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Motivations (in signal processing)

» Goal : Extract instantaneous amplitude and frequencies
[Ville, 1948]
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Motivations (in signal processing)

» Goal : Extract instantaneous amplitude and frequencies
[Ville, 1948]

o X : real-valued 1D signal,
oH  : convolution whose transfer function is H(w) = —jsign(w).
o H(x) : Hilbert transform of x,
0 X, : analytic signal such that
Xa = x + jH(x)

= aef®  — require a signal oscillating around zero
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Motivations (in signal processing)

» Goal : Extract instantaneous amplitude and frequencies
[Huang et al., 1998][Daubechies et al., 2010]

Motivations

i : Spectrogram

=
g
E
g
g
&




Motivations 2D-EMD Conclusion
(o] le} 00000000000000 [e]e]

3/20

Motivations (in signal processing)

» Goal : Extract instantaneous amplitudes and frequencies
[Huang et al., 1998][Daubechies et al., 2010]

1. Extract the components oscillating around zero (IMFs) + the tend

100 200 300 400 500 e EONT W EONT o o o o o

Signal x IMF d; IMF d» Trend as

2. Compute the instantaneous amplitudes ans frequencies from each IMF.

— Analytic signal for d; leads to (ay,&1)
— Analytic signal for dy leads to (a2, &)
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Motivations (in image processing)

» Objective : spectral analysis of a nonstationary image.
= extract local amplitude a, phase £ and orientation 6.
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Motivations (in image processing)

» Objective : spectral analysis of a nonstationary image.
= extract local amplitude a, phase € and orientation 6.

= Superposition of several components (waves, noise, illumination...)
= Poor performance of the spectral estimation
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Introduction

» Proposed solution : a two-step procedure
.. K
1. Decomposition step = x = _, d¢ + a
P P > k-1 dk K
IMF  Trend
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Introduction

» Proposed solution : a two-step procedure

" K
1. Decomposition step = x = . de + a
p p Zk_l k K
IMF  Trend

2. Monogenic analysis on dy = amplitude oy, phase &, orientation 0 .
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Introduction

» Proposed solution : a two-step procedure

" K
1. Decomposition step = x = . de + a
p p Ek_l k K
IMF  Trend

X d>

2. Monogenic analysis on dy = amplitude oy, phase &, orientation 0 .
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State-of-the-art

» Riesz-Laplace transform [Unser et. al., 2009] :
» Combination of a 2D wavelet transform with monogenic analysis.
» Lack of adaptivity.
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» Image empirical mode decomposition (IEMD) + monogenic analysis
[Jager, 2010] :
» Good adaptivity.
» Lack of robustness and of convergence guarantees.
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State-of-the-art

» Riesz-Laplace transform [Unser et. al., 2009] :
» Combination of a 2D wavelet transform with monogenic analysis.
» Lack of adaptivity.

» Image empirical mode decomposition (IEMD) + monogenic analysis
[Jager, 2010] :
» Good adaptivity.
» Lack of robustness and of convergence guarantees.

» Texture-geometry decomposition + monogenic analysis [Aujol, 2008,
Gilles, Osher, 2011] :
» Good convergence guarantees.
» Lack of adaptivity.

» Proposed solution : combine IEMD + texture-geometry 4+ monogenic
analysis



Motivations 2D-EMD Conclusion
000 00@00000000000 [e]e]

7/20

Principle of IEMD [Linderhed, 2009]

» Decomposition of ax_1 into (ak, di) based on sifting process.

s [l
. L‘

» Sifting process : research of local extrema and computatlon of a mean
envelope until getting a fluctuation dy oscillating symmetrically
around zero : intrinsic mode function (IMF).

= Problem : lack of convergence guarantees
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Texture-geometry decomposition [Aujol, 2008]

» Decomposition of x into (a, d) based on optimization procedure.

» Optimization procedure :

Find (&,d) € Argmin|jx —a —d||3 + ¢(a) + /(d)

(ad)

» ¢ imposes the trend behavior to a (smoothness) : Total Variation.
» 1) imposes the fluctuation behavior to d (oscillatory behavior) :
» =0 — TV [Aujol, 2008]
» = -|l¢ = TV-G [Gilles, Osher, 2011]
(G : Banach space of signals with large oscillations)

= Problem : lack of adaptivity
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Proposed method

> Decomposmon of ax_1 into (ak, di) based on optimization procedure.

Opt'm'zatlon “““‘ z

agp = X
AN
ptlleatIOn
a
» Optimization procedure for every k = {1,--- , K} :
Find (ax,dx) € Argmin|ja,_y —a—d|3 + ¢x(a) + 1 (d)

(a.d)

> ¢y imposes the trend behavior to a, (smoothness) : Total Variation.
» 1 imposes the IMF behavior to dy
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Choice of

» Constraint applied separately on rows, columns, diagonals and
anti-diagonals of d.

» Example of the /-th extremum of the n-th row constraint

dpn, i — 1 400 +1]]

dfn, i "[l)]

d[n, ]
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Choice of 1

» Constraint applied separately on rows, columns, diagonals and
anti-diagonals of d.

» Example of the /-th extremum of the n-th row constraint

din, it = 1Al 1001
-1 i+ 1]
dln,i®[1]

d[n, ]

oO1ad[n, i = 1] + o8 [ad[n, [ + 1]]
{10 + o 1]

d[n, O[] +
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» Constraint applied separately on rows, columns, diagonals and
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» Example of the n-th row constraint

oO1ad[n, i = 1]] + o$9[ed[n, ([ + 1]]
{10 + o 1]

> |dln, ] +
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Choice of 1

» Constraint applied separately on rows, columns, diagonals and
anti-diagonals of d.

» Example of the constraint for every rows

oO1ad[n, i = 1]] + o$9[ed[n, ([ + 1]]
{10 + o 1]

320> | dln, 1] +
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Choice of 1

» Constraint applied separately on rows :

2.2

oO1adn, i = 1]] + S [e1d[n, (¥ + 1]]
o910 + o310

d[n, i)+

k
= | IMPd|,

» Constraints on rows, columns, diagonals and antidiagonals :
. k
(vie{L....a}) [MPd]
» Resulting penalization term :

4
Pr(d) = Z)\Ek)HMi(k)dﬂl with )\,(-k) >0 = convex function
i=1
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» Forevery k=1,---K:

(ak,dx) € Argmin|lax_1 —a — d|[3 + ¢x(a) + vi(d)

(ad)
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> ¢r(a) = nW||L al|p1 with L= [H*V*]* and nK) >0
H, V : linear operators horizontal /vertical finite differences
I ll2,1 : non-smooth proximable convex function
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» Forevery k=1,---K:

(ak,dx) € Argmin|lax_1 —a — d|[3 + ¢x(a) + vi(d)

(ad)

> ¢r(a) = nW||L al|p1 with L= [H*V*]* and nK) >0
H, V : linear operators horizontal /vertical finite differences
I ll2,1 : non-smooth proximable convex function

> vi(d) = L, A IMP ]y with AT > 0
M,-(k) : linear operators
[l - |l1 : non-smooth proximable convex function

» Non-smooth convex optimization problem.

» Solved with Condat-Vii primal-dual splitting algorithm [Condat, 2013,
Vi, 2013].
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2D-EMD Algorithm

STEP 1 — Initialization

Set ag = x,
Choose the number of IMFs K to be extracted,
Set k =1.

STEP 2 -2D proximal mode decomposition : extract a; and d, from a,_.

Compute (M,.(k))1§;54 from a;_1,

Compute ax and di by minimizing the convex criterion :

(81 ) = Argminliag— —a — dlf + 7ML allas + iy X IM el
a,d

While k < K, set k < k + 1 and return to STEP 2.
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» |IEMD [Linderhed, 2009]
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Experiments

» |[EMD [Linderhed, 2009] :
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Experiments

» IEMD [Linderhed, 2009 :

= The components are not separated
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» TV-G Decomposition [Gilles, Osher, 2011]
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» TV-G Decomposition [Gilles, Osher, 2011]
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» TV-G Decomposition [Gilles, Osher, 2011]
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Experiments

» TV-G Decomposition [Gilles, Osher, 2011] :

=- Scale mixing
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N
A

\
AN
A




Conclusion
00

2D-EMD

Motivations
000

000000000e0000

14/20

» Proposed method




Conclusion
00

2D-EMD

Motivations
000

000000000e0000

14/20

» Proposed method




Motivations 2D-EMD Conclusion
000 000000000e0000 [e]e]

14/20

X az
= EMD behavior : extract fastest oscillations
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Spectral analysis
‘ 1D Hilbert Transform H 2D Riesz Transform ‘
Xp = hx*x X, = (h(l) % x, h(?) x x) = (x(l),x(2))
H(w) = —jw/|w| H(w) = —jwi/||w]| for i = {1,2}
w = (w1, w2)

‘ Analytic signal : H Monogenic signal : ‘

Xg = X +_th = O(ej5 Xm = (xjx(l),x(z))

o =l = (P +00)° | = /()% + (x0)° + (<)
60) 7+ (e’

X

¢ = arg(x,) = arctan (%) & = arctan

6 = arctan(x® /x(D)
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Experiments

» IEMD + Monogenic analysis (6y)

Colormap of 6,
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» IEMD + Monogenic analysis (6y)

do

Colormap of 8,

0,
e

“
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{ ¥

= Poor results due to bad separation
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» TV-G decomposition + Monogenic analysis ()

Colormap of 6,
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Experiments

» TV-G decomposition + Monogenic analysis ()

Colormap of 6,

= Poor results due to scale mixing
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» Proposed method + Monogenic analysis (6)

Colormap of 6,
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» Proposed method + Monogenic analysis (6)

0, Colormap of 8,

= Good results
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Proposed method on real data : decomposition
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Proposed method on real data : monogenic analysis
d; 04 Colormap of 6,
.’. ‘:l‘ .: "
e .:'r <
'A_‘«(;-.I ¥
» 4 » : -
y "\&:\“\’. N
X3 1-.\’%" £ 5
P T T iy

= Extract smallest waves.
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Proposed method on real data : monogenic analysis

d> 0> Colormap of 8,

= Extract a secondary wave.
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Proposed method on real data : monogenic analysis

d3 03 Colormap of 03

= Extract the 2 longest waves.



Motivations 2D-EMD Conclusion
000 00000000000000 [ le)

19/20

Conclusions

v

Convergence guarantees.

v

Good numerical results.

v

Flexible approach due to various possible choices for ¢y, ¢k, and .

v

Robustness to sampling effects and allows to deal with non-smooth
trend.
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