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~satisfying the ‘‘distributive” law (13.1) where A is regarded as a
“.gubset of A. Then restricting each w € 2, to A gives the relational
T-algebra A.

A morphism f: A — B of relational T-algebras is defined as a morphism

f:A—B in T
. 'satisfying the distributivity condition

o 7X = Ufz, =z€X. (132)
A function A — B satisfying (13.2) is the same thing as a relation
from A into B; it is described by the subset B of A X B defined as fol-
lows:

j = {(a,b)|b € ja}.

The relational T-algebras form a category denoted by 7", The category
of T-algebras is a subcategory of T". Further, the passage from A to 4
, yields a functor A : T% — T°.

An 1mportant fact to note is that the initial algebra A, for the category
T" remains an initial algebra also within the larger category T". Indeed,

" if A-€ T% then A € T" and we have a unique {1: 4y — A This defines

ta: Ao — A in T% which is unique since ;‘A is.

’ e 4,

I : 14. RELATIONAL AUTOMATA

g We define a relational automaton A = (4, t) exactly as above, except
' jthat A € T" The behavior is defined as

‘ CBA = {2t = {x|x € Ao, ax Nt = 0.

‘ It is now clear that if we define the automaton
A=A, {={(X|XCA4XNix0),

then ®A = ®A. We thus have the “generalization of the known

fact that nondeterministic automata recognize the same sets as de-
terministic automata.

15. POLYNOMIALS
Let T be a free theory. A polynomial

P:ln] — p]

- . P.) where P, . -

isan n-tunle P = (Ps. - - . P.. are finite subsets of

~
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T(1, [p]). The elements of P; are called the constituents of P, and if all
these constituents have degree 1, then we say that P has degree 1.

Let A be a relational T-algebra, and let X = (X, ---, X,) bea
p-vector of subsets of 4. We define

XP;= U (Xlx . ¢ 1)
$eP;

XP = (XP,, ---, XP,).
Thus, XP is an n-vector of subsets of X. Therefore, P defines a function
P,: A" — A",

In the p-fold product A” of A we define inclusion and union coordinate
by coordinate., We then have the following important property of P,:
(15.1) If in A” we have

XcXcoocXxfc..-,
then
(UXHP, = U(X*P,).
k k

For the proof it suffices to consider the casen = 1 and P = P, =
¢:I — [p] is a monomial (i.e., P has a single constituent). In this case
the desired relation is proved in a stralghtforward manner by induetion
on the degree of ¢.

Property (15.1) implies that P, is monotone; i.e., that XP, C YP,
whenever X < Y in A”.

We now consider a polynomial

Then the transformation

P, A" 4"
may be iterated, yielding

Pl A" — A7,

for which (15.1) also holds. In particular, if @ € 4™ is the n-tuple
(o, - 0), we have

0 cC PP, COPFcC --- COP)



