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Review: Subspace Iteration for HEP

Recall the standard fact about Hermitian matrices.

For any Hermitian matrix M , n-by-n,

M can be diagonalized by a unitary matrix U :

M = U¤UH ; ¤ = diag(¸1; ¸2; : : : ; ¸n); UHU = I

U consists of n orthogonal eigenvectors,

and the ¸j 2 R are eigenvalues.
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Review: Subspace Iteration for HEP
Matrix M, n-by-n

eigenvalues ¸, eigenvectors x

Random Q0 = [y1; y2; : : : ; yp], p¿ n

Subspace Iteration:

Loop k = 1;2;3 : : :

Yk Ã M Qk¡1
Qk Ã orthonormalize(Yk)

End Loop:

kÃ k+1
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Informally:

If j¸ij > j¸p+1j
then distance(xi;Qk)! 0

Qk = subspace spanned by Qk
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FEAST as subspace Iteration

Random Q0 = [y1; y2; : : : ; yp], p¿ n

FEAST:

Loop k = 1;2;3 : : :

Yk Ã ½quad(M) Qk¡1
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End Loop:
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heart of FEAST 
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² The matrix function ½(M)Y is practical to compute
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Therefore de¯ne ½quad(¸) as a quadrature rule that approximates ¼(¸):
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def
=

qX
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qX

k=1

wk(zkI ¡M)¡1Y



Approximate Spectral Projector
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½quad(M) =X½quad(¤)X
¡1

² ½quad(¸) is close to 1 for ¸ inside interval

² ½quad(¸) is close to 0

² Once quadrature rule is ¯xed, we know ½quad exactly
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M =X ¤X¡1, X is orthonormal
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FEAST as subspace Iteration
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kMQk captures WANT, FAST!
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Yk Ã ½quad(M) Qk¡1
Qk Ã orthonormalize(Yk)

End Loop:

kÃ k+1
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Convergence analysis

QT
kMQk captures WANT, FAST!
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Loop k = 1;2;3 : : :

Yk Ã ½quad(M) Qk¡1
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End Loop:
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But still need to know how to

actually obtain xi and ¸i

Examine

more closely



Structure of Subspace

Let Q= [q1; q2; : : : ; qm; qm+1; : : : ; qp] be orthonormal from iteration

W = [w1;w2; : : : ;wm;wm+1; : : : ;wp] orthonormal

X = [x1; x2; : : : ; xm; xm+1; : : : ; xp; xp+1; : : : ; xn] orthonormal

orthogonal change of basis

very close
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close to targets

And the remaining p¡m

between min/max of

remaining n¡m eigenvalues

WHMW = (WHX)¤(XHW)
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To orthonormalize, one can

1. Form Ap Ã Y H
k MYk, Bp Ã Y H

k Yk

2. Solve GHEP ApV = BpV ¤
0

3. Qk Ã YkV
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