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~ Let @& and ® be categories. A functor F: @ — ® consists of

(2.6) afunction which to each object A of @ assigns an object FA4 of ®;

(2.7) a function which to each morphism f: A; — A4, in G assigns a
morphism Ff: FA; — FA, in ®.

The following axioms are postulated.

(2.8) F(gf) = (Fg)(Ff).

(2.9) FlA = ].pA.

Given functors F: @ — ® and G: ® — €, the composite functor
GF: & — C is defined in the obvious way.

3. EXAMPLES OF CATEGORIES

The category S of sets has sets as objects and functions as morphisms
with composition defined as composition of functions. Two objeets in S
will play special roles: the empty set @ and the set I consisting of the
number 1 alone. For any set A there are unique morphisms

0— A, A>T

We say that @ is an nitial object and I is a ferminal object for S.

A set A and an element a € A determine a unique morphism I — A
with a as value. We shall denote this morphism by the same letter a.
Thus morphisms I — A and elements of A will be identified.

For each integer n = 0, 1, --- we denote by [n] the set {1, ---, n}.
Thus [0} = @ and [1] = I. The sets [n], n = 0, 1, --- together with all
morphisms between them form a subcategory Se of S.

4. THEORIES

A theory T is a category such that

(4.1) the objects of T are [n} forn = 0,1, ---;

(4.2) 8, is a subcategory of T; i.e., every morphism in S; is also a
morphism in T, composition of morphisms in S, agrees with that in T,
and the identity morphisms 1(,; in S, are also identity morphisms in T';

(4.3) given morphisms

d’i:I_')[p] in T: 1= 1’ e, M,
there exists a unique morphism
¢: [n] — [p]
such that ¢. is the composition
15 n) 2 [p)

for 'every 1 € [n].
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We shall write (¢, - - -, éu) for the morphism ¢ given in (4.3). Thus
for any morphism ¢: [n] — [p] in T, we have ¢ = (pl, -+, ¢n). .. ‘

It s.hould be noted that it follows from the above axioms that mT
there is only one morphism 0, : ¢ — [n] for every n, just as in the case -
of So. However, (contrary to what takes place in S;) there may bein -
T morphisms ¢: I — @, In fact, these “0-ary operations” play a funda-
mental role in the sequel. o

5. ALGEBRAS .

Let T be a theory. .A T-algebra A consists of a set A and a rule Whiéﬁ
to _eac_h ¢: [n] — [p] in T and each p-tuple (zy, «--, x,) of elements of
A assigns an n-tuple ‘

‘(xllx et ’xn,) = (xl»! tt :xp)d’
of eleme}lts of A, subject to the following two axioms:
(5.1) if ¢ isin Sy, then @/ = z;;
(5.2) if ¢:[k] — [n] in T, then .
(xl’l R :l:,.')tﬁ = (xls DS zp) (‘Mb)- )
If we write z = (1, -++, %,), then (5.2) may be rewritten as- .. :
(26)¥ = 2(9w). (529
. ‘A morphism f: A — B of T-algebras is a mapping from 4 to B satisfy-
ing oo - C . ' Cu
Mz sttty Xp)e] = (fxly T fxp)¢» (53)
or in abbreviated form o

: Hze) = (fz)¢, . (5.3
where fx = (fzy, --- | fr,). .
With composition of morphisms of algebras defined in the ordinary
fashion, there results the category 7" of T-algebras.
We note that if ¢: 7 — [p] in 7', then

E . . 'v(xly"'rxp)¢€A ]
so that ¢ yields'a mapping A” — 4 where A”.is the p-fold Cartesian
product 4 X -.- X A. - L
Ifin 'the aboverf = 0,ie.,¢:T—0,then ( )¢ € A 'isan element of A
de.tel'mmed by ¢, independent of any “inputs” a y v, Gp. We denote
this element by ¢, . . ‘ : L




