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Introduction



Lotka-Volterra equations [Lynch 10]{
x′1 = 16x1 − x1x2

x′2 = −19x2 + 19x1x2
x1(t), x2(t) population densities

Compute minimal relation fmin(x1, x
′
1, x

′′
1) = 0 [Mukhina, Pogudin 25]

⇓
Reduction to polynomial system in y, x1, x

′
1, x

′′
1, x2

y = x1

x′1 = −16x1 − x1x2

x′′1 = 95x1x2 + 57x1 + 196

Compute polynomial eliminant fmin(x1, x
′
1, x

′′
1) = 0

Compute Newton polytope of fmin → point sampling → interpolation of fmin
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Complete intersection
Given X = V(f0, . . . , fk) ⊂ Cn−k

y × Ck
x

π : Cn−k
y × Ck

x → Cn−k
y

such that π(X) = V(g), g ∈ C[y]

Compute the polynomial g

Existing techniques
Gröbner bases, resultants
[Buchberger 65], [Macaulay 1902]...

Evaluation-interpolation via

1 Sampling points on X

2 An oracle telling us the monomials u1, . . . , ur in g

This talk
Compute Newton polytope of g

from those of f0, . . . , fk
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Gröbner bases, resultants
[Buchberger 65], [Macaulay 1902]...

Evaluation-interpolation via

1 Sampling points on X

2 An oracle telling us the monomials u1, . . . , ur in g

This talk
Compute Newton polytope of g

from those of f0, . . . , fk

4 / 26



Complete intersection
Given X = V(f0, . . . , fk) ⊂ Cn−k

y × Ck
x

π : Cn−k
y × Ck

x → Cn−k
y

such that π(X) = V(g), g ∈ C[y]

Compute the polynomial g

Existing techniques
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Complete intersection
Given X = V(f0, . . . , fk) ⊂ Cn−k

y × Ck
x

π : Cn−k
y × Ck

x → Cn−k
y

such that π(X) = V(g), g ∈ C[y]

Compute the polynomial g

Theorem [Esterov, Khovanskii 08]

∆0, . . . ,∆k NP’s of f0, . . . , fk, ∆(g) NP of g. Then:

∆(g) ⊆ MFπ(∆0, . . . ,∆k),

the mixed fiber polytope of ∆0, . . . ,∆k with equality for generic fi.
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Tools from Polyhedral Geometry



Definition

A polytope is the convex hull of finitely many points in Rn.

xy4

x3y

x

y
∆(f)

f := xy4 + x3y + x+ y How to computationally represent polytope ∆ ⊂ Rn?

1 H-representation ∆ = {x ∈ Rn | Ax ≤ b}

2 V -representation ∆ = conv(v1, . . . , vr)

Vertex oracle: Black box function with input γ ∈ Rn and output

p0 ∈ ∆ s.t. γ · p0 = min {γ · p | p ∈ ∆} .

[Huggins 06]
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Definition

Subdivision of polytope ∆: Writing ∆ as union of smaller polytopes only touching

in faces of themselves.

Subdivision S1 Subdivision S2

Subdivison S2 refines subdivision S1
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∆

p(∆)

γ = (0, 1)

argminγ(p
−1(x))

x

p

This construction: p-coherent subdivision of p(∆).
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xy4

x3y

x

y
∆(f)

f := xy4 + x3y + x+ y

Polynomial System f1, . . . , fr

Newton polytopes ∆(f1), . . . ,∆(fr)

Polyhedral Geometry

Toric geometry

[Cox, Little, Schenck 11]

Theorem [Bernstein, Kushnirenko, Khovanskii 75, 76, 95]

For F = (f1, . . . , fn) ⊂ C[x±
1 , . . . , x

±
n ] we have

# isolated roots of F in (C∗)n ≤ n! ·MV(∆(f1), . . . ,∆(fn)),

the mixed volume, with “=” for generic F .
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Example

For ∆1,∆2 ∈ R2, λ1, λ2 ∈ R:

Vol(λ1∆1 + λ2∆2) = λ1
2Vol(∆1) + 2λ1λ2MV(∆1,∆2) + λ2

2Vol(∆2).

∆1 ∆2 ∆1 +∆2

MV(∆1,∆2) =
1
2 Vol(■)

Computation via mixed subdivisions (= ■) [Huber,Sturmfels 95]

11 / 26



Example

For ∆1,∆2 ∈ R2, λ1, λ2 ∈ R:

Vol(λ1∆1 + λ2∆2) = λ1
2Vol(∆1) + 2λ1λ2MV(∆1,∆2) + λ2

2Vol(∆2).

∆1 ∆2

∆1 +∆2

MV(∆1,∆2) =
1
2 Vol(■)

Computation via mixed subdivisions (= ■) [Huber,Sturmfels 95]

11 / 26



Example

For ∆1,∆2 ∈ R2, λ1, λ2 ∈ R:

Vol(λ1∆1 + λ2∆2) = λ1
2Vol(∆1) + 2λ1λ2MV(∆1,∆2) + λ2

2Vol(∆2).

∆1 ∆2 ∆1 +∆2

MV(∆1,∆2) =
1
2 Vol(■)

Computation via mixed subdivisions (= ■) [Huber,Sturmfels 95]

11 / 26



Example

For ∆1,∆2 ∈ R2, λ1, λ2 ∈ R:

Vol(λ1∆1 + λ2∆2) = λ1
2Vol(∆1) + 2λ1λ2MV(∆1,∆2) + λ2

2Vol(∆2).

∆1 ∆2 ∆1 +∆2

MV(∆1,∆2) =
1
2 Vol(■)

Computation via mixed subdivisions (= ■) [Huber,Sturmfels 95]

11 / 26



Example

For ∆1,∆2 ∈ R2, λ1, λ2 ∈ R:

Vol(λ1∆1 + λ2∆2) = λ1
2Vol(∆1) + 2λ1λ2MV(∆1,∆2) + λ2

2Vol(∆2).

∆1 ∆2 ∆1 +∆2

MV(∆1,∆2) =
1
2 Vol(■)

Computation via mixed subdivisions (= ■) [Huber,Sturmfels 95]

11 / 26



Mixed Fiber Polytopes



Given X = V(f0, . . . , fk) ⊂ Cn−k
y × Cn

x

π : Cn−k
y × Cn

x → Cn
y

such that π(X) = V(g)

Compute Newton polyope ∆(g) ⊂ Rn−k from ∆(f0), . . . ,∆(fk)

Appropriate choice of g has same “toric degree” as X

Implicit definition of mixed fiber polytope MFπ(∆(f0), . . . ,∆(fk)).
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Compute Newton polyope ∆(g) ⊂ Rn−k from ∆(f0), . . . ,∆(fk)

Appropriate choice of g has same “toric degree” as X

Proposition

Can choose g so that

#V(g, h1, . . . , hn−k−1) = #V(f0, . . . , fk, h1, . . . , hn−k−1).

for general polynomials h1, . . . , hn−k−1 ∈ C[y±].
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Example: f0, f1 ∈ C[x, y], ∆(f0) = ∆(f1) = ∆

⇒ ∆(g) ⊂ R1
y , 2Vol(∆(g)) = Vol(∆).

∆

p(∆)
R1
x

R1
y

1
2∆(g)

integral over

lower edges of ∆

integral over

upper edges of ∆

p

π

Definition [Billera, Sturmfels 92]

1/2 ·∆(g) is the fiber polytope of ∆ with respect to π:

1

2
∆(g) = Fπ(∆) :=

∫
p(∆)

p−1(t) ∩∆dt.

Vertices of fiber polytope ↔ p-coherent subdivisions of p(∆)

14 / 26
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Definition [Esterov, Khovanskii 08] [McMullen 04]

The mixed fiber polytope MFπ(∆0, . . . ,∆k) is 1/(k + 1)! the coefficient of λ0 . . . λk

in Fπ(λ0∆0 + · · ·+ λk∆k).

Core idea of our algorithm:
Input: Newton polytopes ∆(f0), . . . ,∆(fk) ∈ Rk

y × Rn
x, γ ∈ Rn−k

y

Output: Vertex MFπ(∆(f0), . . . ,∆(fk))
γ ∈ Rn−k

y where γ is minimized.

p-coherent

subdivision of

∆(f0)+· · ·+∆(fk)

Vertex

MFπ(∆(f0), . . . ,∆(fk))
γ

[Esterov, Khovanskii 08]
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Our Algorithm



Given ∆(f0), . . . ,∆(fk) ∈ Rn−k
y × Rk

x

π : Rn−k
y × Rk

x → Rn−k
y

p : Rn−k
y × Rk

x → Rn−k
x

Compute Mixed fiber polytope ∆(g) = MFπ(∆(f0), . . . ,∆(fk))

1 Let γ ∈ Rn−k
y generic, want vertex vγ := ∆(g)γ = argminγ ∆(g).

2 points in ∆(f0), . . . ,∆(fk) where γ is fiberwise minimized w.r.t. p

→ collections of faces F0, . . . , Fk of ∆(f0), . . . ,∆(fk).

3 ; p-coherent subvision of p(∆0) + · · ·+ p(∆k)

Theorem [M., Mukhina 25]

vγ given by mixed subdivision of p(∆(f0))+· · ·+p(∆(fk)) refining the p-coherent subdivison
determined by collections F0, . . . , Fk.

S mixed subdivision ⇒ vγ =
∑

C∈S Vol(C) · pointC
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Benchmarks (julia implementation)
Other interpolation techniques:

1 [Hauenstein, Sottile 12]

2 tropical techniques [Sturmfels, Yu 08], [Sturmfels, Tevelev 07], [Rose,
Sturmfels, Telen 24]

X = V(f0, . . . , fk) trop(X) ⊂ Rn−k
y × Rk

y trop(V(g))
πy

∆(g)

Ex. 1 Ex. 2 Ex. 3 noon 6 noon 7
Our Alg. 0.1 0.1 0.1 10.1 345.6
Trop. Elim. 5.57 39.7 >15 min >30 min OOM

Reason: For trop(X) computations with normal fan of ∆(f0) + · · ·+∆(fk)
; # faces = O(2n)
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Differential dynamical system [Lynch 10]

; Reduction to polynomial system

{
x′1 = x21 + x1x2 + x22 + 1

x′2 = x2

Compute minimal relation fmin(x1, x
′
1, x

′′
1) = 0 [Mukhina, Pogudin 25]

Compute MFP w.r.t. x1, x
′
1, x

′′
1 → point sampling → interpolation of fmin

MFP 99% smaller than a priori Newton polytope given in
[Mukhina, Pogudin 24] for certain sparse systems!

R. Mohr, Y. Mukhina – Computing Newton Polytopes of Eliminants –
Proceedings of ISSAC ’25

19 / 26



Differential dynamical system [Lynch 10] ; Reduction to polynomial system
y = x1

x′1 = x21 + x1x2 + x22 + 1

x′′1 = x′1(2x1 + x2) + x2(2x2 + 1)

Compute MFP w.r.t. x1, x
′
1, x

′′
1 → point sampling → interpolation of fmin

MFP 99% smaller than a priori Newton polytope given in
[Mukhina, Pogudin 24] for certain sparse systems!

R. Mohr, Y. Mukhina – Computing Newton Polytopes of Eliminants –
Proceedings of ISSAC ’25

19 / 26



Differential dynamical system [Lynch 10] ; Reduction to polynomial system
y = x1

x′1 = x21 + x1x2 + x22 + 1

x′′1 = x′1(2x1 + x2) + x2(2x2 + 1)

Compute polynomial eliminant fmin(x1, x
′
1, x

′′
1) = 0

Compute MFP w.r.t. x1, x
′
1, x

′′
1 → point sampling → interpolation of fmin

MFP 99% smaller than a priori Newton polytope given in
[Mukhina, Pogudin 24] for certain sparse systems!

R. Mohr, Y. Mukhina – Computing Newton Polytopes of Eliminants –
Proceedings of ISSAC ’25

19 / 26



Differential dynamical system [Lynch 10] ; Reduction to polynomial system
y = x1

x′1 = x21 + x1x2 + x22 + 1

x′′1 = x′1(2x1 + x2) + x2(2x2 + 1)

Compute MFP w.r.t. x1, x
′
1, x

′′
1 → point sampling → interpolation of fmin

MFP 99% smaller than a priori Newton polytope given in
[Mukhina, Pogudin 24] for certain sparse systems!

R. Mohr, Y. Mukhina – Computing Newton Polytopes of Eliminants –
Proceedings of ISSAC ’25

19 / 26



Differential dynamical system [Lynch 10] ; Reduction to polynomial system
y = x1

x′1 = x21 + x1x2 + x22 + 1

x′′1 = x′1(2x1 + x2) + x2(2x2 + 1)

Compute MFP w.r.t. x1, x
′
1, x

′′
1 → point sampling → interpolation of fmin

MFP 99% smaller than a priori Newton polytope given in
[Mukhina, Pogudin 24] for certain sparse systems!

R. Mohr, Y. Mukhina – Computing Newton Polytopes of Eliminants –
Proceedings of ISSAC ’25

19 / 26



Differential dynamical system [Lynch 10] ; Reduction to polynomial system
y = x1

x′1 = x21 + x1x2 + x22 + 1

x′′1 = x′1(2x1 + x2) + x2(2x2 + 1)

Compute MFP w.r.t. x1, x
′
1, x

′′
1 → point sampling → interpolation of fmin

MFP 99% smaller than a priori Newton polytope given in
[Mukhina, Pogudin 24] for certain sparse systems!

R. Mohr, Y. Mukhina – Computing Newton Polytopes of Eliminants –
Proceedings of ISSAC ’25

19 / 26



Elimination for Engineered Complete
Intersections

joint (ongoing) work with A. Esterov and Y. Mukhina



Recall:

Theorem [Esterov, Khovanskii 08]

∆0, . . . ,∆k NP’s of f0, . . . , fk, ∆(g) NP of g. Then:

∆(g) ⊆ MFπ(∆0, . . . ,∆k),

with equality for generic fi.

Can we predict ∆(g) if the fi are not generic?

Definition

Engineered complete intersection (ECI): polynomial system of the form∑
a∈A

vi,acax
a = 0 i = 0, . . . , k < n

for A ⊂ Zn, fixed vi,a and generic ca.
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A =
{
1, x, y, x2y, xy2, x2y2

}

1 x

x2y

x2y2
xy2

y

r

g

b

ECI: r + g + b = r + 2g + 3b = 0

Note: generic root count is 3, but BKK predicts 6!

Applications Chemical reaction networks [e.g. Feliu, Wiuf 12]
A-discriminants [Gelfand, Kapranov, Zelevinsky 94]

For elimination: What is a mixed subdivision for ECI’s?
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Support function of polytope ∆: m∆(γ) := min {γ · p | p ∈ ∆}

a

b

c

d

∆

m∆(γ) = c · γ

m∆(γ) = b · γ

m∆(γ) = d · γ

m∆(γ) = a · γ

m∆ is a conewise linear, continous function ↔ the polytope ∆
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Polytopes in theory of

sparse generic systems

Piecewise linear

functions of ECI’s

[Esterov 24]

A =
{
1, y, xy2, x2y2, x, x2y

}
f1 = r + g + b = 0
f2 = r + 2g + 3b = 0

Replace 2 NP’s with two piecewise linear functions m1,m2

If ∆ = conv(A): m1 = m∆ : γ 7→ min {γ · p | p ∈ ∆} .

Let γ = (1, 0) ∈ R2. Want: m2(γ).

1 ltγ(f2) = r = ltγ(f1)

2 Compute cancellation, i.e. f̃2 := f2 − f1 = g + 2b.

3 m2(γ) = m∆(f̃2)
(γ)

24 / 26



Polytopes in theory of

sparse generic systems

Piecewise linear

functions of ECI’s

[Esterov 24]

A =
{
1, y, xy2, x2y2, x, x2y

}
f1 = r + g + b = 0
f2 = r + 2g + 3b = 0

Replace 2 NP’s with two piecewise linear functions m1,m2

If ∆ = conv(A): m1 = m∆ : γ 7→ min {γ · p | p ∈ ∆} .

Let γ = (1, 0) ∈ R2. Want: m2(γ).

1 ltγ(f2) = r = ltγ(f1)

2 Compute cancellation, i.e. f̃2 := f2 − f1 = g + 2b.

3 m2(γ) = m∆(f̃2)
(γ)

24 / 26



Polytopes in theory of

sparse generic systems

Piecewise linear

functions of ECI’s

[Esterov 24]

A =
{
1, y, xy2, x2y2, x, x2y

}
f1 = r + g + b = 0
f2 = r + 2g + 3b = 0

Replace 2 NP’s with two piecewise linear functions m1,m2

If ∆ = conv(A): m1 = m∆ : γ 7→ min {γ · p | p ∈ ∆} .

Let γ = (1, 0) ∈ R2. Want: m2(γ).

1 ltγ(f2) = r = ltγ(f1)

2 Compute cancellation, i.e. f̃2 := f2 − f1 = g + 2b.

3 m2(γ) = m∆(f̃2)
(γ)

24 / 26



Polytopes in theory of

sparse generic systems

Piecewise linear

functions of ECI’s

[Esterov 24]

A =
{
1, y, xy2, x2y2, x, x2y

}
f1 = r + g + b = 0
f2 = r + 2g + 3b = 0

Replace 2 NP’s with two piecewise linear functions m1,m2

If ∆ = conv(A): m1 = m∆ : γ 7→ min {γ · p | p ∈ ∆} .

Let γ = (1, 0) ∈ R2. Want: m2(γ).

1 ltγ(f2) = r = ltγ(f1)

2 Compute cancellation, i.e. f̃2 := f2 − f1 = g + 2b.

3 m2(γ) = m∆(f̃2)
(γ)

24 / 26



Polytopes in theory of

sparse generic systems

Piecewise linear

functions of ECI’s

[Esterov 24]

A =
{
1, y, xy2, x2y2, x, x2y

}
f1 = r + g + b = 0
f2 = r + 2g + 3b = 0

Replace 2 NP’s with two piecewise linear functions m1,m2

If ∆ = conv(A): m1 = m∆ : γ 7→ min {γ · p | p ∈ ∆} .

Let γ = (1, 0) ∈ R2. Want: m2(γ).

1 ltγ(f2) = r = ltγ(f1)

2 Compute cancellation, i.e. f̃2 := f2 − f1 = g + 2b.

3 m2(γ) = m∆(f̃2)
(γ)

24 / 26



Polytopes in theory of

sparse generic systems

Piecewise linear

functions of ECI’s

[Esterov 24]

A =
{
1, y, xy2, x2y2, x, x2y

}
f1 = r + g + b = 0
f2 = r + 2g + 3b = 0

Replace 2 NP’s with two piecewise linear functions m1,m2

If ∆ = conv(A): m1 = m∆ : γ 7→ min {γ · p | p ∈ ∆} .

Let γ = (1, 0) ∈ R2. Want: m2(γ).

1 ltγ(f2) = r = ltγ(f1)

2 Compute cancellation, i.e. f̃2 := f2 − f1 = g + 2b.

3 m2(γ) = m∆(f̃2)
(γ)

24 / 26



Polytopes in theory of

sparse generic systems

Piecewise linear

functions of ECI’s

[Esterov 24]

A =
{
1, y, xy2, x2y2, x, x2y

}
f1 = r + g + b = 0
f2 = r + 2g + 3b = 0

Replace 2 NP’s with two piecewise linear functions m1,m2

If ∆ = conv(A): m1 = m∆ : γ 7→ min {γ · p | p ∈ ∆} .

Let γ = (1, 0) ∈ R2. Want: m2(γ).

1 ltγ(f2) = r = ltγ(f1)

2 Compute cancellation, i.e. f̃2 := f2 − f1 = g + 2b.

3 m2(γ) = m∆(f̃2)
(γ)

24 / 26



Polytopes in theory of

sparse generic systems

Piecewise linear

functions of ECI’s

[Esterov 24]

A =
{
1, y, xy2, x2y2, x, x2y

}
f1 = r + g + b = 0
f2 = r + 2g + 3b = 0

Replace 2 NP’s with two piecewise linear functions m1,m2

If ∆ = conv(A): m1 = m∆ : γ 7→ min {γ · p | p ∈ ∆} .

Let γ = (1, 0) ∈ R2. Want: m2(γ).

1 ltγ(f2) = r = ltγ(f1)

2 Compute cancellation, i.e. f̃2 := f2 − f1 = g + 2b.

3 m2(γ) = m∆(f̃2)
(γ)

24 / 26



Theorem [Esterov 24]

Generic root count of an ECI F := (f1, . . . , fn) ∈ C[x±
1 , . . . , x

±
n ] given by

MV(m1, . . . ,mn).

Definition [Esterov, M., Mukhina 25+]

Mixed subdivision S of F can be defined in terms of A and matroid on coefficient

matrix of F .

Theorem [Esterov, M., Mukhina 25+]

For a mixed subdivision S of F :

MV(m1, . . . ,mn) =
∑
C∈S

Vol(C).
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Algorithm [Esterov, M., Mukhina 25+]:
Input ECI f1, . . . , fn

Mixed subdivision

of ∆(f1), . . . ,∆(fn)

Mixed subdivision

of ECI f1, . . . , fn

Tropical analogue of homotopy continuation adapted from
[Malajovich 14], [Jensen 16], [Daisey, Ren 24]

Thank you!
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