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“and ‘we define
P A= LI{‘DP Ab-

The following fact should be regarded as well known (as well as easily
provable):
(15.2) P, is the least solutlon of the equation

XP‘, = X,
for X € A", as well as the least solution of the inequality
- XP,CX.

“"Tn the special case where A = A, is the initial algebra in T*, we shall
write P instead of P,,. This special case is all-important because of

Iffa:Ao— A4, then P, = {,P. (15.3)

Here, ¢4 denotes the mapping ¢, : As® — A" defined by the mapping
"ta:Aq— A given by the relation ¢, : Ao — A. The fact stated in (15.3)
follows readily from the commutative diagram

A.. Pd, Aou

4k

A" —— A
- and the facts that - )
| (0=9, nUX'=Upnx:

16. ALGEBRAIC SETS

A subset X of the initial algebra A, for a free theory T' = SiQ] is
called algebraic if there exists an integer n and a polynomial P: [n} — [n]
such that X = P, ;i.e., X is the first coordinate of the least solutxon of
" the equation YP,, = Y for Y € A5 :
~The following properties of algebraic sets should be regarded as known
(16.1) Each element z of 4, is an algebraic set.

21.(16.2). The empty set is algebraic. ..
(16.3) If X, and X, are algebraic sets, then s0 is X3 U X,
(164) If ¢: I — [p] in T and Xy, -+, X, are algebraic sets, then so is

(X1, -0y Xp)é.
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We are now in a position to state the main results of this paper.

TrEOREM 1. For each algebraic set X in the initial algebra A, over a
free theory T = 8y[Q)], there exists an ineger n > 0 and polynomwl

P: [n] — [n] of degree 1 such that X = P,.

The proof will be given in section 17.

Now assume that the theory T' = Sy[Q] is free on a finite base; i.e.,
that each of the sets Q. is finite and that @ = @ for all but a finite
number of integers £ = 0.

Let A be a relational T-algebra with [n] as underlying set. We associate
with A a polynomial,

_ A”:n] — [n]
of degree 1 as follows: A morphism ¢: I — [n] of degree 1 is a composition
I 5 [pl 5 [nl,

where o € @, and £ = (21, -+-, zp), a p-tuple of elements in [n];
ie., in A. We define 2w € P; if and only if ¢ € (z1, - - -, zp)w according
to the relational T-algebra structure A. This clearly gives a bijection
between the relational T-algebra structures A on [n] and polynomials
P:[n] — [n] of degree 1.

TarEoREM 2. If the relational T-algebra A on [n] and the polynomial
P: [n] — [n] of degree 1 are related as above, then

P, = ¢l
We recall here that {4 : 40— A = [n] is a relation so that .
¢35 = {y |y € 4o, 1 € {uy).

The proof will be given in section 18.
From the two theorems asserted above, we can now prove:
Tueorem 3. If T = 8] 7s a free theory on a finite base, then in the

‘initial T-algebra Aq the recognizable sets and the algebraic sets coincide.

Proof. Let X C Ao be recognizable. Then X = ®A where A = (4, 1)
is an automaton. Since the T-algebra A is finite, we may, without loss,
assume that the underlying set of 4 is [n] for somen > 0. Let P: [n] — [n]
be the associated polynomial of degree 1. Then by Theorem. 2_

X =0A =Gt=Ug = UB,,
igt ice
Since each P; is algebraic, it follows from (16.3) that X is algebraic. -



