yy) Qr. < orthonormalize(Yy)
E+—k+1 k<—k+1
End Loop: End Loop:
Qi MQy, captures the “big” Qi MQy, captures WANT, FAST!

CANNOT give what you WANT






FEAST for Hermitian Problems

e FEAST as filtered subspace iteration for standard Hermitian eigenproblem

e Convergence analysis of filtered subspace iteration

e FEAST for generalized Hermitian problem



e we are interested in A inside [Apin, Amax]

Spectral Projector and pquaq(M)
M =X A X!, X is orthonormal

( )\smallest

)\largest /

)\min




Spectral Projector and pquaq(M)
M =X A X!, X is orthonormal

e we are interested in A inside [Apin, Amax]

( )\smallest \

K .. Mlargest )




M =X A X!, X is orthonormal

(M) =X y X1

)\min
\ r
-+



M =X A X!, X is orthonormal

(M) =X y X1

Want scalar function p(\) where
e p(A) is close to 1 for A inside interval
e p(A) is close to 0

e The matrix function p(M)Y is practical to compute

)\min >\max
-+
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M =X A X!, X is orthonormal

Want scalar function p(\) where
e p(A) is close to 1 for A inside interval
e p(A) is close to 0

e The matrix function p(M)Y is practical to compute

Consider the scalar function 7w(\) defined as

1 _ 1 X €Is interi
7'('()\):—%(2—)\) 1dz:{ € I'’s interior,
r

0 otherwise.

)\min >\max
-+



M =X A X!, X is orthonormal

Consider the scalar function 7w(\) defined as

1 _ 1 X € 1I”s interi
T(\) = : 7{(2_)\) 1dz:{ € I"s interior,
™ Jr

0 otherwise.




M =X A X!, X is orthonormal

Consider the scalar function 7w(\) defined as

1 _ 1 X € 1I”s interi
T(\) = 7{(2_)\) 1dz:{ € I'’s interior,
r

om 0 otherwise.

Therefore define pquad(A) as a quadrature rule that approximates m(\):

q
,Oquad()\) déf Z wk(zk — )\)_1
k=1




M =X A X!, X is orthonormal

Consider the scalar function 7w(\) defined as

1 _ 1 X €Is interi
T(\) = 7{(2_)\) 1dz:{ € I'’s interior,
r

om 0 otherwise.

Therefore define pquad(A) as a quadrature rule that approximates m(\):

q
,Oquad()\) déf Z wk(zk — )\)_1
k=1

Easy to see

q
Pauad(M)Y =Y “wy(zpl — M)7'Y
k=1

)\min >\max
-+t



Approximate Spectral Projector
M =X A X!, X is orthonormal

q
pquad(M) — )(,Oquad(A)AXv_1 pquad(/\) — Zwk (Zk? - )‘)_1
k=1

® Pquad(A) is close to 1 for A inside interval
® Pquad(A) is close to 0

e Once quadrature rule is fixed, we know pquaq exactly




Approximate Spectral Projector
M =X A X!, X is orthonormal

q
pquad(M) — )(,Oquad(A)AXv_1 pquad(/\) — Zwk (Zkﬁ - )‘)_1
k=1

® Pquad(A) is close to 1 for A inside interval
® Pquad(A) is close to 0

e Once quadrature rule is fixed, we know pquaq exactly

Pquad<M) =X




Approximate Spectral Projector

q
pquad()\) — Zwk (zk — )‘)_1
k=1

Gaussian Quadrature with 8 Points
1 2 T I [ [ | | T T T

0.8

0.6

Pp(A)

0.4

0.2

0.2 ! | | I | ! ! |
-1

|
-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8
A values: domain is (-1/2, 1/2)



Approximate Spectral Projector

q
pquad()\) — Zwk (zk — )‘)_1
k=1

Gaussian Quadrature with 8 Points

12 T | [ I T T T T T
T |
1
. . I
0.8k Picture is general
0.6
S
£
0.4
corresponds to
0.2+ [)\mina )\max]
0
-0.2 I : ! L I | l . !
e | 08 -06 -04  -02 0 0.2 0.4 06 0.8

A values: domain is (-1/2, 1/2)




Approximate Spectral Projector
pquad()\) — Zwk (zk — )‘)_1
k=1

1 Gaussian Quadrature with 8 Points
10 E T |

T I T T T T

|°g10(|pD(7\')l)

10° i L | | | L | 1 | L
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
A values: domainis (-1/2, 1/2)




Eigenvalues &
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e 16 eigenvalues in search interval

Eigenvalue example: interested in the range [.18, 1] Examine contour value of Gaussian-8
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Ezxample from an actual application wanted eigenvalues \’s
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e 16 eigenvalues in search interval

e note p(Az0) ~ 1 and [p(Aa1)] = 1074

e As long as p is chosen > 20

Eigenvalue example: interested in the range [.18, 1]
T

e ® e
- «** wanted 1
- N eigenvalues 1
L - ® A’S i
L o ® i
O
0 é 1IO 1‘5 2I0 2I5 3I0

Number of Eigenvalues

35

Examine contour value of Gaussian-8

Log10 value of contour values
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e note p(Az0) ~ 1 and [p(Aa1)] = 1074

e As long as p is chosen > 20

Eigenvalue example: interested in the range [.18, 1]
T

e ® e
- «** wanted 1
- N eigenvalues 1
L - ® A’S i
L o ® i
O
0 é 1IO 1‘5 2I0 2I5 3I0

Number of Eigenvalues

35

Log10 value of contour values

2l & B0 E§ & fEC

covergence rate ~ 4 digits/iteration

Also, we will capture more then
the target space

Examine contour value of Gaussian-8
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o If p <20, |vpp1/vil~=1fori=12...

» -

e [terations will almost surely fail to converge!

Eigenvalue example: interested in the range [.18, 1]
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- N eigenvalues 1
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FEAST as subspace Iteration

Mx = A\x Paquad (M )X = pquad (A) X

FEAST:
Random QO — [y17y27 <. 7yp]7 D <n
Loop k=1,2,3...

Vi < pquad(M) Qr—1

Qy. < orthonormalize(Y},)

k+—k+1

End Loop:
Q;;FM Qi captures WANT, FAST!



FEAST as subspace Iteration

Mx = A\x Paquad (M )X = pquad (A) X

want
SR (W
LYJwant \_Y_} 0 kﬂ/
FEAST:
We know: Qj captures the x;: Random Qo = [y1,¥2, ..., ], p <N
distance(x;, Q) — 0 Loonb k — 1.2.3
fori=1,2,....m,my <m<p PE=5%9..

Yi < Pquad (M) Qr—1
Qy. < orthonormalize(Y},)
k<« k+1

End Loop:
Q;;FM Qi captures WANT, FAST!



FEAST as subspace Iteration

Mx = A\x Paquad (M )X = pquad (A) X

Ilmll LI L L
Rt S

want

FEAST:
(\j?\‘/e know: Q. captures the x;: Random Qo = [y1, Y2, -, Yp), P K1
f;itiaici(,);i’..g_k,)m—fr?u <m<p Loopk=1,2,3...
m) 1S the Yi < pquad(M) Qk—l
exact # of eigenvalues Qr. < orthonormalize(Yy)
1 Do A k41
But still need to know how to End Loop:

actually obtain x; and \; Qi MQy, captures WANT, FAST!






FEAST for Hermitian Problems

e FEAST as filtered subspace iteration for standard Hermitian eigenproblem

e The approximate spectral projector filter

e FEAST for generalized Hermitian problem



Convergence analysis

Mx = A\x Paquad (M )X = pquad (A) X

FEAST:
We know: Qj captures the x;: Random Qo = [y1,%2,---,Yp], p <N
?;ftiaici(,);i’..g_k,)m—;reu <m<p Loop k=1,2,3...
m) 1s the Yi < pquad(M) Qk—l
exact # of eigenvalues Qr. < orthonormalize(Yy)
i Dhin: A ke kil
But still need to know how to End Loop:

actually obtain z; and ) Qi MQy, captures WANT, FAST!

Examine

more closely



Structure of Subspace

Let Q =|q1,92;---%m, @m+1, - - - , Gp| be orthonormal from iteration

ﬂ orthogonal change of basis

W = [wi,ws, ..., Wy, W1, ..., w,| orthonormal
very close

X =1, o, ..., Tiny Tty - -+ Tpy T, - - -y Ty| Orthonormal



Structure of Subspace

Let Q =|q1,92;---%m, @m+1, - - - , Gp| be orthonormal from iteration

ﬂ orthogonal change of basis

W = [wi,ws, ..., Wy, W1, ..., W, orthonormal
very close
X =1, X2y -+, Tiny Tty -+ Tpy Tpt1, - - - T Orthonormal

XEW = n + A

p GG =Ty m, ||A]] = O(e)



Structure of Subspace

Let Q =1[q1,92,- -+ %m,@m+1, - - -, @p) be orthonormal from iteration

ﬂ orthogonal change of basis

W = |wy,wa, ..., Wy, Wni1, ..., W, orthonormal
eig(QF MQ) = eig(WHMW) WHMW = (WHX)A(XHW)
_ XAXH A
M = XAX _ ol .
N — —_— O S
L] O Y < —
XEW = n + A

0 S=GHAy mG ] =00

p GG =Ty m, ||A]] = O(e)



Structure of Subspace

Let Q =1[q1,92,- -+ %m,@m+1, - - -, @p) be orthonormal from iteration

ﬂ orthogonal change of basis

W = |wy,wa, ..., Wy, Wni1, ..., W, orthonormal

WHMW = (WHX)A(XEW)

AN

K
~ ol .

O |S

So m eigenvalues of Q¥ AQ
close to targets

v —

v

A

p

And the remaining p — m
between min/max of
remaining n — m eigenvalues

S=G"Ap G [|A]]=O(e)



FEAST as subspace Iteration

Mx = A\x Paquad (M )X = pquad (A) X

FEAST:
Random QO — [y17y27 <. 7yp]7 D <n
Loop k=1,2,3...

Vi < pquad(M) Qr—1

Qy. < orthonormalize(Y},)

k+—k+1

End Loop:
Q;;FM Qi captures WANT, FAST!



FEAST as subspace Iteration

Mx = A\x Paquad (M )X = pquad (A) X

FEAST:

To orthonormalize, one can Random Qy = [y1,¥2,---,Yp), P KN
Loop k=1,2,3...

Yy = pauad (M) Qr—1

Qy. < orthonormalize(Y},)
3 Qr = YiV ke k+1

End Loop:
Q;;FM Qi captures WANT, FAST!

1. Form A, < YkHMYk, B, + YkHYk
2. Solve GHEP A,V = B,VA’



FEAST for Hermitian Problems

e FEAST as filtered subspace iteration for standard Hermitian eigenproblem

e The approximate spectral projector filter

e Convergence analysis of filtered subspace iteration




FEAST as subspace Iteration

Mx = A\x Paquad (M )X = pquad (A) X

FEAST:
Random Qo = [y1,¥Y2,---,Yp), P KN
Loop k=1,2,3...

Yi < pquad(M) Qr—1

A, < YEMY;, B, « VY,

Solve GHEP A,V = B,VA’

Qk%YkV
k+—k+1

End Loop:



FEAST as subspace Iteration

Standard eigenvalue problem
Ax =Xx, AH =A

A=XAXH XHX =]

FEAST:
Random Qo = [y1,¥2,---,Yp), P KN
Loop k=1,2,3...

Y;e < pquad (A) Qk—l
Ap — YkHAYk, Bp < YkHYk
Solve GHEP A,V = B,VA’

Qk%YkV
k+—k+1

End Loop:



FEAST as subspace Iteration

Standard eigenvalue problem Generalized eigenvalue problem
Ax = Mx, AP =A Ax = ABx, A,B Hermitian

B positive definite
A=XAXH XHX =] B 'A=XAX"! XHBX =]
FEAST:
Random Qo = [y1,¥2, -, Yp), p <1
Loop k=1,2,3...

Y;f < pquad (A) Qk—l
Ap — YkHAYk, Bp < YkHYk
Solve GHEP A,V = B,VA’

Qk%YkV
k+—k+1

End Loop:



FEAST as subspace Iteration

Standard eigenvalue problem

Ax =) x, A" = A
A=XAXH XHX =]

FEAST:
Random Qo = [y1,%2,---,Yp), D KN
Loop k=1,2,3...

Yi < pPquad(A) Qr—1

A, < Y1 AY,, B, + Y'Y,

Solve GHEP A,V = B,V A’
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FEAST as subspace Iteration

Standard eigenvalue problem
Ax =Xx, AH =A

A=XAXH XHX =]

FEAST:
Random Qo = [y1,%2,---,Yp), D KN
Loop k=1,2,3...

Yi < pPquad(A) Qr—1

A, < Y1 AY,, B, + Y'Y,

Solve GHEP A,V = B,V A’

Qk%YkV
k+—k+1

End Loop:

Generalized eigenvalue problem
Ax = ABx, A, B Hermitian

B positive definite

B 'A=XAX"1 XHUBX =1

FEAST:
Random Qo = [y1,%2, - - - ,pr pLn
Loop k=1,2,3...
Vi < Pquad(BA) Q1
A, < Y1 AY,, B, < Y, BY;
Solve GHEP A,V = B,VA’

Qk%YkV
k+—k—+1

End Loop:






